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Abstract— We consider the issue of whether it is better to
bias the random variables at the input, at the output, or
at some intermediate point of a system. We show that in a
very general setting, the closer to the output that we can
bias our system simulation variables, the better off we will
be. We do show that surprisingly in some important special
cases, the performance can be equal no matter where the
bias point is selected.

In the second part of the paper we present a very general
large deviation type theorem on the variance rates of im-
portance sampling estimators. We then use this theorem to
consider in a quantitative fashion what the difference in the
variance rates can be for input versus output formulations.
We present several examples illustrating the developed the-
ory.

Keywords— Importance Sampling, Simulation, Monte

Carlo.

I. INTRODUCTION

ARGE and/or nonlinear stochastic systems, due to an-

alytic intractability, must often be simulated in order
to obtain estimates of the key performance parameters.
Typical situations of interest could be a buffer overload
in a queuing network or an error event in a digital commu-
nication system. In many system designs or analyses an
event of rare probability is a key parameter of the system’s
efficacy. To estimate such a parameter by a brute force di-
rect simulation would require that a very large number of
independent random numbers be generated from the com-
puter’s random number generator.

One way out of this quandary is to utilize a technique
called importance sampling. Importance sampling has in
the last few years established itself as the main method of
variance reduction for the simulation of rare events. For an
excellent review article over this methodology in the field of
network simulation, see [7]. Another highly recommended
review article in the field of communications systems is [12].

The main idea of the methodology is simple to present.
Suppose we wish to estimate p = E{¢(Z)} where 7 is a
random variable describing some observation on a random
system. Usually ¢ is the indicator function of some set im-
plying that p is the probability of the set. Suppose that
the observation random variable Z has probability density
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function p(-). The direct (Monte Carlo) simulation method
would be to generate a sequence of 1.i.d. random numbers
zMW 7@ . Z&) from the density p(-) and form the es-

timate k '
Y29,
i=1

By the law of large numbers g, — p as k — co. Thus as the
number of observations approaches infinity, we converge to
the true value. Suppose instead, we generate a sequence of
i.id. random numbers Z(1' 22 Z(*)" with a possi-
bly different density ¢(-). We call these random variables
the “biased” random variables and ¢(-), the “biased” dis-
tribution. We then form the estimate
R Y Caad ey
Pq = E; W(ZS(Z( ) ).

The ratio p(-)/q(-) will be called the weight function of the
importance sampling estimator. (This ratio can be thought
of as the Radon-Nikodym derivative of the probability mea-
sure associated with p(-) with respect to the probability
measure associated with ¢(-).) Tt is simple to verify that
the expected value of g, under the density ¢(-) is precisely
p. Therefore, the estimate p, is unbiased and as k& — oo,
we also expect it to converge (by the law of large num-
bers) to its mean value p. The obvious question is, “Are
there better choices for ¢(-) than just p(-)?” The answer
is that by making a good choice for ¢(-), orders of mag-
nitude decrease in the estimator variance can be achieved
over a direct Monte Carlo simulation. It is this fact that
has spurred most if not all the recent interest in importance
sampling techniques.
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In this paper we consider a very general question in the
field of system simulation: “Should we bias the random
variables at the input, at the output, or at some intermedi-
ate point of a system?”. To be a bit more specific, consider
the following example:

Erample 1: Suppose we are interested in estimating
p=P(S+ N >a).

where S and N are two independent random variables with
densities p,(-) and pp(-) respectively. Denote the sum of
these two random variables by R, with density denoted
by p.(-). We consider two types of estimators, an input



estimator and an output estimator. The “input” estimator
is explicitly given as

P/ (SO pr (NG

k
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and the “output” estimator as

1 k
o =1 Z {R<J>'>a}

where we assume that the simulation random variables sat-
isfy RU) = S 4 NG and the original random variables
similarly satisfy RY) = SU) 4 NU). Both of these estima-
tors are unbiased. Which has lower variance?

