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The paleoclassical model of radial electron heat transport in resistive, current-carrying toroidal
plasmas is based on a key hypothesis—that electron guiding centers move and diffuse with radially
localized annuli of poloidal magnetic flux. This hypothesis is shown to result from transforming the
drift-kinetic-equation to poloidal flux coordinates in situations where this flux is governed by a
diffusion equation and analyzing the mathematical characteristic curves �guiding center trajectories�
of the resultant drift-kinetic equation on the magnetic field diffusion time scale ���a2 /6D�. These
effects add a �� time-scale Fokker-Planck-type spatial diffusion operator to the drift-kinetic
equation. © 2007 American Institute of Physics. �DOI: 10.1063/1.2715564�

Recently, a new “paleoclassical” model for radial elec-
tron heat transport in current-carrying, resistive toroidal plas-
mas has been developed and published: basic concepts in a
sheared slab model,1 a comprehensive axisymmetric toroidal
magnetic field model,2 and preliminary interpretations of
various experimental results with it.3 More extensive com-
parisons with experimental data4 have shown that the mini-
mum level of radial electron heat transport is often set by the
paleoclassical model.

The key hypothesis of the paleoclassical model is that1–3

in axisymmetric current-carrying toroidal plasmas, electron
guiding centers move and diffuse along with and just as thin
radially localized annuli of poloidal magnetic flux do on the
resistivity-induced magnetic �“skin”� diffusion time scale. �A
similar hypothesis based on Landau damping was explored
by Kadomtsev and Pogutse.5� These advection and diffusion
effects are represented by adding a Fokker-Planck-type spa-
tial diffusion operator2 to the right of the usual drift-kinetic
equation.6 This key hypothesis was originally motivated
phenomenologically.2 This paper shows the hypothesis re-
sults naturally from a multiple-time-scale analysis of the
mathematical characteristic curves �effective particle guiding
center trajectories� of the drift-kinetic equation after trans-
forming it from laboratory to poloidal magnetic flux coordi-
nates when the poloidal flux satisfies a diffusion equation.

For an axisymmetric magnetic field described by B
= I��p���+�����p=��p���q�−���Bt+Bp and a flux-
surface-averaged ��A�x��� equilibrium parallel Ohm’s law,
evolution equations for the toroidal magnetic flux �t and the
poloidal magnetic flux �p are2,7,8
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Here, ūG��t /����uG ·��t�=q�E ·Bp� / I�R−2� is the advec-
tive “Grid velocity” �subscript G, relative to fixed laboratory
coordinates� of �t, D� is the magnetic field diffusivity in-

duced by neoclassical parallel resistivity �	
nc,2 and �+ is a

cylindrical-like second-order differential operator in the ra-
dial direction.2,7,8 The D��+�p=�	

nc�J ·B� / I�R−2� term in �2�
represents diffusion of poloidal flux �p relative to the toroi-
dal flux �t, which is induced by resistivity and parallel cur-
rent. The source of poloidal flux in �2� is2 S���
 /�t
− �	e /�e���0 / �R−2��dP /d�p+�	

nc�JS ·B� / I�R−2�, which in-
cludes sources of poloidal flux due to flux changes in a cen-
tral solenoid �ohmic transformer “external boundary condi-
tion”�, and parallel currents due to the bootstrap current and
a noninductive current source JS.

Equation �1� shows that the toroidal flux �t is stationary,
except for the radial grid velocity ūG, which, in steady state
can be shown2,9 to be O��2 ,Bp

2 /Bt
2� smaller than terms on the

right of �2� for a torus of large aspect ratio ���r /R0
1�
with Bp
Bt. Thus, the toroidal flux �t will be an essentially
stationary frame of reference and it is customary to define a
dimensionless, cylindrical-type radial variable � based on it:

� = 
�t/�t�a� � r/a, radial coordinate. �3�

Neoclassical transport fluxes are calculated using the �p po-
loidal magnetic flux as the radial coordinate, but then speci-
fied relative to the �t toroidal flux surfaces.2,7–9

