
Response to “Comment on ‘Paleoclassical transport in low-collisionality
toroidal plasmas’ ” †Phys. Plasmas 14, 104701 „2007…‡

J. D. Callena�

University of Wisconsin, Madison, Wisconsin 53706-1609, USA

�Received 25 July 2007; accepted 30 August 2007; published online 11 October 2007�

�DOI: 10.1063/1.2787503�

The Comment1 mainly poses questions related to the va-
lidity and applicability of the key hypothesis of the paleoclas-
sical model of radial electron heat transport, which is that2

electron guiding centers diffuse radially along with thin an-
nuli of poloidal magnetic flux in resistive, current-carrying
axisymmetric toroidal plasmas. While this key hypothesis
was only motivated phenomenologically in the original tor-
oidal paper,2 a derivation of it has recently been published.3

The derivation is based on transforming the drift-kinetic
equation from laboratory to poloidal magnetic flux coordi-
nates in a situation where the poloidal flux obeys a diffusion
equation.

Since the derivation in Ref. 3 was carried out in the full
axisymmetric toroidal magnetic field geometry and is some-
what complicated, it is helpful to present and discuss a sim-
pler model that illustrates the key points involved. These key
points are crucial for addressing the main issues raised in the
Comment.1

Thus, consider the general procedure for solving a
simple one-dimensional plasma kinetic equation, which is a
first order partial differential equation �PDE� for f�x , t� in the
two variables x , t,

� � f

�t
�

x

+ ṽx� � f

�x
�

t

= S�x,t�, ṽx � v0 cos��t� . �1�

Here, ṽx is an oscillatory speed in the x direction, which
represents the x motion of an individual particle that contrib-
utes to the overall distribution f of such particles, and S is the
source of f .

The formal approach for obtaining a general solution of
this equation is to integrate along the mathematical charac-
teristic curves of this PDE. These curves are defined by
dx /dt= ṽx and have the simple �particle trajectory� solution
x=x0+ �v0 /��sin �t. To integrate along these characteristic
curves �particle trajectories�, prime the x and t variables, de-
fine dx� /dt�=vx� and use df /dt�=�f /�t�+ �dx� /dt��� f /�x� to
obtain

df�x�,t��
dt�

= S�x�,t�� . �2�

Integrating this over the running time t� using the character-
istic curves x�=x0+ �v0 /��sin �t�, one obtains

f�x,t� = f�x,0� + �
0

t

dt�S�x�,t�� . �3�

Now consider what happens when the ṽx oscillation is
not about an x position, but really about a given ��x , t�.
Then, assuming � is a monotonic �i.e., invertible� function of
x, the original equation can be transformed from x to the new
radial coordinate ��x , t�,

� � f

�t
�

�

+ �� ��

�t
�

x

+ ṽ�	 � f

��
= S�x���,t� , �4�

in which ṽ�� ṽx��� /�x�. The mathematical characteristic
curves of this PDE are governed by

d��

dt�
= ṽ��t�� +

���

�t�
, �5�

with initial condition that ��=��x0 ,0� at t�=0.
Next, consider the case, as in the paleoclassical model,

where on a long time scale compared to the oscillation pe-
riod 2� /�, ��x , t� obeys a diffusion equation,

��

�t
= D

�2�

�x2 − S�. �6�

Here, D is a diffusion coefficient, which for simplicity will
be assumed to be spatially constant, and S� is the source of
�. Then, the equation for the mathematical characteristic
curves �effective particle trajectories� becomes

���

�t�
= ṽ��t�� + �D

�2��

�x2 − S�	 , �7�

whose solution embodies both hyperbolic �ṽ�� and parabolic
�D�2� /�x2� mathematical characteristics.

A multiple-time-scale solution of Eq. �7� will be sought.
Supposing that ṽ�v0 cos �t oscillates about a given � sur-
face, D is small and ��
��x0�+ �x�−x0��� /�x�x0

, the lowest
order equation is the same as before; dx� /dt�= ṽx�⇒x�=x0

+ �v0 /��sin �t�. For time scales longer than 1/� one allows
x0 to have a slow time dependence �i.e., x0=x0�x , t��, and
begins with

x0�x,0� = x00��x/x00 − 1�, initial condition. �8�

The initial condition represents localization of the initial
characteristic curve to an arbitrary, nonzero x position x00.
Then, using the Taylor series expansion ��
��x00�+ �x�
−x00��� /�x�x00