We should note that in many situations, an output for-
mulation of the bias distribution is impossible. If the sys-
tem is very complicated, it may very well be virtually im-
possible to calculate the biasing distributions at the output
of the system. However, it may very well be possible to cal-

(R(j)/)
e (RG))’

culate the distributions at some intermediate point of the
system. In this paper we attempt to show how much there
is to gain or lose by using an input over an output formula-
tion. It is essential to the theory of importance sampling in
system simulation that we gain understanding of the role
of the bias point in a Monte Carlo simulation. We note
that many researchers have mentioned or considered the
pro and cons of input versus output analysis [6],[10],[13] to
name just a few. Indeed our terminology for this concept
comes from [6]. For further examples, we recommend the
encyclopedic text of simulation methodologies for commu-
nication systems [8].

II. TECHNICAL SETUP

We are given two (Borel measurable) functions g
RN = RM and h: RM — R”, which define our system
as shown in Fig. 1. Let (X1, Xa,..., Xn) be an arbitrary
random vector. We consider these to be our “input ran-
dom variables”. We denote their joint probability measure
as P;. Define (Y1,Ya,...,Yy) = 9(X1, Xa,..., Xn) which
we consider to be our “intermediate random variables” with
joint probability measure Py and lastly 71, 7,,...,71 =
h(Y1,Y2, ..., Yar) our “output random variables” with joint
measure P,.

Let f be a (Borel measurable) function mapping RL to
RY. Suppose we are interested in the quantity

p = E(f(Z,...,7L)),
= E(f(h(yl’YQ’;YM))a
= E(f(h(g(X1, Xs,..., XN))).
p = (p1,p2,...,pd) is of course a d-dimensional vector.

The bias probability measures will always be denoted with
the symbol @ with a subscript to indicate which random
variables are being biased, e.g. Qs, @y, Q.. We will as-
sume that the original probability measures are absolutely

continuous with respect to these measures. It is enough
to assume that P, << @, since this automatically im-
plies P, << @y and P, << Q.. This of course guar-
antees the existence of the Radon-Nikodym derivatives
dP;/dQs,dP,/dQy, dP,/dQ, needed for our importance
sampling estimators. We assume that biasing measures
have the same relationship between them as do the actual
measures. (We will denote the biased random variables
as the original random variable written with a tilde over
it.) Thus, if Xl,Xr), ..., XN are generated to have mea-
sure @, then g(Xl,Xr;, e Xn) will have measure @, and
h(g (Xl,Xz, .. .,Xn)) will have measure @, .

Depending on at which point of the system we wish to
bias, we can define various estimators of p. The possibilities
are

l f ~(j) Xv(j)))) dPy (Xv(]) f((j)
]{7, 2 yrr AN dQ.’L‘ 1 > N
1y = (7) =)y Py 57 () = ()
= F LSOO TN G5
and
1o dP, »
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as the input, intermediate, and output estimators re-
spectively, and where the superscript on a random vari-
able indicates which one of k independent simulation
runs is under consideration. Each of these estimates are
d-dimensional vectors; p; = (fi1,fi2,---,Pi,d), Pm =
(ﬁm,hﬁmﬂ: ceey ﬁm,d)a and ﬁo = (/30,17ﬁ0,27 ceey ﬁo,d)~

We now state the following fundamental theorem of im-
portance sampling Monte Carlo system simulation:

Theorem 1:
Var(p; ») > Var(pm,) > Var(por) » = 1,2,...,d

with equality for the first inequality if and only 1f

LXDy =5 (9 v D)
for some function s;, and with equality for the second in-
equality if and only if

dPy,
dQy

for some function s,.