The fundamental laboratory-coordinate-based drift-
kinetic equation �DKE�, correct through second order in the
small gyroradius expansion ���v� /�cL�
1, where �ce

�qeB /me�, neglecting an O
��2� term due to d	 /dt���
���2	0P /B2
1�, can be written as6

� �f

�t
�

x
+ �v	 + vD� · �f + �̇g

�f

��g
= C
f�, lab DKE, �4�

in which f = f�xg ,�g ,	 , t� is the gyro-averaged, guiding cen-
ter distribution function, v	 �B�B ·v� /B2 is the parallel ve-
locity, vD=−�me /qe�v	 ���v	 /B� is the �first-order� drift ve-
locity, �g�mv	

2 /2+	B is the particle guiding center kinetic
energy with magnetic moment 	�mv�

2 /2B�xg , t�, �̇g

=	�B /�t+qe�v	 +vD� ·E, and C
f� is the Fokker-Planck Cou-
lomb collision operator.

The drift-kinetic equation in �4� is usually transformed to
the magnetic flux coordinates �p ,� ,� since charged particles
gyrate about and move along B. To see why the poloidal fluxa�Electronic mail: callen@engr.wisc.edu; http://www.cae.wisc.edu/̃ callen
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�p is used as the radial coordinate, consider the e��R2��
�covariant base vector� projection of Newton’s second law
with a Lorentz force F=qe�E+v�B�, and use e� ·E=
−e� ·�A /�t=��p /�t �i.e., neglect the scalar potential ��, to
obtain2 d /dt�mee� ·v�=qe���p /�t+ �v ·�����p /���
=qed�p /dt, which is valid on the gyromotion and longer
time scales. Integrating this equation over t for an isolated
conservative system yields the constancy of the canonical
toroidal angular momentum, p�=mee� ·v−qe�p=const. Drift-
kinetic theory6 uses this constant of the motion, or its lowest
order in small gyroradius form p��−qe�p, for its radial co-
ordinate; hence �p represents the average radial guiding cen-
ter position about which the radial gyro and bounce motions
are rapidly oscillating and tied to in axisymmetric toroidal
systems. However, as will be shown below, in driven-
dissipative systems such as resistive, current-carrying toroi-
dal plasmas where the poloidal flux is injected from external
sources and diffusing radially, �p and p� diffuse radially �due
to ��p /�t�D��+�p� on the longer magnetic diffusion time
scale ���a2 /6D�.

To transform the laboratory coordinate DKE to the mag-
netic flux coordinates �p ,� ,�, note that since � is the toroidal
�axisymmetric� angle, it is invariant, i.e., ��� /�t�x=0. Simi-
larly, since � motion is order � smaller than radial motion for
the straight-field-line poloidal angle �,9 it is also approxi-
mately invariant and its variation will be neglected, i.e.,
��� /�t�x�O
� ,�2 ,Bp

2 /Bt
2�→0. However, ���p /�t�x�0, as

given by �2�. Thus, transforming �4� to the magnetic flux
coordinates �p ,� ,� using ��f /�t�x= ��f /�t��p,�,�

+ ���p /�t�x��f /��p��,� yields

� �f

�t
�

�p

+ �− �uG · ��p� + D��+�p − S��
�f

��p

+ �v	 + vD� · �f + �̇g
�f

��g
= C
f�, �p DKE. �5�

This result is equivalent to Eq. �10� in Ref. 10 using the
specification of ���p /�t�x from �2� so the drift-kinetics are
self-consistent with Faraday’s law and the resistive parallel
Ohm’s law. Since D���e�c /�p�2, ordering the electromag-
netic skin depth c /�p��L�, all the ��p /�t terms in the co-
efficient of �f /��p in �5� are second order in the small gyro-
radius expansion �
1. These terms are dropped in the first-
order neoclassical kinetic analysis in Ref. 10 but retained in
obtaining fluid moment equations there. However, the
second-order terms from ���p /�t�x in �2� are critical for a
self-consistent drift-kinetic analysis of �p motion, advection
and diffusion effects that lead to the paleoclassical processes.