, the solubility condition to prevent secular
growth in the solution of Eq. �7� on the long time scale
�t�1/��, which results from averaging Eq. �7� over the os-
cillatory period of 2� /�, becomesa�Electronic mail: callen@engr.wisc.edu
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�x0�x,t��
�t�

= D
�2x0�x,t��

�x2 −
S�

��/�x
. �9�

This equation can also be obtained from Eq. �7� using the
method of averaging.4 While the source S� is important for
the long time scale equilibrium, for short time scales the
sharp localization of the mathematical characteristic curves
near the delta-function initial condition about x00 causes
��2x0 /�x2 � � �S� / ��� /�x�� for t�x00

2 /D. Thus, for short time
scales Eq. �9� reduces to

�x0�x,t��
�t�


 D
�2x0�x,t��

�x2 . �10�

For short times compared to a global diffusion time �
�x00

2 /D on which diffusion to boundaries occurs, the local,
slablike solution of this diffusion equation is

x0�x,t�� = x00
e−�x − x00�2/4Dt�

�4��D/x00
2 �t��1/2 , �11�

which is valid for 1 /�� t�x00
2 /D. The total mathematical

characteristic curves are the sum of the oscillatory and dif-
fusive contributions,

x� = �v0/��sin �t� + x00
e−�x − x00�2/4Dt�

�4��D/x00
2 �t��1/2 . �12�

The diffusive effects in the mathematical characteristic
curves �effective particle trajectories� can be incorporated
into the kinetics in one of two ways: �1� Integrate the formal
solution in Eq. �3� along the trajectories in Eq. �12�; or �2�
add a Fokker-Planck diffusion operator to the kinetic equa-
tion to represent these effects. The relevant spatial Fokker-
Planck “diffusion” operator �
�x� /�t=0� is

D�f� =
1

2

�2

�x2� 
��x�2�
�t

f	 = D
�2f

�x2 , �13�

because


��x�2�
�t

�
�−	

	 dx�x − x00�2x0�x,t��
�−	

	 dxx0�x,t��
= 2D , �14�

and D was assumed to be constant in space. Thus, when the
kinetic equation �1� is transformed from laboratory coordi-
nates to a slowly diffusing � coordinate about which the
particles rapidly oscillate, it becomes

� � f

�t
�

�

+ ṽ�

� f

��
= D�f� + S��,t� . �15�

This kinetic equation adds the spatial diffusion operator D�f�
to the right-hand side of the initial kinetic equation �1�; it is
valid for all times longer than the oscillation period �i.e., t
�1/��. Even though the Fokker-Planck coefficient

��x�2� /�t was derived for short time scales compared to the
“global” diffusion time scale x00

2 /D, the D�f� operator is
valid for all times longer than 1/�, because the differential
properties of the � and f diffusion processes are preserved in
the Fokker-Planck operator. This modified kinetic equation is
valid even in steady state where �� /�t�x=0, because �1�
mathematically, D��2� /�x2���f /��� introduces parabolic

�diffusive� mathematical characteristics; or �2� physically,
one is transforming to a locally diffusing � coordinate sys-
tem relative to and about which a particle is oscillating.

The critical features of this derivation are that: �1� par-
ticles oscillate rapidly about a � surface, �2� � obeys a
slowly evolving diffusion equation, and �3� further analysis
of the kinetic equation is to be carried out on and relative to
� surfaces. The details of the source S� do not matter. The
fact that it balances the diffusion term D�2� /�x2 in steady
state does not vitiate the argument presented here, as dis-
cussed explicitly at the end of the preceding paragraph.

Radial diffusion of the effective particle trajectories in
steady-state is analogous to radial diffusion of particles gov-
erned by a simple density diffusion equation �n /�t
=D�2n /�x2+Sn with a spatially constant D. For a group of
“marked particles” �subscript m� initially described by
nm�x ,0�=Nm��x−x00�, the marked particle density nm�x , t�
obeys a diffusion equation analogous to Eq. �10� and for
short times �t�x00

2 /D� has a solution like that in Eq. �11�,
nm�x , t��=Nme−�x−x00�2/4Dt� / �4�Dt��1/2. Note again that the
source �here Sn� is not relevant in the determination of the
local diffusion properties of marked particles. In Eqs.
�8�–�15�, the marked particles are the � surfaces �or, more
specifically, thin annuli of poloidal flux3� relative to and
about which the particles oscillate.

