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The comment1 mainly challenges whether the derivation
of the key hypothesis of the paleoclassical model in Ref. 2 is
a systematic, “genuine” derivation or just a mathematical
restatement of the key hypothesis. The key hypothesis of the
paleoclassical model of radial electron heat transport is that3

electron guiding centers diffuse radially along with thin an-
nuli of poloidal magnetic flux in resistive, current-carrying
axisymmetric toroidal plasmas, e.g., tokamak plasmas.

While the key hypothesis of the paleoclassical model
was only motivated phenomenologically in the original tor-
oidal paper,3 Ref. 2 presents a derivation of it. The derivation
is based on transforming �mapping� the drift-kinetic equation
from laboratory to poloidal magnetic flux coordinates in situ-
ations where the poloidal flux obeys a slowly evolving dif-
fusion equation, determining the mathematical characteristic
curves �effective particle trajectories� including the slow po-
loidal flux diffusion effects, and taking account of the result-
ant slowly radially diffusing particle trajectories via a
Fokker–Planck spatial diffusion operator. A simpler model
that illustrates the key points involved in the derivation was
presented in Ref. 4. The salient points are:4 “�1� particles
oscillate rapidly about a � surface; �2� � obeys a slowly
evolving diffusion equation; and �3� further analysis of the
kinetic equation is to be carried out on and relative to �
surfaces”—all of which are satisfied by the derivation in
Ref. 2.

The starting point for the derivation of both
neoclassical5,6 and paleoclassical3 transport is the drift-
kinetic equation in poloidal flux coordinates,1,2,5
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in which f�� ,� ,� ,�g , t� is the gyroaveraged distribution
function. The poloidal magnetic flux function ��� , t� is gov-
erned by2,3
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Here, � is a dimensionless radial coordinate based on the
toroidal magnetic flux �t which is stationary with respect
to the laboratory �x� coordinate system except for its
“grid speed” ūG �i.e., d�t /dt	��t /�t
x+ ūG��t /��=0�,
D� 	� �

nc /�0��e�c /	p�2 is the magnetic field diffusivity in-
duced by the parallel neoclassical resistivity � �

nc in the

plasma, �+ is a second order cylindrical-type differential op-
erator in � and S� represents the sources of poloidal flux �due
to the Ohmic heating transformer, bootstrap current, and
noninductive sources�.

The comment1 states that “The correct procedure for
solving Eq. �1�, including the �� /�t term, by systematic ex-
pansion in the small Larmor radius parameter �labeled by
m /e� can be found in Ref. 5, and the ordering employed in
Ref. 2 is identical to that in Ref. 5.” The reasons why the
previous solution procedure is incomplete when � satisfies a
slowly evolving diffusion equation, which is second order in
the gyroradius �i.e., O�
 2� in which 
�� /L��m /e� since
the electromagnetic skin depth 
e	c /	p is of order the gy-
roradius �	v� /	c=mv� /eB, are discussed in the para-
graphs after Eqs. �5� and �19� in Ref. 2. The basic point is
that the diffusion term D� �+� with D� 	� /�0��e
 e

2 in Eq.
�2� represents a second order term �in the small gyroradius
expansion� whose effect is to cause slow O�
 2�, secular ra-
dial diffusion of the particle guiding centers—as determined
in Eqs. �6�–�13� of Ref. 2, Eqs. �7�–�12� of Ref. 4, and Eqs.
�6�–�15� below.

Reference 5 specifically states �after its Eq. �10��: “Here,
the second-order terms are only required to derive neoclas-
sical moment equations.” That is, only the first order terms
and the zeroth and first order distribution functions were
used and determined in obtaining the second order neoclas-
sical transport fluxes in Ref. 5; a complete analysis including
all the effects of the O�
 2� terms from �� /�t
x and their
direct contribution to the second order distribution function
and transport were not determined. As discussed in the para-
graph after Eq. �19� in Ref. 2, all the O�
 2� effects �temporal
variation, grid speed ūG, as well as diffusion due to D� � from
the equation for �� /�t
x are needed to produce a complete
magnetic-field-diffusion-modified drift-kinetic equation
�MDKE� on � surfaces whose velocity-space moments yield
the proper fluid moment equations6,7 for an evolving axisym-
metric toroidal plasma. In particular, the fluid moments in
Eqs. �13�–�15� in Ref. 5 do not include the “grid speed”
effects that were later included in neoclassical analyses by
Hinton and Hazeltine6 and Hirshman and Jardin.7 The grid
speed effects are needed in the fluid moment equations in
order to be determining the neoclassical radial transport
fluxes on poloidal magnetic flux surfaces, but relative to the
toroidal magnetic flux surfaces that move with the grid speed
ūG relative to laboratory coordinates. The ūG grid speed ef-
fects were included in Refs. 6 and 7 within a fluid moment
context by taking flux surface averages of the fluid momenta�Electronic mail: callen@engr.wisc.edu. URL: www.cae.wisc.edu/�callen.
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equations assuming �� /�t
x+ ūG�� /��=0, i.e., assuming ad-
vective motion of the � surfaces and neglecting the effects of
the O�
 2� diffusion and source terms on the right-hand side
of Eq. �2�. The key new element3 of the paleoclassical model
is to include the effects of all the O�
 2� terms in Eq. �2� and
to do so within a drift-kinetic rather than fluid moment
plasma description.

