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Toeplitz Compressed Sensing Matrices with

Applications to Sparse Channel Estimation
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Abstract

Compressed sensing (CS) has recently emerged as a powigrfal acquisition paradigm. In essence, CS enables
the recovery of high-dimensional but sparse (or nearlyssarectors from relatively few linear observations in the
form of projections of the signal onto a collection of testtegs. Existing results show, for example, that if the estri
of the test vectors are independent realizations of randariabes with certain distributions, such as zero-mean
Gaussian, then with high probability the resulting obstove sufficiently encode the information in the unknown
signal and recovery can be accomplished by solving a trectaimvex optimization. This work provides a significant
extension of current CS theory. A novel technique is progamt allows theoretical treatment of CS in settings
where the entries of the test vectors exhibit structuretistial dependencies, from which it follows that CS can
be effectively utilized in linear, time-invariant (LTI) sem identification problems. An immediate applicationnis i
the area of sparse channel estimation, where the main sesfuthis work can be applied to the recovery of sparse
(or nearly sparse) wireless multipath channels. Spedifidalis shown in the paper that time-domain probing of a
wireless channel with a (pseudo-)random binary sequethaeg avith the utilization of CS reconstruction techniques,
provides significant improvements in estimation accurabgrnvcompared with traditional least-squares based linear
channel estimation strategies. Abstract extensions ofrtai@ results, utilizing the theory of equitable graph civigr
to tolerate more general statistical dependencies achestest vectors, are also discussed.

I. INTRODUCTION

Compressed sensing (CS) describes a new signal acquiséiaaigm in which sparse, high-dimensional vectors
B € R™ can be accurately recovered from a small number of lineagrwhtions of the formX 3 = y € R*. The
conditions under which CS succeeds depend on the structuhe eneasurement matriX € R**". Specifically,
recent theoretical results establish that the obsenatjor- X 3 can be used to efficiently recover any “sparse
enough” signal provided that the matriX satisfies the so-calledestricted isometry propertyRIP) [1]-[3].

Essentially, the RIP condition guarantees that all columionsatrices ofX (the & x m submatrices formed by
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all subsets ofn columns, wheren is proportional to the level of sparsity il) are well-conditioned. The use of
such measurement matrices to recover sparse vectors teagimarkable results. First, the number of observations
required for accurate recovery, is on the order of the number of nonzero entries in the sjgmaich can be far
fewer than the ambient signal dimensienin addition, signal recovery can be accomplished by sgharractable
convex optimization. And both of these results remain truenewheny is corrupted by some (deterministic or
stochastic) additive noisg € R*, where “recovery” in these settings means that the sigriahate is close to the
true signal in terms of a suitable error metric (such as thamsguared error).

This paper explores whether the sparsity-exploiting poafe€S can be used for the identification of discrete,
linear, time-invariant (LTI) systems. Specifically, we exae the effectiveness of random probing of LTI systems
having sparse impulse responses, coupled with the uttlizaf CS reconstruction methods. The practical importance
of this problem is evidenced by many wireless communicatipplications in which the underlying multipath
channel can be modeled as an LTI system with a sparse impedgmmse [4]. Compared to the conventional
channel estimation methods that do not explicitly accoontltie underlying multipath sparsity, reliable estimation
of the channel impulse response in these settings can lea@ndicant reductions in transmission energy and
improvements in spectral efficiency.

Existing results in CS show that if the entries of the obs@rvgmeasurement) matrix are independent realizations
of random variables with certain distributions, such agzeean Gaussian, then with high probability the resulting
matrix satisfies the RIP [5]. Toeplitz matrices are matricaging constant diagonals and they arise naturally in the
context of estimation of wireless multipath channels. Trggancontribution of this work is a significant extension
of CS theory to observation matrices containing statistitgpendencies across rows, from which it follows that
random Toeplitz matrices satisfy the RIP with high probigbiAs a result, recent advances from the theory of CS
can be leveraged to devise quantitative error bounds forecdlinear programming based sparse channel estimation
schemes. Our proofs rely on a novel technique that fa@btanalysis of the (structured) statistical dependencies
arising from the Toeplitz structure and, in general, outhtegues can be applied in certain settings to obtain
deviation bounds for both th&-norms of random vectors having dependent entries, and moelucts between
certain dependent random vectors. The proofs and techmigutined here generalize and build upon our own
previous works, which were the first to provide theoretioaifprmance guarantees for CS using random Toeplitz-
structured matrices [4], [6].

The remainder of this paper is organized as follows. In teeakthis section, we provide the requisite background
on existing results in CS. In Section Il, we describe howneation of sparse wireless multipath channels fits into
the CS framework. In particular, we show that time-domaiobprg of a wireless channel with a (pseudo-)random
binary sequence, along with the utilization of CS recortitom techniques, provides significant improvements in
estimation accuracy when compared with traditional Isgsiares based linear channel estimation strategies. The
major contributions of the paper appear in Section I, vehere establish the RIP for random Toeplitz matrices
comprised of either Gaussian or bounded random variableally; in Section IV, we present extensions of the

main results of the paper to accommodate more generaltstatidependencies, and we discuss connections with
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previous works.

A. Compressed Sensing and the Restricted Isometry Property

Consider the problem of recovering an unknown ve@ar R™ from a collection of linear observations,

n

yi=> 2(j)i Bi=2(G)B, j=1,....k (1)

=1
where the vectorg:(j) € R™ are specified “test vectors.” The observation process canrlteen more compactly
in the matrix formulationy = X 3 wherey € R* and X is thek x n observation matrix whose rows are the test
vectors. This very general signal model encompasses a \aidety of applications, including magnetic resonance
imaging, digital imaging, radio frequency surveillanceh& the number of observatioris, equals or exceeds the
dimension of the unknown signal, (the so-called overdetermined setting) then results ftlassical linear algebra
show that any unknown signal can be recovered exactly usisgjtable set of test vectors. The complete set of
basis vectors from any orthonormal transform suffices, famngple.

Compressed sensing (CS) primarily addresses the quedtishat is possible when the number of observations
is fewer than the dimension of the unknown signal, the so-called wdetermined setting. The seminal works in
CS established that signals can theoretically be recoweractly from such incomplete observations, provided the
signals are sparse. Further, CS is a viable practical tgqakriiecause recovery is tractable—it can be accomplished
by convex optimization [7]-[9].

Proofs of these remarkable initial results all rely on thenegroperties of the observation matrix, namely that
the submatrix of the observation matrix corresponding ® tilue signal subspace should behave almost like an
orthonormal matrix. One concise way to quantify this is bg thstricted isometry property (RIP), first introduced
in [1]. The RIP, defined below, can be leveraged to establishrees of fundamental results in CS.

Definition 1 (Restricted Isometry PropertyThe observation matri¥X is said to satisfy the restricted isometry

property of orderS with parameteds € (0,1), if
(1= ds)llzll7, < IX=]Z, < (1+ds)]=7 )

holds for all S-sparse vectors € R™.!

Remark 1:We will sometimes make use of shorthand notation, where#&usbf saying that a matriX satisfies
RIP of orderS with parameteds, we will say X satisfiesRIP(S, ds).

While there is currently no known way to test in polynomiahéi whether a given matrix satisfies RIP, certain
probabilistic constructions of matrices can be shown tsfgaRIP with high probability [1], [7]-[9]. The following
result is representative [5].

Lemma 1:Let X be ak x n matrix whose entries are independent and identicallyibigid (i.i.d.), drawn from

one of the following zero-mean distributions, each haviagancel/k:

LA vector z € R™ is said to beS-sparse if||z||,, < S, where||z||¢, counts the number of nonzero entrieszn
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° Ii_’j NN(O,l/k),
1/Vk with prob.1/2

o T4 ™~ y
~1/Vk  wp.1/2
3/ w.p.1/6
o Tjj 0 w.p. 2/3 .