Now consider application of this transformation proce-
dure for a simple plasma kinetic equation to the derivation of
the paleoclassical key hypothesis. First, note that in an
axisymmetric toroidal magnetic field the canonical toroidal
angular momentum of an electron is a constant of the mo-
tion on the gyro and bounce motion time scales:2–4

p
=R2�
 · �mev+qeA�=R2�
 ·mev−qe�p, in which �p is the
poloidal magnetic flux. Since R2�
 ·mev is oscillatory on the
gyro and bounce time scales, the constancy of p
 shows that
electrons in an axisymmetric toroidal plasma oscillate about
�p surfaces—thus satisfying the first requirement for the rel-
evance of the preceding illustrative derivation.

For a resistive, current-carrying plasma in an axisym-
metric toroidal magnetic field, the poloidal magnetic flux
�p→� is governed by the equation2,3

� ��

�t
�

x
+ ūG

��

��
= D��+� − S�, D� �

�


0
. �16�

In terms of notation analogous to that in the Comment,1 the
“grid velocity” ūG, magnetic diffusion term D��+�, and
source S� of poloidal magnetic flux are given by

ūG � �/�� = 
uG · ��� � 
E · Bpol�/
B · �
� , �17�

D��+� � �
J · B�/
B · �
� , �18�

and

S� = − V̄�/2� + �
JCD · B�/
B · �
� . �19�

Since D� is small, the poloidal flux � satisfies a slowly
evolving diffusion equation on the bounce motion time scale;
thus, the second requirement for applicability of the deriva-
tion in Eqs. �4�–�15� above is satisfied. The third requirement
is also satisfied since all kinetic analyses of drift-kinetic and
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gyrokinetic equations for tokamak plasmas �e.g., for neoclas-
sical and microturbulence-induced flows and transport� are
carried out relative to poloidal flux surfaces3— so the con-
stancy of the canonical toroidal angular momentum follows
readily from the lowest order mathematical characteristic
curves of the drift-kinetic and gyrokinetic equations, which
is critical for kinetic analyses of low collisionality plasmas
where the collision frequency is much less than the bounce
frequency and electrons circumnavigate the torus many times
in a collision time.

Equation �16� is a simplified version of Eqs. �36�, �65�,
and �67� in Ref. 2 in that the inertial electromagnetic skin
depth effects have been neglected ��e�c /�p→0�, the neo-
classical parallel resistivity ��

nc→�, and the bootstrap cur-
rent contribution to the source S� is ignored. Also, the

Comment1 loop voltage −V̄� /2� ��0 for an Ohmic-
transformer-induced current� has been identified as the
Vloop


 /2���� /�t defined in the text after Eqs. �34� and �67�
in Ref. 2, and the noninductive current source due to JCD has
been identified as the ��

nc
JS ·B� / 
B ·�
� defined in the text
after Eq. �67� in Ref. 2 and Eq. �2� in Ref. 3.

The diffusion equation in Eq. �16� is equivalent to Eq.
�A3� in the Comment1 in the “steady-state” limit where
�� /�t�x=0. It is important to note that here ��x , t� is the
poloidal magnetic flux function within the plasma and that
��� /�t�x in the Comment1 is in general not the same as the
�� /�t�x used here,

� ��

�t
	

x
�

��

�t
+ � ��

�t
�

x
= −

V̄�

2�
+ � ��

�t
�

x
. �20�

In the steady-state cases discussed in the Comment,1

�� /�t�x=0 and ��� /�t�x=−V̄� /2�. However, the mathemati-
cal analysis in Eqs. �4�–�15� above shows that in transform-
ing the kinetic equation from laboratory to � coordinates one
must in general replace �� /�t�x by its functional form as
given on the right-hand side of Eq. �16� and not just set it to
zero, because the D��2� /�x2 term in �� /�t�x changes the
mathematical characteristics of the kinetic equation from hy-
perbolic �i.e., Hamiltonian� to hyperbolic plus parabolic �i.e.,
diffusive�.

From the form given in Eq. �19�, it is clear that the
discussion after Eq. �A3� in the Appendix of the Comment1

concerns changes in the fraction ��
JCD·B0� / 
J0 ·B0� of
the poloidal flux source S� induced by the parallel current
sources that is caused by the noninductive current-drive
source JCD. In the physically relevant case where the resis-
tivity � is nearly constant, as � increases the inductive loop
voltage decreases by a factor of 1−� and the source of po-
loidal flux S� is unchanged; hence, in a constant resistivity
steady state the total current driven �or source of poloidal
flux� in the plasma is unchanged as the parameter � is varied.
This is because the value of � does not change the parallel
current in the plasma. Hence, from Eq. �18� it does not
change the amount of poloidal magnetic flux diffusion occur-
ring in the plasma. Varying the resistivity changes the dis-
cussion some but not the key point that it is �
J ·B�
�D��+� �not Vl as is suggested in the Appendix of the

Comment1� that is critical for the radial diffusion of guiding
centers with the magnetic diffusion coefficient D� in the pa-
leoclassical model.