We give the proof of the theorem in the appendix.
Remark 1: Tt is possible that the inequalities be met

with equality. For example, consider the case of

h(g(z1,...,zN)) = Zf\;l r(z;), for some arbitrary func-

tion 7 : R — R. We can suppose that the output estima-

tor and the intermediate estimator are the same. Suppose

vy VY = 5,20



dPgy(z1,22,...,2N) = Hf\;l p(z;), where p(-) is the input
probability density (or mass function if we are dealing with
discrete random variables). Suppose we choose the biasing
distributions to be exponential shifts:

N N
_ _ Tizy plzi) exp(Or(2:))
dQzp(x1,...,2N) = g qo(2;) = TI0L
where M (0) = [ p(z) exp(6r(z))dz is the moment generat-

ing functlon of the scalar random variable r(X). Now note
that

P 1 1p<f<>ex ) "
de(Xl,...,XN) TNy p(67(X:))) M (6)
= exp(— Z M(O)N
= exp(— Y/) )~
= si(Y).

Thus, in this sum of 1.i.d. random variables setting with
exponential shift bias distributions, no performance loss 1s
incurred by using the simpler input formulation.

III. THE VARIANCE RATE

In this section we first prove a very general theorem re-
garding the variance rate of importance sampling estima-
tors. We then apply this theorem to the particular problem
of the variance rates of input and output estimators.

For every integer n, let 7, , be a random variable taking
values in some complete separable metric space S,,. Let P,
be the probability measure induced by 7, , on §,,. Instead
of simulating 7, ,,, we choose to simulate with another S,
valued random variable 7, , which in turn induces a prob-
ability measure on S,, @,. Let f, be an R? valued mea-
surable function on the space Sy, i.e., f, : Sp — RY.

To create the importance sampling estimators, we must
assume that P, is absolutely continuous with respect to
@, for all n (and hence the Radon-Nikodym derivative
dP,/dQ, exists). We suppose we are interested in p, =
P(f”(ii””) € E), for some Borel set £ C R?. The impor-
tance sampling estimator of this probability is given as

We propose to study the variance of g, as a function of n.

Z<1
q’{

f(Z(])n)

?rl»—k

E}

We first need to make a few definitions. For § € R?,
define
1 dP,
en(f) = glog(/ a0, (z) exp(< 0, fn(z) >)dPy(2)),

which 1s a convex function in 6.

Assumption Al. c¢(f) = lim, ¢, (0) exists for all § €
R<, where we allow oo both as a limit value and as an
element of the sequence {c,(0)}.

In other words, the limit exists and is defined to be ¢(f)
for all § € R?. We define the domain of ¢, as D. = {6 €
Re: ¢(f) < co. Note that D, is convex and thus ¢ itself is
convex since it is the limit of convex functions on a convex
set.

Assumption A2. The origin belongs to the interior of

o]
the domain of ¢, 1.e. 0 € D,.
Before, we define our third assumption, we need to make
a couple of additional definitions. A function ¢: R? - R

o]
differentiable on the interior of its domain D, is steep if

o]
{zn} C D, and z, — xg € 9D, (the boundary of the
domain), implies that ||Ve(zy,)|| = oo
A convex function c¢ is essentially smooth if three condi-

o]
tions hold, a) the set D, is nonempty, b) ¢ is differentiable

[
everywhere in D., and ¢) ¢ is steep.
Assumption A3. c is essentially smooth.
We now define the Legendre-Fenchel transform of ¢(-),
R("), as

R(z) = gseu%)dk 0,2 > —c(0)] (for z € RY).

We will call R, the variance rate function. We also define
the Cramér transform for a Borel set F as

R(E) = 1}1612 R(z).

As stated above, we are interested in determining the
rate of the variance expression as a function of n. Recall
the variance expression is kVarp, = F, — p2. The first
term (which usually determines the rate of the variance) of
that expression may be written as

We now have the following theorem,

Theorem 2: Assume A1,A2, and A3. Let E be any Borel
set such that £ # 0, E = E° and 0 < R(F) < co. Then

1
lim — log(

n—o0o N

F,) = —R(E).

To make the paper self-contained, we give the proof of this
theorem in the appendix. To our knowledge, the theorem
is new even though the techniques of the proof are straight-
forward applications of now standard techniques.