—/3/k w.p. 1/6

For anyds € (0,1) and anyc; < 0%(3 — ds)/48, set

~192log(12/05) 3)
30% — 63 —48¢y”

Then whenevek > ¢2Slogn, X satisfies RIP of orde$ with parametebs with probability at least —exp (—c1 k).

C2

The initial contributions to the theory of CS establishessamntially, that any sparse signal can be recovered
exactly from a collection of linear observations if the @sponding observation matrix satisfies RIP. The following
result is a generalization that also describes the recasesjgnals that are not exactly sparse.

Lemma 2 (Noiseless Recovery [3]let X be an observation matrix satisfying RIP of or@&t with parameter
d2s < V2 —1, and lety = X3 be a vector of observations of any sparse unknown sigria&ving no more than

S nonzero entries. The estima&obtained as the solution of

B = argmin lIz|l¢, subject toy = Xz 4)
zeR?
satisfies )
~ 18s — Bz,
1B = BliZ, < com———, (5)
where8g is the vector formed by setting all but tifelargest entries (in magnitude) ¢f to zero, and
2
o =4 1 — das5 + V2025 _ ()
1 — da5 — V2025

Note that in the case where the sigithhas no more thay nonzero entries, this result guarantees that signal
recovery is exact. Further, as shown in Lemma 1, there exadtices for which this recovery is possible (with
high probability) using onlyk = O (Slogn) observations. Finally, the optimization program (4), Wwhigoes by
the name ofbasis pursuitis computationally tractable because it can be recast asearlprogram. In this sense
the optimality of noiseless CS is evident.

Suppose now that the observations are corrupted by somgévaddbise. That is, the observations are given by
y = X3+ n, wheren € R¥ is either deterministic, or it is a vector whose entries ard.irealizations of some
zero-mean random variable. In either case, it turns out @ftcan be used to obtain a stable recovery of the
unknown signal.

The first work to establish theoretical results in the stgthaioise setting was [10], which used a reconstruction
procedure that required a combinatorial search. The rpsediented here gives similar reconstruction error bounds,

but is based on the RIP condition and utilizes a tractableveomptimization that goes by the name Bé&ntzig
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selector The original specification of the result in [2] assumed ac#jwesignal class, but the proof actually provides
a more general oracle result.

Lemma 3 Pantzig Selector—Recovery in Stochastic Noise [2]l.et X be an observation matrix satisfying RIP
of order 2S such thatd,s < /2 — 1 for some integerS > 1, and lety = X3 + n be a vector of noisy

observations of3 € R", where the entries of are i.i.d. zero-mean Gaussian variables with variamteChoose

A = v/2(1 +a)(1 + 61)logn for anya > 0. The estimator

B = argmin || z||,, subject to|| X'(y — X 2)|¢. < 0An @)
zeR”
satisfies )
A_ 2 < . ||ﬂm_ﬂ||€1
1B 81, < ¢ i (o4 1Pm Pl ®)

with probability at least — (\/m : n“)il. The constant, = 16/ (1 — a5 — \/5625)2, and as in the

previous lemmag,, is the vector formed by setting all but the largest entries (in magnitude) ¢f to zero.
Remark 2:The sufficient condition stated in the original result in [@s dog + 0525 < 1, wherefg g is

called theS, 2S-restricted orthogonality parametesf the matrix X. In general, theS, S’-restricted orthogonality

parameter is such that

[(Xa)' (XB)| < bs.5 |l Blles 9)

holds for all vectorsx and3 having no more tha$' and.S’ nonzero entries, respectively, and such that the nonzero
entries ofa and 3 occur at disjoint subsets of indices. However, it can be shthatfs . < V2855, from which
the RIP condition stated in the lemma follows.

Notice that the reconstruction error in (8) is essentialtynprised of two factors. One factor is due to the
“estimation error” that arises from determining unknown quantities from noisy data, while the other is duthto
“approximation error” or bias arising from estimating thekaown vector using onlyn components. For a given
signal class, the best rate of error decay is obtained byhbialg the two terms. That is, the best valuenofis the

valuem* such that

B~ Bles _ (10
m
Thus, to make the optimal rates achievable, the observatairix should be chosen to recover signals with sparsity
S that is at least as large as the “effective sparsity”.
Finally, when the perturbation (noise) vector is deterstinj a relaxation of the optimization program in (4)
guarantees stable signal recovery. The result given beddwoim [3], which refines the initial result of [11].
Lemma 4 (Recovery in Deterministic Noise [3])et X be an observation matrix satisfying RIP of ords¥
such thati,g < /2 — 1 for some integelS > 1, and lety = X3+ be a vector of noisy observations gfc R”,

where||n|l¢, < e. The solution of

B = argmin || z|,, subject tofly — Xz, < e (11)
zeR™
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satisfies

N 2
18- 1, < cf (e L= Pl ) 12)

where8g is as defined earlier and
o — 16 (1 + 525)

0 — 2°
(1 —d25 — V2625)
Note that this result differs significantly from the stodi@soise result. Indeed, applying this result directly to

(13)

the stochastic noise setting (in which casg|,, ~ vko) would yield an approximation error that grows like the
number of observationsmes the noise power. On the other hand, the Dantzig seleetults in a much better
reconstruction error bound, with the estimation erroriagalike the sparsity levetimes the noise power. In other
words, the estimation error bound of the Dantzig selectadaptive to the sparsity level, while the error bound of
the relaxed’; minimization in (11) is not. The difference in the two rectostion error bounds could be significant,

especially when the number of observations is far greater the sparsity (or effective sparsity).

Il. RANDOM TOEPLITZ MATRICES AND SPARSECHANNEL ESTIMATION

We now describe a different problem domain which yields aseotation model similar to the canonical CS
setting. Consider point-to-point communication betwe&a single-antenna transceivers over a wideband wireless
multipath channel. Such single-antenna communicatiomméia can be characterized as discrete, linear, time-
invariant systems—see, e.g., [4] for further details. @patidemodulation and decoding in wireless communication
systems often requires accurate knowledge of the channallé®m response. Typically, this is accomplished by
probing the channel with a known training sequence and dipgarocessing the channel output. Many real-
world channels of practical interest, such as underwatenstic channels [12], digital television channels [13] and
residential ultrawideband channels [14], however, terttbice sparse or approximately sparse impulse responses. On
the other hand, conventional linear channel estimatiorses, such as the least-squares method, fail to capitalize o
the anticipated sparsity of the aforementioned channelsohtrast, it is established in this section that a channel
estimate obtained as a solution to the Dantzig selectorifigntly outperforms a least-squares based channel
estimate in terms of the mean squared error (MSE) when it scimdearning sparse (or approximately sparse)
channels.

To begin with, let{z;}’_,, p € N, denote the training sequence, and consider using thisesequas the input
to a wireless channel characterized by a finite (discretgulee respons@ € R™. The resulting observations
y € R**P~1 are described by the discrete-time convolution betweertréiieing signale and the impulse response
3, and corruption by an additive noise vectpry = xx3+mn. More specifically, if we use the notational convention
thatz; =0 for i ¢ {1,2,...,p}, then each observation can be written as a sum,

p
i =Y Bi Ty + 15, (14)
i=1
where the observations are corrupted by independent eglgitiite Gaussian noisg); } of variances? and contain

a channel impulse response component onlyjfet 1,...,n + p — 1. The resulting input-output relation can be
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expressed as a matrix-vector product

_ - X 0
n . r . r .
T2 . B i
Y2 .
: T 52 2
- ! . (15)
, To : :
Yn+p—2
L Bn ] L in |
| Yn+p—1 |
0 Tp

and the goal is to obtain an estimate of the channel impulgsorese3 from knowledge of the observatiopsand
training signalz. Note that, by symmetry, either the training signal or th@uise response could be rewritten as
a convolution matrix in the above formulation. Writing it fhis way casts the channel estimation problem into the
canonical CS framework.