The Comment1 poses three puzzles for a noninductive
steady-state �NISS� tokamak plasma in which the E and B
fields are “static” and the parallel current is totally driven by
a noninductive source �i.e., �=1� for which in the definition
of S� in Eq. �19� V�=0 and hence S�=�
JCD·B� / 
B ·�
�.
Abbreviated statements of the three puzzles and their resolu-
tion are:

Puzzle 1: Conservation? How can the conservation of
the canonical toroidal angular momentum, which is a con-
stant of collisionless particle motion, be reconciled with the
radial diffusion of guiding centers at the magnetic field dif-
fusion rate in the paleoclassical model? Two subquestions
are posed:

�1� Where do collision effects enter the derivation of Eq.
(91) in Ref. 2, which are the Fokker-Planck coefficients for
guiding center diffusion with the magnetic field diffusivity
D�?

Collisional effects are introduced into the paleoclassical
model through the equilibrium �� /�t��e, Maxwellian-
averaged electron momentum collisional relaxation rate� par-
allel Ohm’s law which, in combination with Faraday’s law,
yields the diffusion equation for the poloidal flux in Eq. �16�.
Thus, as indicated in the validity condition �16� in Ref. 3, the
Fokker-Planck coefficients and modified drift-kinetic equa-
tion �MDKE� that includes D�f� on its right-hand side, as in
Eq. �15� above, are valid for all time scales longer than the
average collision time, i.e., t�1/�e. The validity time scale
of the MDKE is not limited by the global magnetic field
diffusion time ���a2 /6D� as implied �incorrectly� in Ref. 3,
because the D�f� Fokker-Planck operator preserves the cor-
rect geometrical properties of the diffusion process.

In most tokamak plasmas the average electron collision
time is longer than the oscillatory gyro and bounce time
scale motion about and relative to a poloidal flux surface.
Hence, for time scales longer than 1/�e the bounce-average
guiding center � position �and p
� obeys a diffusion equation
like Eq. �10�, has a probability distribution like that in Eq.
�11�, and diffuses radially �see Eqs. �10� and �13� in Ref. 3�.
Thus, even a very “collisionless” particle �e.g., a relativistic
electron� is subject to the paleoclassical radial diffusion pro-
cess on time scales longer than the average electron collision
time 1/�e, because the diffusion results from a coordinate
transformation �to a coordinate system that particles oscillate
about and which is locally diffusing radially with the mag-
netic field diffusivity D��, instead of from a direct collisional
modification of the particle trajectory.

�2� Since the derivation of the canonical toroidal angu-
lar momentum p
 from medv /dt=qe�E+v�B�+�F only de-
pends on the particle velocity v, the E and B fields and a
velocity-dependent stochastic collisional force �F�v�, how
can there be dissipation of p
, with the additive electron mo-
tion off a flux surface being controlled by the rate of mag-
netic field diffusion and independent of the particle velocity
v, as in the paleoclassical model?

While in steady-state the E and B fields are “static,” a
tokamak has a driven-dissipative poloidal magnetic field.2,3
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Its poloidal field system is not an isolated, conservative sys-
tem on the magnetic field diffusion time scale. Hence, while
the particle trajectories are governed by Hamilton’s equa-
tions and the canonical toroidal angular momentum is a con-
stant of the motion on the faster gyro and bounce time scales,
this is not guaranteed on the longer magnetic field diffusion
time scale.