Remark 2: 1t is the purpose of large deviation theory to
be able to compute the exponential rate with which p,
tends to zero. From Theorem 3 of the appendix we have
that

1
lim —logp, = —I(E),

n—oo N

where I(-) is a set-valued function, called the large devia-
tion rate function. An explicit representation for it is given



in the theorem statement. We note that since F,, > p2 for
all n, it must be true that R(E) < 2I(T'). If an importance
sampling estimator can be found such that this inequality
is met with equality (R(F) = 2I(FE)), we say that this es-
timator 1s efficient. An efficient estimator has the fastest
possible rate to zero of the square term in its variance ex-
pression. In general there are many efficient estimators for
a given problem.

Ezxample 2: Suppose the inputs to the system are 1.1.d.
random variables, {X;} which have the scalar density func-
tion p(-). We are interested in p = P(Z?Il X; > na). We
simulate with ii.d. {S;} whose individual density func-
tions are ¢(-). In the light of our theorem let us compute
the variance rates for the input and output estimators re-
spectively.

For the output estimator we have S, = R Vn. Also
d=1and fo(z) =2 Vn. dP,/dQ, =p*xp*---xp/q*q*

--% q, where % denotes the convolution operator and there
are n convolutions each in the numerator and denominator
respectively. For the output estimator we define

= Lo [ (2)”
tn,o(0) = n1 g(/ (q%---%q)(2)

exp(fz)dz)

and ¢, () = limy o0 €n,0(0).

For the input estimator we have §, = R" Vn.
Also d = 1 and fu(z1,22,...,2,) = iz Vn.
(dPn/dQn) (1,22, ..., 20n) = Hn 1(p(®i)/q(x;)). For the
input estimator we define

eni(f) = = log(/ H p(zi)” exp(fz;)dx1des - - -duy)

2

and hence ¢;(0) = ¢1,;(0).
The variance rate of the input estimator is already known
[3] and matches up with our calculation,

1 Py
nh—>r20 - log(Var(p;)) = — s%p[ﬁm —ci(0)],

Ezample 3: For some 1/2 < a < 1, we wish to estimate
via simulation the probability

P(Z By > na)
k=1

where the { Bi} are i.i.d. symmetric Bernoulli random vari-
ables. An output simulation would have us simulate the bi-
nomial random variable with some other distribution which
we choose to be Poisson with mean parameter na. Thus,

pn(k) = b(k;n, 1/2)

and we simulate with

qn (k)

In the following derivation we make use of the following
equality for approximating the binomial distributions with

= p(k; na).

a Poisson, [5, p. 172, Eq.10.3]
p(k; Ve > b(k;n, p) > ks A)e™F /(== (=)
where A = np. Thus we can show that

exp(0k) (n!)?
(na)® (kD)[(n —

has the following asymptotic logarithmic limit behavior:

exp(f)

exp(ne, o(#)) = exp(na)d™" E

prard k)2

lim ¢, ,(0) = ¢o(0) = a — log(4) + log(1 +

n—00

).

The corresponding input bias scheme for this problem is to
simulate the symmetric Bernoulli random variables with
Poisson random variables of mean a. For this scheme,

¢;(0) = ¢1(#) and thus

62(9) =

= a—log(4)+lo exi(ﬁ)

g(l+ ).

In other words the ¢;(6) = ¢,(f), and thus the variance
rates are equal!

So far, we have seen for the case of bias distributions of
the form of exponential shifts and in the above example
that the variance rate for the to schemes has been equal.

This is not always the case, as the following example shows.

Ezxample 4: Suppose we wish to estimate via simulation

the probability
P> Xy >n)
k=1

where the {Xy} are i.i.d. exponential random variables
with parameter A > 1 (thus E[X;] = 1/A). An output
simulation would have us simulate the sum of exponential
random variables (which has an Erlang distribution) with
some other distribution. In this example we choose the
bias distribution to be that of a sum of standard Gaussian
squared random variables (which has a x? distribution). In
other words, we select

Az~ exp(—Az)
[(n)

pn(z) =
and we simulate with

37 exp(—z/2)

) =g

Therefore the variance rate is dependent on

exp(ncp o(6))
)\2"2%F(n/2) o n_q ) 1
T T @A -0 e
Amatr(z) (%)

I'(n)? 2\ — 6 —

o



Note that by Stirling’s formula, we have
T'(z) ~ exp(—z)z°~ 3\/27.