The purpose of channel estimation in communication sysiertsaid them in achieving their primary objective,
which is reliable communication of data (information) frame point to another. Further, because of the dynamic
nature of the wireless medium, the impulse response of anghas bound to change over time [15]. As such,
the input data sequence at the transmitter is periodicatBrspersed with the training sequence so as to maintain
an up-to-date estimate of the channel impulse responseaeteiver. We treat two facets of the sparse channel
estimation problem in this section. The first one, corresimnto the lack of a “guard interval” of length — 1
between the data and training sequence, most closely réseitie canonical CS observation model, where the
number of observations is far fewer than the length of thenomln signal. Specifically, consider a setting where
the length of the training sequenge= n + k — 1 for somek > 1 and the training sequence is immediately
preceded and succeeded by the data sequence. In this aafiesttand lask — 1 observations in (15) also contain
contributions from theunknowndata, rendering them useless for estimation purposesOighie the convolution
matrix in (15) would be replaced by the data sequence). Ttwerethe channel estimation problem in this case
reduces to reconstructing the unknown impulse respgnem y = X3 + n, where the observation matriX is

a “partial” Toeplitz matrix of the form

Tn Tn—1 ce xTo T
Tn41 Tn N T3 ZTo

X = . (16)
Tnt+k—1 Tn+k—2 - T+l Tk

The second setting we consider corresponds to the case Whdraining sequence is immediately preceded and
succeeded by — 1 zeros (i.e., a guard interval of length- 1 exists between the data and the training sequence). In
this setting, the channel estimation problem correspondsbtaining an estimate of the channel impulse response
from the “full” set of observations described by (15). Netihat wherp > n, the partial Toeplitz matrix described

in (16) above is a submatrix of the observation matrix in #8#ting. In contrast, whep < n, every row of the
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observation matrix in this setting has at least one zergyeatd in the limiting case whep = 1, the observation
matrix is just a scaled version of thex n identity matrix.

The question we address in this section for both of the afergimned settings is whether random binary
probing, along with the use of a nonlinear Dantzig selectsell estimator, can be employed to efficiently estimate
a sparse channel, quantified by the conditi@|,, = S < n. Note that initial theoretical analysis of CS systems
that utilized random observation matrices relied inhdyempon statistical independence among observations. The
problem considered here is significantly more challengitizeFoeplitz structure of the (partial and full) observatio
matrices introduces statistical dependencies among vdtgsrs and hence, existing techniques can no longer be
employed. Instead, we develop a novel technique in Sectiothat facilitates analysis in the presence of such

(structured) dependencies.

A. MSE of Least-Squares Channel Estimates

Estimation of an unknown vectg@ from linear observation models of the forgn= X 3 + 7 is a well-studied
problem in the area of estimation theory—see, e.g., [1@difionally, channel estimates are usually obtained from
y by solving the least-squares (LS) problem (or a variant)ofNbte that in the case that the observation matrix
X is given by (16), LS solution requires that> n so as to obtain a meaningful channel estimate [16]. Undsr thi

assumption, the LS channel estimate is given by
Brs=(X'X)"' X'y (17)

where the observation matriX corresponds to (16) in the case of training without guardrirgls and to the full
Toeplitz matrix in the case of training with guard intervaBelow, we lower bound the MSE performance of an
LS channel estimate corresponding to random binary profbiary phase shift keying signaling).

Theorem 1:Let the training sequencgr; }Y_; be given by a sequence of i.i.d. binary random variablesitaki
values+1 or —1 with probability 1/2 each. Further, leb = n 4+ k — 1 for somek > n for the case of training

without guard intervals. Then the MSE of the LS channel &Hﬂrﬁlw is lower bounded by
2

E [IBLs ~ BIZ] = - (18)
and
N 2
E[IBLs - BIZ] = - (19)

for training with and without guard intervals, respectwdturther, the equality in the above two expressions hold
if and only if the corresponding observation matrices hathagonal columns.

Proof: To establish this theorem, note that for both the cases wiitg@awith or without guard intervals

E[I1BLs - BI2| = trace{(X'X)""} o2 (20)
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Further, let{)\;}™_, denote then eigenvalues ofX’ X. Then, from elementary linear algebra, we have

trace{ (X'X)""} = Xn:% =n <—Z?—1 Ai>
i=1 "

n
(a) n n2
= - 21
=" (Z?_l /\i) trace{ X' X } (21)

where (a) follows from the arithmetic-harmonic means inequalitysél from the arithmetic-harmonic means

inequality, the equality in(a) holds if and only ifA\; = Ao = --- = \,, resulting in the condition thaX
must have orthogonal columns for the equality to holddh. Finally, note that trac@X’X} = np for the case
of training with guard intervals, while tra<{eX’X} = nk for the case of training without guard intervals and this

completes the proof of the theorem. [ ]

B. MSE of Dantzig Selector Channel Estimates

We have seen in the previous section that the MSE of an LS ehastimate is lower bounded kambient
dimension of 3) - o2 /(# of effectiveobservations Conventional channel learning techniques based on the LS
criterion, however, fail to take into account the anticgghsparsity of the channel impulse response. To get an idea
of the potential MSE gains that are possible when incorpagahe sparsity assumption into the channel estimation
strategy, we compare the performance of an LS based chastimlaéor to that of a channel estimation strategy
that has been equipped with anacle The oracle does not reveal the tr@e but does inform us of the indices
of nonzero entries of3. Clearly this represents an ideal estimation strategy ared @annot expect to attain its
performance level. Nevertheless, it is the target that dwoaild consider.

To begin with, letT, C {1,...,n} be the set of indices of th&€ nonzero entries 9B and suppose that an oracle
provides us with the sparsity pattef). Then an ideal channel estima® can be obtained for both the cases of

training with or without guard intervals by first formingrastrictedLS estimator fromy
Br. = (X7, Xr.) ' X1y (22)

where X r, is a submatrix obtained by extracting tiecolumns of X corresponding to the indices ., and then
setting 3" to B, on the indices inl, and zero on the indices iiiY. Appealing to the proof of Theorem 1, the

MSE of this oracle channel estimator can be lower bounded as

E[I8" - BIl7,] = trace{(X7, X1.)7"} o
820'2

>
~ trace{ X7, X1, }

(23)

which results in the lower bound ofo?/k for training without the guard intervals anslo?/p for training
with the guard intervals. In other words, the MSE of an ordmdsed channel estimate is lower bounded by
(# of nonzero entries oB) - o2 /(# of effectiveobservations Comparison of this lower bound with that for the
MSE of an LS channel estimate shows that linear channel asbased on the LS criterion may be at a significant

disadvantage when it comes to estimating sparse chanrddlyFnotice that in the case of training without guard
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10

intervals (corresponding to the observation matrix givgrn(15)), the oracle estimator only requires tiat S as
opposed td: > n for an LS channel estimate.

While the ideal channel estimaf@” is impossible to construct in practice, we now show that ipdssible to
obtain a more reliable estimate @f as a solution to the Dantzig selector (DS). This is accorhplisby readily
adapting the results from Lemma 3 in Section I-A and TheorBrasd 6 in Section IlI-A. Below, we summarize
these adapted results in terms of two theorems.