As discussed in the derivation in Eqs. �4�–�15�, the key
hypothesis of the paleoclassical model is derived by trans-
forming from laboratory to � coordinates. In laboratory co-
ordinates the guiding center equation of motion derived from
medv /dt=qe�E+v�B� is dxg /dt�x=v� +vD. Transforming to
poloidal magnetic flux coordinates3 yields dxg /dt��
=dxg /dt�x+�� /�t�x��xg /���. Using the equation for �� /�t�x
from Eq. �16� yields the same equations as the characteristic
curves of the transformed drift-kinetic equation.3 Thus, per-
forming an analysis similar to that in Eqs. �7�–�10� above
yields an equation for the guiding center motion in poloidal
flux coordinates,

�dxg

dt
�

�

= v� + vD + �D̄�

�2�g

�x2 − ūG
��g

��
	e�, �21�

in which3 x��−�0 is a local radial variable in terms of a
radial coordinate � based on the toroidal magnetic flux and
e���x /��=����
 / ��� ·����
� is the covariant base
vector in the � direction. This guiding center equation yields
the same poloidal ��� and toroidal �
� motion as usual. How-
ever, its radial ��� · � component yields both the usual oscil-
latory radial drift motion �due to vD ·��� relative to and
about a � surface, and radial diffusion of the poloidal flux
guiding center position �g, which indicates diffusion of the
electron guiding centers and, since to lowest order p



−qe�g, diffusion of p
 with the magnetic field diffusivity
D�.3

Puzzle 2: Orbit dependence on �, uniqueness? How can
the fact that the particle orbits depend only on the static E
and B in a NISS plasma be reconciled with the radial diffu-
sion of the particle guiding centers with the magnetic field
diffusivity? Two subquestions are posed:

�1� How can the particle orbits be influenced by the re-
sistivity �, in apparent contradiction to their basic equation
of motion depending only on the static E and B fields?

As indicated in Eq. �21�, in poloidal magnetic flux coor-
dinates the guiding centers diffuse radially at a rate propor-
tional to the magnetic field diffusivity D��� /
0. This radial
diffusion results from transforming the guiding center equa-
tions from laboratory to poloidal magnetic flux coordinates
about which particles oscillate and that are locally diffusing
radially.

�2� How can different transport solutions with “identical
equilibria” having the same E and J� but different resistivity
lead to different predictions for the rate of paleoclassical
radial diffusion?

Diffusion of poloidal magnetic flux in Eq. �16� is in-
duced by D��+�=�
J ·B� / �
B ·�
�. Thus, even with con-

stant J�, diffusion of the magnetic field and hence of �g and
p
 are all proportional to the resistivity �.

Puzzle 3: Uniqueness of poloidal field lines, flux? Mag-
netic field lines do not have a physical identity that survives
from one instant to the next. However, a velocity field vf.l.,
which represents the velocity of a magnetic field line but is
not unique, can be ascribed to them. In NISS plasmas the
magnetic flux and field lines need not move together. And in
current-carrying resistive plasmas there may be no permis-
sible vf.l.. Two subquestions are posed:

�1� Is the definition of the object to which electrons are
tied in the paleoclassical model then problem-dependent?

The salient properties of magnetic field lines and flux
surfaces in ideal MHD and with resistivity have been ex-
plained in the context of the paleoclassical model in the first
and last paragraphs in Sec. V of Ref. 2. The discussions in
Ref. 2 are consistent with the discussion in the paragraph
about Puzzle 3 in the Comment,1 but go beyond the discus-
sion there for cases with resistivity and consequently radial
diffusion of poloidal magnetic flux.

The object to which electrons are tied in the paleoclas-
sical model is the thin annulus of local poloidal magnetic
flux ��=��x��−��x00�
�x�−x00��� /�x�x00

. There is no de-
pendence on the problem of interest or ambiguity, except
where �� /�x=0 and modifications are needed to take ac-
count of this singular case, which only occurs in standard
tokamak plasmas at a divertor separatrix.

�2� For a problem in which permissible flux-conserving
vf.l. exist and are not unique, what is the basis for selecting
which among them to take for the paleoclassical hypothesis?

An initially localized thin annulus of poloidal flux ��
advects with the radial “grid velocity” ūG ��
E ·Bpol�� and
diffuses radially as indicated in Eqs. �76�–�79� in Ref. 2. In
the paleoclassical model this causes electron guiding centers
to advect and diffuse radially according to Eq. �21�. Thus, the
radial ��� position of the guiding center assumes a probabil-
ity distribution �see Eq. �13� in Ref. 3� like that in Eq. �11�
here, which indicates the guiding center advects with ūG and
diffuses with a radial spread �variance� of order �D�t�1/2 that
increases with time t. There is no need to define a vf.l. for the
paleoclassical model; hence there is no problem with its pos-
sible lack of uniqueness.

The author gratefully acknowledges the patience, persis-
tence, and civility of L. L. LoDestro in developing and
adapting her Comment, which has provided this opportunity
for the author to respond to and hopefully resolve a number
of issues that have been raised about the paleoclassical trans-
port model.
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