The mathematical characteristic curves �effective par-
ticle guiding center trajectories� of the partial differential
equation in �5� are determined from d�g /dt= �̇g and

dxg

dt
= v	 + vD + �− �uG · ��p� + D��+�p − S��e�p

, �6�

in which e�p
��x /��p= ������� / ���p ·������ is the

covariant �p base vector constructed such that e�p
·��p=1.

Without the e�p
terms, the mathematical characteristic curves

of �6� are the usual �hyperbolic� guiding center particle tra-

jectories governed by Hamilton’s equations. However, with
the D��+�p term the characteristic curves become parabolic
�diffusive� on the magnetic diffusion time scale ��—because
the tokamak poloidal magnetic field system is not an iso-
lated, conservative system; rather, it is a driven-dissipative
system in which poloidal magnetic flux is externally supplied
and plasma resistivity causes a magnetic field diffusivity
D�=� /	0 that diffusively dissipates �p.

The guiding center motion equations within a flux sur-
face obtained from �6� are normal,6 e.g., d� /dt
��v	 /B�B ·��. But the “radial” guiding center equation ob-
tained from the ��p�� , t� projection of �6� is different,

d�p/dt = vD · ��p + �− �uG · ��p� + D��+�p − S�� . �7�

This equation for the �p guiding center motion will be
solved via a multiple-time-scale analysis. The first term rep-
resents the usual first-order �in �� radial drift of the guiding
center off the �p flux surface, vD ·��p= �me /qe��v	 /B�
��B ·���� /���Iv	 /B�; it is oscillatory and bounce averages
to zero.6 Neglecting the other terms in �7� and integrating it
over time using d� /dt from above yields the constancy of the
guiding center canonical toroidal angular momentum p�g

=meIv	 /B−qe�p.
The other terms in �7� are of order �2 in the small gyro-

radius expansion; they are relevant on the longer magnetic
field diffusion time scale ��. Averaging �7� over the fast
bounce motion time scale, the solubility condition for this
equation �to prevent secular growth of the oscillatory term on
the bounce and longer time scales� becomes

d�p��̄g�/dt + �uG · ��p��̄g�� = D��+�p��̄g� − S�, �8�

in which �̄g� x̄g ·�� is the average radial position of the
guiding center—banana center for trapped particles, an aver-
age poloidal flux surface for untrapped particles.6

To analyze the motion of the average guiding center po-
sition �̄g, expand �p��̄g� in a Taylor series about an arbitrary
initial toroidal-flux-based radial position �0, which is close
enough to �̄g so that ��̄g−�0 � 
1,

�p��̄g,t� = �0��0,t� + ��̄g − �0��p� + ¯ , �p� � ���p/����0
.

�9�

The first term represents the “global” variation of the poloi-
dal flux; the second indicates possible radial motion of the
average position of the guiding center �̄g�x , t�, in which x
��− �̄g0 is the �dimensionless� radial distance from the ini-
tial toroidal flux surface at �̄g0. Note that ��g��p��̄g�
−�0��0��−�p�g��̄g�− p�g��0�� /qe and that ���g � 
�p��0�.
Thus, p�g��̄g� is tied to ��g and since D��+�p��̄g�
=D��+���g+�0�, diffusion of ��g �Ref. 2� will cause diffu-
sion of �p��̄g� and hence p�g��̄g�, �̄g.