Theorem 2 (Training Without Guard Intervals)et the training sequencéz;}?_; be given by a sequence of
i.i.d. binary random variables taking valued or —1 with probability 1/2 each. Further, lep = n + k — 1 for
somek > 4cyS?logn. Choose), = 1/2(1 + a) logn for anya > 0. Then the DS channel estimate

B = argmin || z||,, subject to|| X'(y — X2)|ls. < cAVk (24)
z€ER™

satisfies
2

1B B, <2641+ aptogn- (57 ) @5)

with probability at leastl — Qmax{(\/m : na)il, exp(—clk/452)}. Here, the observation matrix
X corresponds to the partial Toeplitz matrix given in (16)is as defined in Lemma 3, anrg andc, are positive
constants that depend only ¢ghand are given in Theorem 5.

Theorem 3 (Training With Guard Intervals):et the training sequencgr; }”_; be given by a sequence of i.i.d.
binary random variables taking valued or —1 with probability 1/2 each. Further, leh > 4c,5% logn and choose
A = +/2(1 + a)logn for anya > 0. Then the DS channel estimate

B = argmin ||z||,, subject to]| X' (y — X2)|r. < oAn/P (26)
zeRn

satisfies
So

1Bl < 2651+ a)togn- () @)
with probability at leastl — 2max{( (14 a)logn - n“)_l, exp(—clp/452)}. Here, the observation matrix
X corresponds to the full Toeplitz matrix given in (15}, is as defined in Lemma 3, and andc, are positive
constants that depend only ¢ghand are given in Theorem 6.

The proofs of these theorems are essentially a direct aiplic of Lemma 3 and Theorems 5 and 6, and are
therefore omitted for the sake of brevity. These two thearshow that the DS channel estimate achieves squared
error (roughly) within a factor ofogn of the oracle based MSE lower bound @f of nonzero entries o8) -

o2 /(# of effectiveobservations

The appeal of the DS channel estimator, however, goes beyenedstimation of truly sparse channels. Indeed,
it is to be expected that physical channels in certain stagteenvironments happen to be only “approximately”
sparse [14]. Specifically, rearrange (and reindex) theembf the channel impulse respon8dy decreasing order
of magnitude:|3y| > By = -+ > [Bm)|- We term a wireless channabpproximately sparsé the ordered

entries{ 3} of its impulse response decay with the indexThe following theorem, which focuses on the case
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of training with guard intervals and basically follows frdremma 3 and Theorem 6, quantifies the reconstruction
performance of the DS channel estimator in this setting.

Theorem 4 (Estimating Approximately Sparse Channdls}: the training sequencgr; }”_; be given by a se-
quence of i.i.d. binary random variables taking valdel or —1 with probability 1/2 each. Fix anyS € N, and
choosep > 4c2S%logn and \,, = \/2(1 + a)logn for anya > 0. Then the DS channel estimate (26) satisfies

n 2
> 18wl
-~ . A \/ﬁ j=m-+1
_4l2 < GAn J
H/G ﬂ”éz = colérvlérgls \/ﬁ + \/ﬁ (28)

with probability at leastl — 2max{( (14 a)logn - n“)_l, exp(—clp/452)}. Here, the observation matrix

X corresponds to the full Toeplitz matrix given in (15), ané tonstantss,, c; andc, are as in Theorem 3.
While the immediate significance of this result is obscurgdH minimization overn in (28), its implications

can be better understood by focusing on a specific decaytsteuof the ordered entries @. One such decay

structure, which is widely-studied in the literature [1@ksumes that thgth largest entry of3 obeys
Bl < B2 (29)

for someR > 0 anda > 1/2. The parameted here controls the rate of decay of the magnitudes of the edden-
tries. Under this decay condition, the summation in (28) lwarexplicitly written as an 18| < CaR m—ot1/2)
whereC,, > 0 is a constant that depends only anWe then have the foIIowinch:gF(J)rlllary of Theorem 4.
Corollary 1: Suppose that the channel impulse respofise R™ obeys (29) and lefx; = +1}7_, be the
random binary sequence used to probe the channel for theofasaining with guard intervals. Chooge >
Cy (logn) =1 (02) 77 and A, = /2(1 +a)logn for any a > 0. Then the reconstruction error of the DS

channel estimate (26) is upper bounded by

- . 2\ Za+1
1B - BI2, < Co (logn) 735 - (%) (30)

with probability at leastl — Qmax{(\/m : na)il, exp (—Cl (logn - 02)7arT p%) } Here, the
absolute constantSy(a, a, ¢, R), C1(a, o, c1, R), andCa(a, o, c2, R) are strictly positive and depend only on the
parameters, «, ¢, ¢1, ¢z, and R.

It is instructive at this point to compare the reconstruttoror performance of the DS channel estimate (given
in (30)) with that of the LS channel estimate. Notice thatsithe MSE lower bound ab(no?/p) (given in (18))
holds for the LS channel estimate for alle R™, it remains valid under the decay condition (29). On the iothe
hand, ignoring théog n factor in (30), we see that the reconstruction error of thesblaition essentially behaves
like O ((Uz/p)%). Thus, even in the case of an approximately sparse chanpelsmresponse, the DS channel
estimate shows an MSE improvement by a factor of (rougbls) - (o%/p)'/(2>*+1)) over the LS MSE ofwo? /p.

In fact, it can also be shown th& ((UQ/p)sz%) is the minimax MSE rate for the class of channels exhibiting

the decay (29) and hence, the performance of the DS chantmabés comes within dog n factor of a minimax
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estimator. Finally, note that performance guaranteedairta the ones provided in Theorem 4 and Corollary 1 can

also be obtained from Lemma 3 and Theorem 5 for the case ofrtcaivithout guard intervals.

Ill. RANDOM TOEPLITZ MATRICES SATISFY RIP

Because of the ubiquity of binary phase shift keying sigralh wireless communications, the channel estimation
results in the previous section were stated in terms of nambdimary (+1) probe sequences. However, the results
also hold in settings where the probe sequence consistsldatons of random variables drawn from any bounded
zero-mean distribution. In fact, the same results holdéf phobe sequence is drawn from certain unbounded zero-
mean distributions, such as the Gaussian distribution.

More generally, Toeplitz CS matrices have some additiorakfits compared to completely independent (i.i.d.)
random CS matrices. First, Toeplitz matrices are more efficio generate and store. iAx n (random) partial
Toeplitz matrix only requires the generation and storagefofi independent realizations of a random variable, while
a fully-random matrix of the same size requires the germratnd storage dfn random quantities. In addition, the
use of Toeplitz matrices in CS applications leads to a gémedaction in computational complexity. Performing a
matrix-vector multiplication between a fully-randoknx n matrix and ann x 1 vector requiresin operations. In
contrast, multiplication by a Toeplitz matrix can be penfed in the frequency domain, because of the convolutional
nature of Toeplitz matrices. Using fast Fourier transfqrthe complexity of the multiplication can be reduced to
O(nlogn) operations, resulting in a significant speedup of the mixedn optimizations that are essential to
several commonly-utilized CS reconstruction proceduteh as GPSR [18] and SpaRSA [19]. Depending on the
computational resources available, this speedup caralljgebe the difference betweentractable and solvable
problems.

In this section we establish the main claim of this paper Teeeplitz matrices with entries drawn from either
zero-mean bounded distributions or the zero-mean Gausksarbution satisfy the restricted isometry property
(RIP). Recall the definition of the Restricted Isometry Rndp from (1) of Section I-A. The RIP statement is
essentially a statement about singular values, and to ls$taRIP for a given matrix it suffices to bound the
extremal eigenvalues of the Gram matrices of all column sibioes (having no more tha$i columns) in the
range(1 — dg, 1 + ds). We will use this interpretation in our proofs, and the magsuits will be obtained using
Gersgorin’s Disc Theorenwhich is an elegant result in classical eigenanalysis. & shis result here as a lemma,
without proof. There are many valid references—see, formgta, [20].