~ (%)%(%)2"% and therefore, as n — oo

For the input bias scheme we have

o MW or
0) = (0 = log( = P )

Hence the rates are indeed slightly different. Remember
that any difference in the rate will eventually translate into
huge differences in the actual estimator variance as n grows
large.

Ezample 5: A common non-coherent communication re-
ceiver 1s the energy detector. In the simplest binary set-
ting, we must choose between two hypotheses; that of H; =
{signal one present} and Hy = {signal zero present }. We
suppose that signal one has more power than signal zero.
When signal zero is being transmitted (i.e. Hg is true), we
suppose that during the signaling time period of n samples,
we receive the m-periodic signal sequence {s;} in the pres-
ence of an additive white Gaussian noise {N;} (mean zero,
variance one). Denote the average power of the sequence as
P, = (Zzn 1 s7)/m and the d.c. value as m; = (ZT:I si)/m
Also, we assume, for simplicity, that n is a multiple of m.
Denote the received sequence as {R;}. Of course the pur-
pose of the communications receiver is to determine which
signal 1s present. An energy detector would compute the
following test statistic,

ZRz > Tn,

Hy
where the symbol z signifies that we choose hypothesis

Ho
H, (Hy) if the left hand (right hand) side of the equation
is greater than the other side.
To compute the false alarm probability (the miss proba-
bility is computed similarly), we need to compute

P(Z R? > Tn|Hy is true)
i=1
= P(D (si+Ni)? > 1Tn).

i=1

The exponential rate with which this probability goes to
zero can be computed easily from Theorem 3. Note that

the moment generating function of a general term in the
summand is given by,

Elexp(6(s; + Ni)*)]
1 2 2

=2 P17y

Mi(6) =

+ 95 ).
Thus

nh_}n;o;z;logM @]

0 1

-

—~
=)

=
l

The rate of the probability to zero is thus,

IT) = supl0T = 6(0)]

_ 'ZT—oz_Ps2T—a

4 2
where a = 1 + /1 + 4T P;.

Suppose we choose to simulate with an input strategy
where we compute the sum of independent random vari-
ables > & (Vi + si)? where Y;, is the (functional) expo-
nential shift of N;, i.e. the probability density of Y; is given
by

1 «
9 %8 o

exp(v(z + s;)%) eXP(_x;)
M;(v)V2r

Completing the square, we find that ¢; , is a Gaussian prob-
ability density function with mean 2vs;/(1 — 2v) and vari-
ance 1/(1 — 2v). If we choose v = v, = (2T — a)/4T,
the resulting simulation distributions {g; ,,, } are Gaussian
with means s;(27 — a)/a and common variance 27/a.
We can easily compute R(T) for this choice to find that
R(T) = 2I(T) and thus this is an efficient simulation strat-
egy. Since the input strategy is efficient, the output strat-
egy must also be efficient (by Theorem 1).

We recall that if {U;} are i.i.d. standard normal random
variables (denote the standard normal density as p) and
{8;} are constants, then E?II(UZ- + 4;)? has a non-central
chi-square distribution with n degrees of freedom and non-
centrality parameter A = ZZ 1 82, An explicit expression
for the density is given by [9][Eq. 28.3.5 (note typographi-
cal error)],

giv(z) =

(;)%(n—z)[%(n_z)(\/ﬂ) exp(—%(/\ + g;))

N | —

fa(X z) =

Thus the distribution of Y ., (Yi .., + s;)* has probability
density f, (A where

20

Thus, we can conclude, by Theorem 1, that the output sim-
ulation strategy with this as the biasing probability density
is efficient (R(7T) = 2I(T)). (The authors note that to try

A ) O
¢ 37%) 37



to show this directly from the definition of efficiency ap-
pears to be very difficult.)