Substituting �9� into �8� yields

��̄g

�t
+ ūG

��̄g

�x
= − ū�̇ + D̄�

�2�̄g

�x2 , �10�

in which the following quantities have been defined:
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ū�̇ � − �̇/�p�, �̇ � D��0
+�0 − S�, �11�

where the subscript 0 on �0
+ means radial derivatives are

taken with respect to �0 and2

D̄� � D�/ā2, 1/ā2 � �����2/R2�/�R−2� � 1/a2. �12�

The diffusive term on the right side of �10� results from
�+�̄g�x , t���1/ ā2��2�̄g�x , t� /�x2 �Ref. 2� because �̄g is ini-
tially localized radially, i.e., �̄g�x , t=0�= �̄g0��x�.

Equation �10� is a diffusion equation for the average
radial position of the guiding center �̄g�x , t�. For an initial
radial position at �̄g0 and short times �t
���, the radially
localized solution of �10� is �for t
0�

�̄g��,t� = − ū�̇t + �̄g0
e−�� − �̄g0 − ūGt�2/4D̄�t

�4�D̄�t�1/2
. �13�

Thus, the intuitive physical explanation of the key hy-
pothesis of the paleoclassical model is that the average radial
guiding center position �̄g diffuses with ��g because, as in-
dicated in �9� and the sentences after it, on the bounce time
scale p�g and �̄g become “tied to” this thin annulus of poloi-
dal flux; then, on the longer magnetic diffusion time scale ��,
��g diffuses radially,2 which causes p�g to diffuse and carry
the average electron guiding center �̄g with it, as indicated in
�10� and �13�.

The �̄g advection speed ūG is caused by the �p surfaces
advecting with the �t toroidal flux surfaces, which have a
radial grid velocity ūG relative to laboratory coordinates. The
ū�̇ term represents the effect of a time-varying poloidal flux

��̇�0� on �̄g. Using �p��p��0�+x�p�+ �̇t and setting d�p

=0, one finds that an electron on a given �p flux surface

moves a distance �x=−�̇�c /�p� in an electron gyroperiod �c

�2� /�ce; hence, the −ū�̇t= �̇t /�p� term in �13� represents
the change in �p radial position for the guiding center to
remain at the initial radial x, � position after one gyroperiod,
as it should from physical considerations. �Note that these �p

coordinate transformation effects are physically and math-
ematically different from the Ware pinch effect,7 which is a
second-order radial E�B flux ��1/2e� ·EA /Bp caused by the
effect of the first-order inductive toroidal electric field force
qee� ·EA=qe�
 /�t on trapped particles.�

Thus, in the �p coordinate system the average radial po-
sition of the electron guiding center moves �due to ū�̇=

−�̇ /�p��, advects �due to ūG�, and diffuses �due to the diffu-

sion coefficient D̄�� on the magnetic field diffusion time
scale. The radial speed d�̄g /dt �Ref. 11� and Fokker-Planck
coefficients that represent the motion and advection11 diffu-
sion effects on x̄g� �̄g− �̄g0 are2

d�̄g

dt
=

�̇

�p�
,

��x̄g�
�t

= − ūG,
���x̄g�2�

�t
= 2D̄�. �14�

Using the covariant radial base vector e���x /��=
g��
��� with 
g�1/�� ·����� and e� ·��=1, the general
geometry Fokker-Planck coefficients are2

��xg�
�t

�
��x̄g�

�t
e�,

��xg�xg�
�t

�
���x̄g�2�

�t
e�e�. �15�

Since these Fokker-Planck coefficients are the same as
those for the radially localized poloidal magnetic flux ��g

��p��̄g�−�0��0�
���0�,2 these results explicitly justify the
key paleoclassical hypothesis that electrons move, advect,
and diffuse with ��g. In principle, the results are valid for

time scales longer than the transit time �t� R̄q /vTe �Ref. 2�
�or gyroperiod for 1 /�e��t, where a similar averaging over
the oscillatory gyromotion yields the same Fokker-Planck
coefficients�, but short compared to the magnetic diffusion
time scale ��. However, since the equilibrium parallel Ohm’s
law and hence �2� are only valid2 on time scales longer than
the electron collision time 1/�e, for these Fokker-Planck co-
efficients one has