Lemma 5 (GerSgorin)The eigenvalues of am x m matrix M all lie in the union ofm discsd; = d;(c;, r;),

i=1,2,...,m, centered at; = M, ;, and with radius

r, = Z |]\/[17J| (31)
=
To begin, we consider any subset of column indi@esc {1,...,n} of size |T| < S, and let X be the

submatrix formed by retaining the columns &f indexed by the entries df. The singular values oX  are the

eigenvalues of it§7'| x |T| Gram matrixG(X,T) = X/ X r. Suppose that, for some integér> 1 and some
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positive valuesj; andd, chosen such thal; + 6, = ds € (0, 1), every diagonal element a&(X,T) satisfies
|G.:(X,T) — 1| < 64 and every off-diagonal eleme; ;(X,T), i # j, satisfies|G; ;(X,T)| < &,/S. Then the
center of each Gersgorin disc associated with the m&#(X,7") deviates froml by no more thanj; and the
radius of each disc is no larger thaf — 1)d,/S < J,. By Lemma 5, the eigenvalues 6f(X,T') are all in the
range(l — 6q — 8o, 1 + 04 + 6o) = (1 — d5,1 4+ d3).

Now, notice that every Gram matri& (X ,T) is a submatrix of the full Gram matri& = G(X, {1,...,n}).
Thus, instead of considering each submatrix separatelgaweénstead establish the above conditions on the elements
of the full Gram matrixGG, and that suffices to ensure that the eigenvaluedlfubmatrices (formed by any choice
of T, |T| < S) are controlled simultaneously. In the proofs that folleve will show that every diagonal element
of G is close to one (with high probability), and every off-diagbelement is bounded in magnitude (again, with
high probability), and the final result will follow from a spte union bound.

It is instructive to note that because of the convolutiotralcture imposed by the linear, time-invariant observatio
model we consider here, the sufficient conditions to esthtiin the diagonal and off-diagonal elements of the Gram
matrix of the resulting observation matrix essentially aimioto properties of the autocorrelation function of the
probe sequence. For the full observation matrix shown i, (fof example, each diagonal element is identical and
equal to the autocorrelation of the probe sequence at lam Sdmilarly, each off-diagonal element corresponds
to the autocorrelation at different nonzero lags (as stateSlection Il, the probe sequence is assumed to be zero
outside of the specified range). For the partial observatiatrix of (16), the diagonal and off-diagonal elements
correspond to windowed versions of the autocorrelatiorction at different lags. In the following subsections
we quantify these autocorrelations for certain random tirgeguences. However, we note that the proof technique
described above can be used to establish RIRafigrinput sequence (including possibly deterministic seqgas)ic

one would only need to verify that the autocorrelation fiorchof the sequence satisfies the required conditions.

A. Bounded Entries

First we establish RIP for random Toeplitz matrices, forhbtite full observation matrices as shown in (15) as
well as the partial matrices like (16), when the probe seqe€m;} consists of i.i.d. realizations of any bounded
zero-mean random variable. We scale the distributionsepomppropriately so that columns of the observation

matrices are unit-normed in expectation. Suitable digtidms are

. xiwunif[—\/ﬂ,\/ﬁ},
1/VE€ with prob.1/2
—1/V€ w.p. 1/2 ’
1/V&  wp.q/2
e Forqe (0,1), x; ~ 0 wp.l—gq
-1/v€e  w.p.q/2

where¢ = k for partial matrices ang = p for full matrices.
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Before we state the first main results of the paper, we praviddemmas that will be useful in the proofs. First,
we describe the concentration of a sum of squares of bouradetbm variables.

Lemma 6:Let z;, i = 1,...,k be a sequence of i.i.d., zero-mean bounded random variabtésthat ;| < a,
and with variancet [z?] = o2. Then,
k
Z z? — ko?

P >t] <2 2 (32)
r 2 > < 2exp ol

Proof: Recall Hoeffding’s inequality, which states that a seqeenict independent bounded random variables

z; satisfyinga; < z; < b; with probability one, satisfies
Pr(|sk —E[sg]| > t) <2exp (—#) , (33)
> i1 (bi — a)?
wheres;, = Zle z;. In our case, we let; = 22, so z; € [0,q?] with probability one, and since, = Zle x2,
E [sx] = ko?. The result follows. [ ]
Next, we describe how the inner product between vectors &vbngies are bounded random variables concentrates
about its mean.

Lemma 7:Let x; andy;, i = 1,...,k be sequences of i.i.d., zero-mean, bounded random vasiahlesfying
|z;| < a (and thus|z;y;| < a?). Then,

Pr ( > t) < 2exp (—2:;4) . (34)

Proof: Again we apply Hoeffding’s inequality to the sum = Zle z;, this time with z; = z;y;. In this

k
Z TiYi

=1

case we have-a? < z; < a? and since the elements are independent and have zero féanh,= 0. The result
follows. [ |
We are now in a position to state and prove the first main regute paper.
Theorem 5:Let {z;}"F~! be a sequence whose entries are i.i.d. realizations of lalizdro-mean random

variables with varianc& [2?] = 1/k, satisfying|z;| < \/c/k for somec > 1 (several such distributions are given

above). Let
Tn Tn—1 N xTo T
Tn+1 In . I3 X9
X = , (35)
Tnt+k—1 LTn+k—2 - T+l Tk

be thek x n Toeplitz matrix generated by the sequence, and assume. Then, for anyjs € (0,1), there exist
constants:; andc, depending only odg andec, such that whenevee > ¢,52logn, X satisfies RIP of orde§
with parameteps with probability exceeding — exp(—c1k/S?).

Proof: Following the discussion of Gersgorin’s Theorem, we needdtablish conditions on the diagonal and
off-diagonal elements of the Gram matr® = X’X. Applying Lemma 6 we see that each diagonal element

k .
Gii=) 5 :z:? satisfies

2
Pr(|Gry — 1] > b4) < 2exp <—2’j§d) (36)
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and by the union bound

P ' Gii—1>6 <2 2h05 37
r L_Jl {IGii =1 = da} | <2nexp | — 2 ) (37)
This establishes the required condition on the diagonahetgs of the Gram matrix.

Next we treat the off-diagonal elements. Notice that ety is simply the inner product between columis

andj of the matrix X. For example, one such term for the matrix specified in Thadses given by
Gn-1n = T1%2 + ToT3 + T3T4 + T4Ts + -+ - + Tk Tht1- (38)

One issue is immediately apparent—the entries of the sumaiedependent, so standard concentration inequalities
cannot be applied directly. In the example here, the firsttevms are dependent (they both dependcgn as are
the second and third (both depend %), and the third and fourth (both depend o). But notice that the first
and third terms are independent, as are the second and fetettOverall the sum may be split into two sums of
i.i.d. random variables, where each component sum is forsimagly by grouping alternating terms. The number
of terms in each sum is either the samek(ifs even) or differs by one ik is odd.

In fact this decomposition into two sums over independetriemis possible for everg; ;, and this observation
is the key to tolerating the dependencies that arise fronsthesture in the sensing matrix. Note that the terms in
any such sum are each dependent waithimost twoother terms in the sum. Each sum can be rearranged such that
the dependent terms are “chained”—that is, ¢rd (rearranged) term is dependent with (at most) (the 1)-st
term and the(¢ + 1)-st terms. This rearranged sum has the same structure agdhmple above, and can be split
in a similar fashion simply by grouping alternating terms.