Now let us consider a simpler input simulation strategy.
We simulate Y\ (Y’—|—52) where {Y}/} are i.i.d. Gaussian
with mean m, and variance o2. This is a simpler biasing
distribution since the mean is held constant and does not
vary with the index i. Let us choose mq,as so that the
associated output simulation distribution also has density
Jn(Aq, 77%) 5+. Thus the associated output simulation is

efficient. We can indeed do this if we choose 0'5 = 2T/«

and
g = —m, + \/ms— 1——P)

We denote the normal density with these choices for mean
and variance as ¢'. We still need to compute R(T) for this
input strategy. We thus compute

2
e(f) = nli}rrgo %log/exp(ﬁ(m—}—sﬂ%%dm
= log(—g)——log(l—g ! ) + 0P +'m_2

2 207 207
0P, fm;m,

+1-9-% T ——

m2
T )

Now we must compute R(T) = sup,[0T — ¢(6)] = 07T —
¢(f7). The optimizing value of § is given by

A 11
T 202 4T
JHHATIR - ) - 20— 4

+ 2T

We can compute the variance rate for the constant mean
estimator and compare it to an efficient estimator for a
variety of signal sequences. In Fig. 2 we see that for val-
ues of T near 1 4+ Py, the constant mean estimator works
quite well for sawtooth waveforms but has increasingly bad
performance as T gets large. In Fig. 3 we see that for T val-
ues near 1+ Py, we actually have a negative variance rate,
indicating that we are doing far worse than just a direct
Monte Carlo simulation. This isn’t too surprising given
that for this sinusoidal signal, one would think that a con-
stant mean estimator should have mean near zero (which
our choice doesn’t have).

In Fig. 4, we plot a typical simulation of the two input
estimators and the associated output estimator as a func-
tion of the number of simulation runs. We choose T' = 48.5
and s(j) =7, j=1,...,m, m = 10. The two efficient esti-
mators are giving (after 7000 runs) a value of 8.65 x 10~°
which has an error of at most 5% with 95% confidence. To
get this same level of accuracy and confidence with the con-
stant mean estimator, we estimate that 1.8 x 107 simulation
runs would be required.

IV. SUMMARY AND CONCLUSIONS

We consider the performance loss or gain to be realized
from applying an intermediate or output biasing scheme
versus an input biasing scheme in the Monte Carlo simula-
tion of rare events in probabilistic systems. We show that
the output scheme is optimal but not uniquely optimal. Of
course the drawback is that for a complicated system it may
be nearly impossible to compute the weight functions for
the output method since in general the weight functions are
the ratio of the probability densities of the output variables
which are in general very difficult to compute. However, in
almost any real simulation problem, the practitioner will
be able to combine analytically some of the front end ran-
dom variables (up to some point). The question is whether
he should bother to do this or not. Theorem 1 tells the
practitioner that indeed this is (in general) a good prac-
tice and even provides him some mathematical guidelines
and tools to decide if the variance reduction to be gained
is worth the effort. In it our opinion, that this is indeed a
fundamental result to the science of importance sampling
in systems.

APPENDIX

Proof of Theorem 1: Without loss of generality, we can
just consider the relationship between the input and in-
termediate estimators. Also without loss of generality, we
just suppose that that d = 1, otherwise we could just work
with the rth component of the estimators and have the
same supposition.

Since the two estimators have the same mean, it suf-
fices to compare the second moments of typical terms. For
simplicity we will write ()N(y),j(éj), : ,)N(J(\Z)) = X and
(371(‘7),372(”, .. ,37]\(/[7)) = Y. Thus, the typical term of the
input estimator has second moment,

BU () G2 (RF) = BUBE) 201 ()
= Bl Bl (0)7172)

while the typical term for the intermediate estimator has
second moment,

= o dPy - ~ dP,  ~ .~
E((T)* G047 ) = BT B ()
where we have used the easily verified fact that
dP, dP; =~ =
o) = Elgg (519

Now observe that by Jensen’s inequality,

dP; =\~ dP;  ~. o ~
o O < BIE(0?1V]

Hence the general term for the input estimator has greater
than equal second moment (and hence greater than or equal
variance) than that of the intermediate estimator. We note

B



also that we have equality in the Jensen’s inequality if and

only if jS” ()N() conditioned on Y is almost surely a constant

(dependent possibly on f/) This is equivalent to ZS“; ()N() =

5(}7) for some deterministic function s. This completes the
proof of the theorem.