1/�e � �t 
 �� � a2/6D�, validity time scale. �16�

Thus, transforming the drift-kinetic equation from labo-
ratory coordinates to flux coordinates with �p as the radial

coordinate and taking account of the �̇�0, grid motion, and
radial diffusion effects on the average position of electron
guiding centers by adding a Fokker-Planck spatial diffusion
operator to the usual DKE yields the magnetic-field-
diffusion-modified drift-kinetic equation �MDKE�2 in mag-
netic flux coordinates �p ,� ,�, for the time scales indicated in
�16�,

� �f

�t
�

�p

+ �v	 + vD� · �f + �̇g
�f

��g

= C
f� + D
f�, MDKE, �17�

in which f = f��p ,� ,� ,�g ,	 , t�. Here, motion, advection, and
diffusion of electron guiding centers is taken into account via
a Fokker-Planck-type spatial diffusion operator,

D
f� � − �̇
�f

��p
− � ·

��xg�
�t

f +
1

2
� · �� ·

��xg�xg�
�t

f� .

�18�

For spatial distributions f���, the flux-surface average of this
Fokker-Planck spatial diffusion operator is2

�D
f����� � ū�̇

�f

��
+

1

V�

�

��
�V�ūGf +

�

��
�V�D̄�f�� , �19�

in which O
�2 ,Bp
2 /Bt

2� terms have been neglected and V�
�dV /d�, where V��� is the � flux surface volume.

All three terms in D
f� are O
�2� in the small gyroradius

expansion. The −�̇�f /��p term in �18� accounts for �p tran-
sient effects; the ūG advection term causes transport fluxes to
be determined relative to �t surfaces.7–9 Both terms are
needed to obtain the proper neoclassical fluid moment

equations.9,10 The D̄� diffusion contribution is the new, pa-
leoclassical feature that results from analyzing the second-
order diffusive mathematical characteristic curves �effective
guiding center trajectories for non-Hamiltonian systems� on
the magnetic diffusion time scale ��. The present analysis

shows the ū�̇, ūG, and D̄� effects are all part of a deductive,
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complete �through order �2� transformation of the DKE from
laboratory to �p-based magnetic flux coordinates.

The D
f� operator should be included in the
�p-coordinate DKE for any axisymmetric resistive, current-
carrying plasma for which, since ��J ·B��D��+�p, the po-
loidal flux and hence electron guiding centers are diffusing
radially, irrespective of how current is driven and even in

steady-state ��̇=0� with ���p /�t�x=0—because, mathemati-
cally, �p obeys a diffusion equation and is the coordinate
being transformed to, and physically, in driven-dissipative Bp

field systems, the thin poloidal flux annulus ��g �and hence
p�g� is always locally diffusing radially.2 Since the electron
guiding centers are tied to ��g, in transforming to the �p

�and hence p�g� coordinate one is effectively transforming to
a locally diffusing radial coordinate system. �For quasisym-
metric stellarators that have both vacuum ��V� and current-
driven ��J� “poloidal” magnetic fluxes, D� should be multi-
plied by3 �J� / ��V� +�J�� since then in transforming �8� into
�10� ��p→ ��V� +�J���� whereas �+�p� �J ·B�→�+�J.�

While the MDKE was derived here for electrons, it ap-
plies equally well to ions for the time scales indicated in
�16�, as long as the usual finite gyroradius expansion is ap-
plicable. The D
f� Fokker-Planck spatial diffusion operator
should also be added to the right of the usual gyrokinetic
equations.6 Since D���e�c /�p�2 is second order in the elec-
tromagnetic skin depth c /�p ��0.1 cm for ne�3
�1019 m−3�, the addition of D
f� to the electron and ion
drift-kinetic and gyrokinetic equations does not significantly
modify plasma properties at zeroth order �density, tempera-
ture, pressure� or first order �flows, currents, heat flows along
and within flux surfaces� in the small gyroradius, c /�p ex-
pansion. However, it will affect second-order processes; in
particular, it leads to paleoclassical radial electron heat
transport.1–4 Also, for perturbations that are radially local-
ized, the D
f� operator introduces a new dissipative process
with a rate of order �e�kxc /�p�2��e.