Perhaps the most fundamental question about the paleo-
classical model is: How can the diffusion of particle trajec-
tories be derived from the fundamental equations of motion?
Thus, as an alternative procedure to integration of the drift-
kinetic equation in Eq. �1� along its mathematical character-
istic curves,2 consider deriving particle trajectories directly
from Newton’s second law with a Lorentz force, mdv /dt
x
=F=e�E+v�B�. Expanding the various terms in this equa-
tion in the smallness of the gyroradius relative to the mag-
netic field inhomogeneity scale lengths and averaging over
the fast gyromotion time scale, one obtains the usual6 guid-
ing center motion equation

�xg/�t
x = v� + vD. �3�

Here, the time derivative of the guiding center position xg is
taken at a constant laboratory coordinate position x. Also, v�

and vD are the parallel and drift velocities of the guiding
center, which are of zeroth and first order in the usual small
gyroradius expansion, respectively. �Second and higher order
effects on these velocities can be included as well,8 but they
are not important here.�

Next, transform �map� the guiding center motion equa-
tion in Eq. �3� from laboratory �x� to poloidal magnetic flux
coordinates �� ,� ,��, which, since the toroidal angle � is in-
variant and the poloidal angle � is nearly so,2 yields
�xg /�t
�=�xg /�t
x+�� /�t
x�x /��, or since �x /��	e�

= ������� / ��� ·������ is the covariant base vector,

� �xg

�t
�

�

= v� + vD + �D� �+� − S� − ūG
��

��

e�. �4�

The three terms on the right of this equation are, respectively,
zeroth, first, and second order in the small gyroradius expan-
sion. Since �� ·e�=1, this equation is also the mathematical
characteristic equation for the guiding center position xg that
is obtained from Eqs. �1� and �2�.

The guiding center equation in Eq. �4� will now be
solved order by order in the small gyroradius expansion. To
lowest order the particle guiding center just moves along the
magnetic field B= I��+�����=�����q�−�� with ve-
locity v� =v�B /B, which has an oscillatory component at the
transit �or bounce� frequency 	t=v�B ·�� /B�v� /Rq be-
cause of the variation of B with � as the particle moves along
the helical path along B from the outboard to the inboard
side of the torus. To first order the particle guiding center
moves with drift velocity vD mainly perpendicular to the
magnetic field direction. Through zeroth and first order the
particle’s guiding center motion is just the normal,
Hamiltonian-governed motion.8,9 However, the particle tra-
jectories are not necessarily governed by the Hamiltonian
equations at second order because at this order the poloidal
magnetic field is not an isolated, conservative magnetic field

system—rather, it is a driven-dissipative system for resistive,
current-carrying toroidal systems such as tokamaks.

To obtain an equation for the second order guiding cen-
ter motion in a current-carrying, resistive, axisymmetric tor-
oidal plasma, one needs to take account of the radial terms
proportional to e� in Eq. �4�. To do this one first obtains the
radial component of Eq. �4� from its �� component,

��g

�t
= vD · ��g + �D� �+�g − S� − ūG

��g

��

 . �5�

Here, �g	�g�� , t� is the �-coordinate �radial� guiding center
position in which �	��t /�t�a� is the nearly stationary �ex-
cept for ūG� radial coordinate that is most appropriate for
evolving large aspect ratio axisymmetric toroidal magnetic
field systems.2,3,6,7 The radial drift vD ·�� is first order, but
oscillatory with the 	t transit frequency and has a vanishing
bounce average, �vD ·���	tt

=0.2,6 A constant of motion ob-
tained from the first order terms in this equation is2,6 the
gyromotion-averaged canonical toroidal angular momentum
for the particle guiding center, p�g=mv�I /B−e�g=−e�g

+O�
�.
For situations such as this where there is a large O�
�

oscillatory term and higher order O�
 2� secular terms, the
appropriate procedure to obtain the O�
 2� radial motion
equation is to average Eq. �5� over the lower order oscilla-
tory motion �or more formally, use the method of
averaging9�, which yields the O�
 2� guiding center evolution
equation

��̄g

�t
+ ūG

��̄g

��
= D� �+�̄g − S�, �6�

in which �̄g= �̄g�� , t� is the bounce-average � surface the
guiding center is on. This equation is valid for times longer
than the inverse of the O�
� oscillation frequency, i.e.,
t
1 /	t.