Remark 3: In writing (2), we appealed to two elemen-
tary properties of conditional expectation: equations (34.6)
and (34.4) of [2]. Eq. (34.6) requires that the right-
hand side of (1) be finite. However, if (1) is infinite, the
theorem is trivial. To use (34.4) further requires that
E[(dP;/dQ:(X))?] < oo. If this is not the case, put
Ln(-) = min(dPy/dQx (), n), and write

B (7)) S ()"
= lim E[f(h(Y))?Ln(X)?
= lim E[f(h(¥))? E[Ln(£)?|7]
> lim E[f(h(Y))*E[L.(X)[Y]*]
= E[f(h(Y))? lim B[L,(X)[V]?]
= E[f(h(?))QE[%(X)IY]Q]

where we use the monotone convergence theorem along
with a conditional dominated convergence theorem [2, The-
orem 34.2(v)]. Note also that dP,/dQ.(X) is integrable
since its expectation is one.

The proof of Theorem 2 requires the use of the following
theorem a proof of which may be found in [4][Theorem
I1.2].

Theorem 3: Let {Y,} be a sequence of R¢ random vari-
ables and define for § € R¢,

én(0) = %log Elexp(< 0,Y, >)].

Suppose that assumptions A1,A2,A3 hold for the sequence
of convex functions ¢, (with limit ¢). Define for z € R,
I(x) = supy[< 0,2 > —¢(f)]. Given a subset A of R,
define

I(A) —inf{I(z) : = € A}.

Let A be any Borel set such that A° # §, A = A° and
0 < I(E) < co. Then

lim P(Y, € nE) = —I(E).

n— 00

Proof of Theorem 2: Note that we can define a probabil-
ity measure, p,, (if ¢,(0) < oo) by defining for every Borel
set B C Sy,

dP,(z)
dQn(2)

Let Y, be a &, valued random variable with associated
probability measure p,. Then {f,(Y,)} is a sequence of

pn(B) = [ exp(—e (0) GG-r AP ).

R? valued random variables. For § € R?,

n(6)

H1og( [ G55 () exp(< 0. £u(2) ) expl-cn (0))dP(2)

en (0) — ¢n(0).

Under the stated assumptions (A1,A2,A3) we have made
for the {c, } sequence and its limit ¢, we also have have the
same assumptions holding for the {¢,} sequence and its
limit ¢. Hence Theorem 3 holds for the random variables

{fn(Ys)}. This implies that

n—oo n er

1
lim —log/ o dpn(z) = —sup[< 0,2 > —c(0) — ¢(0)].
TLER

Thus,
dP,
= /(dQn ()1 1226y 4Qn (2)
= (0 dpty,
exp(nea(0)) /JJE e
and so,
LlogFn = ca(0) 4 11 / djin ()
nog ! B o nOg InG)ep Hn 2
—noeo  ¢(0) —sup[< 0,z > —c(f) — ¢(0)]
zeFE
= —sup[< b,z > —c(f)]
zeFE
= —R(E).

This completes the proof of the theorem.
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Fig. 1. A multi-input, multi-output system.
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Fig. 2. The variance rate for the constant mean estimator (dotted line) compared to that of the efficient estimator (solid line) for a sawtooth
input.

Fig. 3. The variance rate for the constant mean estimator (dotted line) compared to that of the efficient estimator (solid line) for a sinusoidal
input.
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Fig. 4. Estimator values as a function of the number of simulation runs. The solid line is the efficient output estimator, dotted is the efficient
input estimator, and dashed-dotted is the constant mean input estimator.