Rewrite the sumG; ; = Zle z;, Where thez;’s are identically distributed zero-mean random variatitest

satisfy —c/k < z; < ¢/k. Whenk is even, the sum can be decomposed as
tlzk/Q t2:k/2

Gij = Z Zr(5) + Z 2y (i) (39)
i=1

i=1
wheret, andt, denote the number of terms in each sum, apd;, andz,,; denote the rearranged and reindexed

terms. The permutation operators and 7o need not be known explicitly—it is enough to simply know such

operators exist. Wheh is odd, we can write
t1=(k—1)/2 to=(k+1)/2

Gi,j = Z Zry (i) T Z Zry (i) (40)

=1 =1
Generically, we writeG; ; = Glj + nyj. Applying Lemma 7 witha? = ¢/k to the component sums havirg

do
PI‘ (|G17J| Z g)

andt, terms gives

] 0,
1 o 2 o
< Pr({|Gi,j‘>ﬁ} or {|Gm'\>g})
< 2max{ Pr ]Gl}‘>§ Pr lg2,’>£
- 2,7 2S ) 2,7 25
k252 k262
< R _ o .
< 2 max{2 exp ( 8t10252> ,2exp ( 8t20252)} (41)
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It is easy to see that larger valuestgefandt, decrease the error exponent, resulting in bounds that decag
slowly. For our purposes, to obtain a uniform bound indepandf the parity ofi, we use the (loose) upper bound
t1 <ty < k to obtain
Pr (|G”| > é) <4exp <—k—53) . (42)
S 8c252
To establish the condition for every off-diagonal elemewg, first note that, by symmetryy; ; = G; ;. Thus, the
total number ofuniqueoff-diagonal elements; ; is (n? — n)/2 < n?/2, and we can apply the union of events
bound to obtain
Pr Z:LJML:JI {|G”| > 5—5} < 2n2exp <—%> . (43)
JFi
This establishes the required condition on the off-diagetements of the Gram matrix.
Now, recall that RIP of ordef holds with a prescribeds € (0,1) whereds = d4 + d,, when every diagonal
element deviates frorh by no more thard,;, and every off-diagonal element is less thaiS in magnitude. To

obtain the result claimed in Theorem 5, we assume 3, let 6, = §, = d5/2 and use the union bound to obtain

. 9 ko2 2k63
Pr (X does not satishRIP(S,ds)) < 2n°exp ~ 3292 + 2nexp a2 (44)
I

< 3n?exp (——3202%2) . (45)

For ¢ < 0%/32¢2, the upper bound
Pr (X does not satisfyRI P(S, dg)) < exp <—C§—f> (46)

holds whenever
96¢2
> - 2

k> ((% — 320102) S=logn, (47)
which proves the theorem. [ ]

The same technique can be applied to the full observatiomigaatas in (15). This leads to the second main
result of the paper.

Theorem 6:Let {z;}”_, be a sequence whose entries are i.i.d. realizations of lmlizéro-mean random
variables with varianc& [2?] = 1/p, satisfying|z;| < \/¢/p for somec > 1 (the example distributions listed at

the start of the section again suffice). Let

X1 0
€2
X = o (48)
Tp To
0 Tp
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be the(n+p—1) x n full Toeplitz matrix generated by the sequence, and assume2. Then, for anyjs € (0,1)
there exist constants andc, depending only oms ande¢, such that for any sparsity levél < co/p/logn, X
satisfies RIP of orde§ with parameteds with probability exceeding — exp(—c1p/S?).

Remark 3:Notice the difference in the statements of results in Thasré and 6, which highlight an inherent
difference in the respective observation models. In théngebf Theorem 5, the user is allowed the flexibility to
obtain more measurements “on the fly,” and the resultingcédesl) matrices satisfy RIP with higher ordefqor
smaller parameter§s). Contrast that with the setting of Theorem 6, where the remab observations is fixed a
priori. This effectively imposes an upper limit on the orde(or a lower limit on the parametér) for which RIP
is satisfied.

Proof: The proof proceeds in a similar fashion to the proof of Theoke Each column of the “full” observation
matrix now containg entries of the probe sequence, and is identical modulo agentshift. From Lemma 6, the
diagonal elements of the Gram matrix satisfy

Pr (CJ {1Gii — 1] 25d}> < 2exp (—2]2263) : (49)

i=1

The off-diagonal elements are still composed of sums of déget random variables, however, in this case the
number of nonzero terms comprising each sum varies. At nwaser{: and j differ by 1), G; ; will consist of
a sum ofp — 1 terms. On the other extreme, jif < |j — i|, each term of the inner product is zero trivially. In

any event, we can still apply the results of Lemma 7 and uppend the error for each term by the worst-case

(=4
< re(lloul > 55} o {len] > 5})
< 2max{Pr<|Gl > ) ,pr<|aaj| -5

P, p*o;
2 max{2 exp ( 8t10252> ,2exp ( S1,267 . (50)

Notice that now, regardless of the parity @f the number of terms in each partial sum éndts) is no greater

thanp/2. The bound

behavior. This gives

IN

Uy {lGi,j| > §} < 2n%exp (—46252) : (51)
i=1j=1

J#i
follows. As before, we let; = ¢, = ds/2 and assume > 3, to obtain

2
Pr (X does not satishRIP(S,ds)) < 3n%exp (— lgiSSQ) . (52)
C

0% — 16¢1c? D
<4/ =2 1/ 53
- 48¢2 logn’ (53)
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the matrix X satisfies RIP of ordef with parametess with probability at leastl — exp(—c;p/S?), proving the

theorem. [ |

B. Gaussian Entries

Results analogous to those of Theorems 5 and 6 can also bmeibth the entries of the probe sequence
are drawn independently from certain unbounded distimsti For example, probe sequences consisting of i.i.d.
Gaussian entries also generate Toeplitz matrices thafys&IP.

Following the proof techniques above, we first need to estaltthat the sum of squares of i.i.d. Gaussian random
variables concentrates about its mean. For that, we utiieefollowing result from [21, Sec. 4, Lem. 1].

Lemma 8:Let {x; le be i.i.d. Gaussian variables with me@mnd variances2. The sum of squares of thg’s

satisfies i
Pr (Z 2? — ko® > 202kt + 202t> < exp(—t) (54)
i=1
and i
Pr (Z 22 — ko < —202\/E> < exp(—t). (55)
i=1

For0 <t <1, the symmetric bound
Pr <

In addition, we can quantify the concentration of inner prctd between zero-mean Gaussian random vectors as

k

chf — ko?

i=1

> 402\@) < 2exp(—t) (56)

follows.

follows.

Lemma 9:Letx; andy;, i = 1,..., k be sequences of i.i.d., zero-mean Gaussian random variaitle variance

o2. Then,
2
> < _ ).
Pr >t _2exp( 402(k02+t/2)) (57)

Proof: The proof basically follows the derivation of Bernsteinisefuality. Using the Chernoff bound, we

k

Z ZiYi

=1

obtain

k k
Pr <Z Ty > L‘) < exp (—st) [ [ E [exp (szip:)] , (58)
i=1 i=1

which holds for alls > 0 and allt > 0. Fix a term inside the product and expand the exponential Tiaydor

Series, which gives

a1.)2 VAT PYAY

E [exp (sziyi)] = E[l-l-(SfCiyi)-i- (Sx;yZ) (SxélyZ) (SxilyZ) +} (59)
(sziyi)? | lszayil® | (swaya)' | |sziyil®

< E[1+ i = : S+ (60)
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Now, since thex;’s and y;'s are Gaussian and independent, it is easy to verify B, y;|?] = E[|z;|?] -