The solution of Eq. �6� for the average guiding center

motion �̄g�� , t� will be sought using a multiple time and
length scale analysis. To begin, consider the “fast, local” par-

ticle guiding center motion �̄ f of a particle immediately after
a particle is located at the radial guiding center position
�=�g0,

�g
¯ ��,t = 0� = �̄g0
�� − �g0� . �7�

Since this initial condition is highly localized in radius, one

can anticipate that the radial differential operator �+�̄ f will

become a local slab-like operator,2,3 �+�̄ f ��1 / ā2��2�̄ f /�x2

in which ā	��
��
2 /R2� / �R−2��−1/2�a is an effective
plasma minor radius3 and x	�−�g0 is the small �dimension-
less� radial distance from the initial average guiding center
position �g0. Further, writing the magnetic field diffusivity as
�̄e
 e

2,3 the natural scales for the time and radial length in Eq.

�6� are �t=1 / �̄e and �x= 
̄e=
e / ā=c /	pā. Thus, for the
fast, local response to the initial condition in Eq. �7� it is
useful to define order unity, scaled time, and space variables

T	 �̄et and X	x / 
̄e= ��−�g0�ā /
e. In addition to the fast,

local response, there will be a “slow, global” �̄s that evolves
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on the macroscopic time scale �� � ā2 /6D� of the poloidal
magnetic field system. Thus, it is convenient to represent the
overall average radial particle guiding center position by

�̄g��,t� = �̄s��,t� + �̄ f�X,T� . �8�

Substituting this ansatz into Eq. �6� and using an ordering
that the poloidal magnetic field is not too far from steady
state so that S�� �̄e
 e

2 / ā2, one finds the following ordered
equations for the fast and slow responses:

O�
̄ e
0�:

��̄ f

�T
+

ūG

�̄e
̄e

��̄ f

�X
=

�2�̄ f

�X2 , �9�

O�
̄ e
2�:

��̄s

�t
= �̇ . �10�

Here, the slow, global time rate of change of the poloidal flux

�̇ is defined by

�̇��,t� 	 D� �+�̄s − S� − ūG
��̄s

��
, �11�

which can be nonzero for transient poloidal magnetic flux
situations but vanishes for a steady-state magnetic field sys-
tem. Note that the source S� does not appear in the fast, local
equation �9�, but instead only appears in the slow, global
equation �10�—because it is not important for fast, local dif-
fusion processes but is important in the slow, global evolu-
tion of the poloidal flux.

The solution of Eq. �9� in response to the initial condi-

tion from Eq. �7� of �̄g�X ,T=0�= ��̄g0 / 
̄e�
�X� is �̄ f�X ,T�
= ��g0 / 
̄e�e−X�2/4T / �4�T�1/2 with X�	X− �ūG / �̄e
̄e�T. Revert-
ing to the regular time and space variables t and x	�−�g0

yields �for t
0�,

�̄ f��,t� = �g0
e−�� − �g0 − ūGt�2/4D̄� t

�4�D̄� t�1/2
, �12�

in which D̄� =D� / ā2= �̄e
̄ e
2. This locally diffusive solution is

valid for time scales long compared to the electron collision
time 1 / �̄e �so an equilibrium parallel Ohm’s law is
applicable3� but short compared to the global magnetic dif-
fusion time scale �� �so the radial diffusion is locally slab-
like and does not reach the cylindrical-like radial
boundaries3�,

1/�̄e � t � �� � ā2/6D�. �13�

�The condition t
1 /	t for the validity of Eq. �6� is not
relevant here since for most tokamak plasmas 1 /	te�1 / �̄e.�
For time scales in this range, Eq. �10� for the slow, global �̄s

has the simple approximate solution

�̄s��,t� � �0 + �
0

t

dt��̇�t�� � �0 + t�̇ . �14�

Here, �0��� is the initial �t=0� spatial distribution of the
poloidal flux.

Summing the slow and fast solutions, the overall solu-
tion for the average � guiding center position is �for t
0�,

�̄g��,t� = �0 + t�̇ + �g0
e−�� − �g0 − ūGt�2/4D̄� t

�4�D̄� t�1/2
. �15�

The fast, local solution �̄ f is larger than the slow, global

solution �̄s by a factor of order 1 / �
̄e
��̄et��1 for time

scales satisfying Eq. �13�. Note also that the mapping from �

to � coordinates is unique for the �̄s and �̄ f solutions �be-

cause ��̄s,f /���0 for both of them� although the total solu-
tion in Eq. �15� is not �because of the asymptotic nature of
the multiple scale solutions�. Using the Taylor series expan-

sion �̄g=�0+ ��̄g−�g0��� /��
�g0
in which �̄g	 x̄g ·�� is the

average � position of the guiding center, this yields the same
results as those given in Eqs. �13� and �14� in Ref. 2, which
were derived using the method of characteristics.