2 Such paleoclassical
processes could be more important than second-order finite
ion gyroradius effects where �i�v� /�ci�c /�p, which oc-
curs where the local �i�neTi / �B2 /2	0��me /mi �e.g., for
Ti�300 eV, where B�2 T, ne�1019 m−3�.

The lowest order f → f0��� is a Maxwellian.2 The paleo-
classical transport introduced via D
f0� is a direct second-
order secular process—because it results from particle guid-
ing centers being carried with another diffusing quantity, i.e.,
��g. Thus, plasma transport operators resulting from D
f0�
are not in the usual form of the divergence of radial flows.
Rather, as can be seen from �19� with ūG= ū�̇=0, they be-
come second derivatives of zeroth-order plasma quantities
�density, temperature�; hence, when forced into the usual ra-
dial transport flux forms, they embody2,3 both diffusive and

“pinch-type” �inward flow� density and temperature trans-
port.

Because D
f0� is the same in the electron and ion MD-
KEs, the axisymmetric component2 of paleoclassical density
transport will be the same for both species; hence, it will be
automatically ambipolar. However, the helically resonant
effects,1–3 which result in the important multiplier M �10 for
paleoclassical electron heat transport, probably only apply to
electrons. Thus, the helically resonant component of paleo-
classical transport is probably not ambipolar; rather, it is
likely to induce an equilibrium radial electric field, which, on
time scales longer than the poloidal flow damping time
��1/�i, ion collision time�, will lead to a toroidal flow. In

addition, for transients ��̇�0� the helically resonant re-
sponses probably move radially. Determination of such non-
ambipolar and transient paleoclassical processes, and their
effects on the radial electric field, toroidal flow, and plasma
transport, are left for future research.
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1J. D. Callen, Phys. Rev. Lett. 94, 055002 �2005�.
2J. D. Callen, Phys. Plasmas 12, 092512 �2005�.
3J. D. Callen, Nucl. Fusion 45, 1120 �2005�.
4J. D. Callen, J. K. Anderson, T. C. Arlen, G. Bateman, R. V. Budny, T.
Fujita, C. M. Greenfield, M. Greenwald, R. J. Groebner, D. N. Hill, G. M.
D. Hogeweij, S. M. Kaye, A. H. Kritz, E. A. Lazarus, A. C. Leonard, M.
A. Mahdavi, H. S. McLean, T. H. Osborne, A. Y. Pankin, C. C. Petty, J. S.
Sarff, H. E. St. John, W. M. Stacey, D. Stutman, E. J. Synakowski, and K.
Tritz, “Experimental Tests of Paleoclassical Transport,” paper EX/P3-2,
IAEA Fusion Energy Conference, Chengdu, China, 16–21 Oct. �2006�:
http://www-pub.iaea.org/MTCD/Meetings/fec2006pp.asp.

5B. B. Kadomtsev and O. P. Pogutse, Pis’ma Zh. Eksp. Teor. Fiz. 39, 269
�1984�.

6R. D. Hazeltine and J. D. Meiss, Plasma Confinement �Dover, New York,
2003�, p. 126 et seq.

7F. L. Hinton and R. D. Hazeltine, Rev. Mod. Phys. 48, 239 �1976�.
8S. P. Hirshman and D. J. Sigmar, Nucl. Fusion 21, 1079 �1981�.
9S. P. Hirshman and S. C. Jardin, Phys. Fluids 22, 731 �1979�.

10R. D. Hazeltine, F. L. Hinton, and M. N. Rosenbluth, Phys. Fluids 16,
1645 �1973�.
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