E[|y:|P] < p! o2 for p > 2, and so the expectation can be bounded by

Elexp (sziys)] < 14520+ 500 +s%0® + ... (61)
= 14s%* 2(80'2)j. (62)
=0
Now, assumeso? = v < 1 to obtain
2 _4 2 4
E[exp (sz;y:)] < 1+ f_ay < exp (15_01/) . (63)

Combining results, we have

k ks?ot
Pr inyizt <exp|—st+ =2 ) (64)

i=1

or equivalently,

k 4
v  kso
Pr <; Tl > 3 + T y) <exp(—7). (65)
Now substitutes = v/c?, let a = kvo? /(1 — v) and 8 = vyo? /v, and simplify to obtain
o
> < - .
Pr(Z_a—i—ﬁ)_exp( 02(k02—|—a)) (66)

Letting o = 8 =t/2, for t < 2, we obtain

2
Pr(Z >1t) <exp (—W) . (67)

The other half of the bound can be obtained similarly usirgyftict that

Pr(Z < —t) < Pr(—sZ > st) < exp (—st)E[exp (—s7Z)], (68)
and
(swiys)® | lsmayil® | (smaya)* | |sziyl®
E[exp (—s2)] < E [1 L i i L (69)
as above, making the bounds symmetric and identical. Thetredlows. [ ]

Leveraging the above lemmas, we can establish the follawing
Theorem 7:Let {z;}""/~! be a sequence whose entries are i.i.d. Gaussian randonblearigith mean zero

and varianceE [2?] = 1/k. Let

In Tpn—1 e i) X1
Tn41 In e I3 X9

X = , (70)
Tnt+k—1 Tntk—2 --- Tk+1 Tk

be thek x n Toeplitz matrix generated by the sequence, and assume2. Then, for anyds € (0,1) there exist
constantse; an ¢, depending only ordg, such that whenevet > ¢S logn, X satisfies RIP of ordef with

parameteds with probability exceedind — exp(—cik/S?).
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Proof: Following the proof method used in the previous subsectw,first use the symmetric bound in

Lemma 8 to establish that

Pr (O {IGii — 1| > 6d}> < 2nexp (—kl—?) . (71)

=1
The off-diagonal elements exhibit the same dependenaatetl in the proofs of Theorems 5 and 6. Again splitting

each sum into two sums over independent entries, we levémgena 9 to obtain

pe (161> ) < 2mes 2o (2B Y e (B )

for any 0 < §; < 1, where againt; andt, are the number of terms in each sum. Using the conservatigerup

boundt; <ty < k we obtain

" 8o ko2
Pr UU{|G”|2§} §2n2exp<—6s2). (73)

Now, let 64 = 205/3 andd, = d5/3 and assume: > 3, to obtain

2
Pr (X does not satisiRI P(S, 05)) < 3n” exp (— 5]1252) : (74)
For anyc; < 6%/54 and
162
E> | ——— ) 521 75

the matrix X satisfies RIP of orde§ with parametess with probability at leasti — exp(—c1k/S?), proving the

theorem. [ |
For the full observation matrix, composed of entries fromaugsian sequence, the following is true.
Theorem 8:Let {z;}!_, be a sequence whose entries are i.i.d. realizations of mesr Gaussian random

variables with variance /p. Let

X1 0
€2
X = e (76)
Tp To
0 Zp

be the(n+p— 1) x n full Toeplitz matrix generated by the sequence, and assume2. Then, for anyis € (0, 1)
there exist constants andcs depending only org, such that for any sparsity levél < Cg\/m X satisfies
RIP of orderS with parameteds with probability exceeding — exp(—cip/S?).

Proof: The proof is analogous to the proof of Theorem 6. The coluninX @are identical (modulo an integer

shift), so
" 2
Pr <U {1Gii =1 > §d}> < 2exp (—plig) . (77)

=1
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and now,

n n 50 ) pdg
Pr U U |Gi ;| > < < 2n“exp —ug2 ) (78)
1=1j=1

i
Letting 84 = 265/3 andd, = ds/3 and assuming > 3, we have that for any; < 6%/36 and

6% — 36¢4 D
<4/ = oy
§< 108 logn’ (79)

the matrix X satisfies RIP of ordef with parameteds with probability at leastl — exp(—c1p/S?), proving the

theorem. [ |

IV. DISCUSSION
A. Generalizations and Dependency Tolerance using Gragbridg

It is easy to see that the results of Theorems 5-8 also appgtti to Hankel matrices, which are Toeplitz-like
matrices whose entries are identical along anti-diagomaladdition, the proof techniques utilized to obtain the

results of Theorems 5 and 7 also can be used to establish R(efie or right-shifted) partial circulant matrices

of the form
In Tpn—1 .- T3 i) 1
T In T4 T3 o
X = , (80)
Ll—1 L—2 e X1 In e Tk+1 Tk

generated by a random sequence of length

The techniques developed here can also be applied in moezajeettings where the observation matrices exhibit
structured statistical dependencies. Recall that, in theva proofs, dependencies were tolerated by partitioning
sums of dependent random variables into two component séiffidly independent random variables. The actual
partitioning was not performed directly, rather the onlgtfarequired in the proof were that such partitions exist,
and that the number of terms in each component sum was spledifidor a given observation matrix, similar
partitioning can be established, analogous results wibio

We generalize the approach utilized in this paper usingnigctes from graph theory. See, for example, [22] for

basic reference. Let .
Y= Z T; (81)
=1
be a sum of identically distributed random variables. Weeiste the sunt with an undirected grapi(X) = (V, E)
of degreeA,, by associating a vertexe V = {1,2,...,k} to each term; in the sum and creating an edge &ét
such that an edge = (i, j) between vertices is in the set if and onlyzif andz; are statistically dependent. The
degree of the graph, is defined to be the maximum number of edges originating fraynad the vertices. Notice

that any fully-disconnected subgraph (&), by definition, represents a collection of i.i.d. randomiatles.
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The goal, then, is to partitioy(X) into some number of fully-disconnected subgraphs. In grdpdory
terminology, any such partitioning—essentially a labglof each vertex such that vertices sharing an edge are
labeled differently—is called a (proper) coloring of thepgh. Given a coloring of(X), the concentration behavior
of each partial sum associated with each subgraph can bénethtin a straightforward manner by standard
concentration inequalities, and the contribution of salveuch subgraphs can be quantified using the union bound.
Note, however, that trivial partitions exist (let each staph contain only one vertex, for example), leading to
particularly poor concentration bounds. We seek to partig(X) into as few fully-disconnected subgraphs as
possible while ensuring that each subgraph contains as netiges as possible.

To achieve this, we considequitable coloringof ¢g(3). An equitable coloring is a proper graph coloring where
the difference in size between the smallest and largestaa@hs of vertices sharing the same color is at most one.
Proving a conjecture of Paul Erdos, Hajnal and Szemetgalved that equitable colorings of a graph with degree
A exist for any number of colors greater or equalt®+ 1) [23]. Along with the above argument, this shows that
the concentration behavior of any snexhibiting limited statistical dependence, as defined leydbgreeA; of
the associated dependency gragbL), can be controlled using equitable graph coloring. Thixedure was also
used to extend Hoeffding’s inequality to such graph-depahdandom variables in [24].

Utilizing this framework, we can obtain results that applyobservation matrices with more general dependency
structures. The following result is representative.

Theorem 9:Let X be ak x n matrix whose entries are identically distributed realaad of bounded zero-mean
random variables with variande [xﬂ = 1/k, satisfyingz? < ¢/k for somec > 1. Assume that the dependency
degree among elements in any columnXfis no greater than some integdy; > 0, and each inner product
between columns exhibits dependency degree no greaterstirae integerA, > 0. Then, for anyjs € (0, 1),
there exist constants, andc, depending org, the dependency degreés; and A,, ande¢, such that whenever
k > c2S%logn, X satisfies RIP of orde$ with parametess with probability exceedind — exp(—cik/S?).