The O�
̄ e
2� diffusive spreading �with variance

��D̄� t�1/2� and advection �with speed ūG� of the average
radial position of the guiding center embodied in Eqs. �12�
and �15� are taken into account in the paleoclassical model
by determining2 spatial Fokker–Planck advection and diffu-

sion coefficients ��x̄g� /�t=−ūG and ���x̄g�2� /�t=2D̄� from
averaging x̄g	�−�g0 and x̄g

2 over the “probability distribu-

tion” �̄g− �̄s= �̄ f�� , t�. Note that �̄ f = �̄g− �̄s is the thin annu-
lus of poloidal magnetic flux that is diffusing radially2,3 and
which carries the average particle guiding center with it, be-
cause in the lower order O�
� analysis the constant of the
motion p�g has been identified to depend primarily on �g.
These effects are taken into account in the magnetic-
diffusion-modified drift-kinetic equation �MDKE� �Refs. 2

and 3� by adding an O�
̄ e
2� Fokker–Planck spatial diffusion

operator D�f� to the drift-kinetic equation in Eq. �1�,

� � f

�t
�

�

+ �v� + vD� · �f + �̇g
� f

��g
= C�f� + D�f� . �16�

Here, the slow, global term from ���̄s /�t
x���f /��� on the
left of Eq. �1� has been included in D�f� in order to incorpo-

rate all the O�
̄ e
2� magnetic field diffusion effects in one

operator. While the Fokker–Planck coefficients were derived
in the time interval indicated in Eq. �13�, the MDKE is valid
for all time scales longer than the effective electron collision
time �i.e., t
1 / �̄e� because the full D�f� operator in Ref. 2
preserves the correct geometrical properties of the diffusion
process. The flux surface average of this effective Fokker–
Planck spatial diffusion operator is2

�D�f����� � − �̇
� f

��
+

1

V�

�

��
�V�ūGf +

�

��
�V�D̄� f�� ,

�17�

in which inverse aspect ratio squared terms have been
neglected3 and V�	dV /d�, where V��� is the volume of the
� flux surface. The velocity-space moments of the MDKE
yield2 the proper fluid moment equations6,7 for density and
temperature in which the transport fluxes are measured rela-
tive to the � surfaces, taking account of the ūG grid speed

and �̇ transient effects, but now include the additional guid-
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ing center radial diffusion effects due to the magnetic field
diffusivity D� in Eq. �17�.

In summary, with this background in mind, specific re-
sponses to the two conclusions at the end of the comment1

are:
(i) The underlying concept of paleoclassical transport

appears to be based on a misinterpretation of resistive dissi-
pation of poloidal flux as a radial random walk process of
field lines (flux bundles).

The paleoclassical concept does not involve a random
walk process. Rather, as indicated above and in Refs. 2 and
4, the key hypothesis of the paleoclassical model results
from transforming �mapping� the guiding center particle tra-
jectory equations and the drift-kinetic equation from labora-
tory to poloidal flux coordinates in situations where the po-
loidal magnetic flux obeys a slowly evolving diffusion

equation as in Eq. �2� and following through all the O�
̄e
2�

consequences of this transformation. Physically, in trans-
forming to poloidal flux coordinates in which to perform
further kinetic analysis on and relative to the � surfaces, one
is effectively transforming to a locally slowly diffusing �
coordinate system relative to and about which the particle
guiding center is rapidly oscillating. Mathematically, in map-
ping to poloidal flux coordinates one is introducing slowly

evolving O�
̄ e
2� parabolic �diffusive� characteristics into the

drift-kinetic and particle guiding center equations.
(ii) The mathematical manipulations leading to the con-

version of an advection term in the drift Fokker–Planck
equation into a diffusion term, appear to lack a systematic
basis.

Equations �4�–�15� above have presented a systematic

ordering of the particle guiding center motion to lowest order
�parallel streaming�, first order �oscillatory radial drift
about a � surface leading to the constant of the motion
p�g�−e�g�, and second order �advection and diffusion of the

average guiding center position �̄g� in the small gyroradius
expansion. The conversion of an initially advective term
into a diffusion term occurs because to lowest order the
distribution function f is a function of �, or more precisely
the canonical toroidal angular momentum p�g=mv�I /B

−e�g�−e�g+O�
�. Then, since at O�
̄ e
2� the average radial

position �̄g of the particle’s guiding center diffuses as indi-
cated in Eq. �12�, so do the bounce-average canonical toroi-

dal angular momentum p̄�g�−e�̄ f and distribution function
f�p̄�g�.

The author is grateful to C. C. Hegna and F. Waleffe for
useful discussions of some elements of these derivations of
the paleoclassical key hypothesis.
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