Proof: First consider the diagonal elements of the Gram matriXgfeach of which satisfies

2ko2 k
=1 > < _—rd
Pr(|Gii — 1] > 6a) < 2(Ag+ 1)exp ( 2 {Ad n 1J> (82)
and by the union bound
Pr O{|G~—1| >04} | <2n(Ag+1)e ——263 i (83)
i=1 " ) ‘ P 2 [Ag+1])7

where || is the floor function, which returns the largest integer lsm the argument. Similarly, the off-diagonal

elements satisfy

" 8o ) 52 k
PI' Z_LJlLJl{|G»LJ| Z g} §2n (Ao—i—l)exp (—W {mJ) . (84)
J#i
The result follows from suitable bounding of the overallogrprobability. ]
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B. Connections with Other Works

To the best of our knowledge, this paper is the first work tatdih the restricted isometry property for random
Toeplitz matrices with bounded or Gaussian entries. Herdriafly describe connections between this paper and
several related existing works.

In the compressed sensing literature, the first work to pgepimeplitz-structured observation matrices was [25],
where observations were obtained by convolving the incgminknown signal with a random filter—a filter whose
taps were generated as realizations of certain randomblasia-followed by periodic downsampling of the output
stream. While this approach was shown to be effective intjpgcno theoretical guarantees were given. Without
downsampling this initial approach is identical to the falliservation model analyzed here, and in fact the techniques
presented here could be utilized to establish conditiogeuwhich RIP would be satisfied for certain downsampled
random filtering systems.

The first theoretical results for using random Toeplitz ea in compresed sensing were established in [6].
Using an equitable graph coloring approach applied to the frbof of [5], we showed that x n partial Toeplitz,
Hankel, and left- or right-shifted circulant random magdcsatisfy RIP of ordef with high probability, provided
k=0 (S3 log n) This sufficient condition is more restrictive than what wstablish here, where we reduce the
exponent onS by one order of magnitude.

In [26], techniques in sparse representation are appliedetover matrices that can be expressed as the
superposition of a small number of component matrices—theadled sparse matrix identification problem. When
the component matrices are time-frequency shift matribesmatrix identification problem becomes similar to the
convolutional sparse signal recovery problem considerrd.iHowever, this work differs from our own in several
significant ways. First, the work in [26] considers noiseeflobservations, and requires circular convolution with
certain deterministic (Alltop) probe sequences. Second, @erhaps most notably, the theoretical analysis in [26]
focuses on the coherence property of the dictionary (maxinabsolute inner product between any two distinct
columns), instead of RIP. Consequently, while we can estaltthat, for a given probe sequenesy sparse signal
can be recovered with high probability from a collection @ineolutional observations, the results in [26] only
guarantee recovery ohostsignals defined on a randomly chosen signal support.

The problem of matrix identification was also studied in [2#&}hile this work did consider noisy observations,
the recovery procedure proposed was the “bounded-noigahization (11). As explained in Section I-A the error
bounds resulting from this optimization can be sufficientlgaker than the bounds that can be obtained using the
Dantzig selector, given in (7). In fact, in addition to beiregtricted to circularly convolutional observations, and
theoretical guarantees only on coherence (instead of Rie)work in [27] provides no theoretical analysis to
qguantify the MSE of reconstructions obtained from noisyesiations.

Our own previous work [4] was the first to use GerSgorin’sdreen to establish RIP for Toeplitz random matrices,
achieving the less restrictive sufficient condition on thenber of observations required,= O (52 log n) While

that work only treated matrices whose entries were drawm facssymmetric Bernoulli distribution, here we extend
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the results to random matrices whose entries are boundecuwssian-distributed.

In addition to the directly-related contributions desedbabove, we briefly mention several tangentially-related
contributions. While this paper was in preparation we bexaware of the work of [28], which also examines
random convolution in compressed sensing. There are desigraficant differences between this work and our
own. First, in [28], the probe sequence (while randomly gatesl) is assumed to have orthogonal shifts, while we
can tolerate probe sequences that simply consist of indkgpemealizations of certain random variables. Second,
our results establish RIP for the observation matricesltiagufrom convolution with a random sequence, from
which it follows thatany sparse (or nearly sparse) signal can be recovered with higihapility from the same
set of observations. In contrast, for a given random probe,results in [28] only guarantee recoverability of
mostsparse signals defined on a fixed support, albeit with a datlgnliess restrictive condition on the number of
observations required; = O (max {Slog n, log® n}) compared to our requirement &f= O(S?logn). Perhaps
the most significant difference, however, is that our olestlzm model prescribes collecting a consecutive set of
samples of the linear convolution between the unknown signd a random probe sequence, while the observation
model in [28] requires circular convolution of the unknowgasse signal with a random probe sequence, followed
by either random subsampling or randomized “block avegigef the full set of observations. Thus, while our
observation model occurs naturally in the context of lin@gstem identification, the methods proposed in [28] do
not.

Finally, in [29] it was established that, subject to a simi@ndition as what we obtain here—namely that
the number of rows of the matrix must be on the order of the mqoé the sparsity level of the target signal,
certain deterministic matrices satisfy RIP. Among thess wapecial type of block-circulant matrix generated by a
collection of¢ > 1 columns, where the elements of the matrix sati¥fy., ;+» = X; ;, and the arithmetic on the
indices is done modulo the signal length In contrast, the generalization of our Toeplitz resultplafo “true”

circulant matrices that are generated by a single (randat)rmn.

C. Eigenvalues by GerSgorin’s Theorem

The theory of sparse representation was an active areaedraseven before the advent of compressed sensing.
The techniques that were developed in early works reliechembtion of coherence of a matrix, which is quantified
by the largest (in magnitude) inner product between distotumns of the matrix. The interesting point to note is
that the notion of coherence can be parlayed into staterabotst RIP, the connection coming by way of Gersgorin’s
Theorem. Reminiscent constructs can be found, for exariip[80]. In addition, Gersgorin-like techniques arise in
the proof of RIP for the deterministic constructions of [2&hd are mentioned in [31] in the context of determining
the eigenvalues of randomly chosen submatrices of a giveiodary matrix.

Using GerSgorin’s Theorem to establish eigenvalues foreged dictionaries is not without its limitations. For
example, as noted in [31], the work of [32] shows that the mimh coherence between columns of any (generally
overcomplete) finite Grassmanian frame cannot be too siatllargek andn, the coherence scales IiKg/l/_k,

which would essentially imply & = O(S?) requirement on the number of observations, similar to whabbtain
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in our proofs. Applying Gersgorin’s theorem to fully-inaendent random matrices leads to similar restrictions. For
example, a simple application of Lemma 7 (analogous to tipeageh in the proof of Theorem 5, but without the
dependency tolerance steps) shows that Gersgorin’s &heteads to the requirement tha(S? logn) rows are
needed in order for a fully random observation matrix tosfatRIP of orderS with some fixed success probability.
On the other hand, we know from [1], [5], [7]-[9] that= O(Slogn) requirements suffice to establish RIP with
the same probability of success.

Thus, while it is tempting to claim that the presence of deleecies in the Toeplitz-structured matrices amounts
to an increase in the number of observations required fort&lBe satisfied, such a claim does not follow from the
work presented here. Indeed, it is fully possible that thedoen matrices considered in this work do satisfy RIP
whenk = O(Slogn), but the proof techniques utilized here are insufficient ¢talelish that stronger result. The
takeaway message here is that GerSgorin’s Theorem pdiddraightforward, but possibly suboptimal, approach

to establishing RIP for general observation matrices.
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