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Appendix Z

Useful Formulas
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Key Vector Relations

A-B = B-A, AxB = —-BxA, AxA = 0,
A-(BxC) = (AxB)-C
Ax(BxC) = B(A-C)—-C(A-B), bac-cabrule
(AxB)-(CxD) = (A-C)(B-D)-(A-D)(B-C)
(AXB)X(CxD) = C(AxB:-D)-D(AxB-C)

A= Ab+A, with b=B/B
A =B-A/B=b-A
A, =-Bx(BxA)/B>=—-bx(bxA)
V-A=(B-V)(4/B)+(A)/B)(V-B)+V-A,
VAl =—A,-[VInB+(b-V)b]+(1/B)b- VX (BxA,)
For A, =BxVf/B%, b-Vx(BxA,)= (b-Vf)(b-Vxb)

V(fg) = gVIf+fVyg vV.-Vf = Vf
V-(fA) = Vf-A+fV-A VXVf = 0
VX(fA) = VfxA+ VXA V-VA = VZ2A
V-(fT) = Vf-T+fV-T = V(V-A) - Vx(VxA)
VX(fT) = VfxT+ fVXT V.-VXA = 0
(B-V)(A-C) = C-(B-V)A+A.-(B-V)C
V(A-B) = AX(VxB)+BXx(VXA)+(A-V)B+(B-V)A
V.-(AB) = B(V-A)+(A.-V)B
V-(AxB) = B-VXA-A-VxB
VX(AxB) = A(V:-B)-B(V:-A)+(B-V)A—-(A-V)B

For the general coordinate x = &y + yéy + 26, and |x| = /22 + y2 + 22,
V.x=3 Vxx=0, Vx=I, V.1=0, VxI=0 A-1=A4A,
Vx| = x/Ixl, V(1)) = —x/IxP, VA(1/Ix]) = — dmb(x), 1-A = A.

For a volume V' enclosed by a closed, continuous surface .5,

Jyd*x V- -A={f dS-A, divergence, Gauss’ theorem.

For an open surface S bounded by a closed, continuous contour C,

J[sdS-VxA =§.de-A, Stokes’ theorem.
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Explicit Forms Of Vector Differentiation Operators

(for orthogonal curvilinear coordinates u?, & = Vu'/|Vui|, A; =&;-A)

Cartesian coordinates: u’ = (z,y, 2 fd3 = ffooo dz ffooo dy ffooo dz

0 )
Vf = 8f+yaf+za£

04, 0A, 0A,
+ 4

VA= ox dy 0z
. oA, 04, . |0A; 0A, . |04, 0A,
VXA = e"{ay Bz]—i_e{az Bx] e{ax 8y}
2 2 2

822 | 0y? | 922

Cylindrical coordinates: u' = (r,0,z), [d% = [["rdr 027r do [ dz
with r = /a2 + y2, 0 = arctan (y/z), z = z,

and inverse relations z = rsinf, y = rcosf, z = z,

VI = &gt or e
Con = 100y 100 04
+é2% [aar(mg) - 65;7"}
2 2
Vi = i(fiﬂ ( (Zi) * r12 ZGJ; * ?)zJ;
Spherical coordinates: u' = (r,0,¢), [d% = [ r2dr [T d9 sin0 [77 dp,
with r = /22 + y2 + 22, ¥ = arctan \/W/r ¢ = arctan (y/z),
and inverse relations x = rsinv cos @, y = rsindsin g, z = r cos v,
vVio= ?9f+ 0121];_“3 rsilnﬁgcj;
VA= %52( A )+ : 198819(8111191419) rsilnﬁ%
VXA = érmilnﬁ {8619(81111914 ) — ‘9;;]

. 1 04, 10 . 1[0 0A,
e L’sinﬁ Op ;E(TAW)] —&—e@; {E(TAM o ]

19 of 1 0 /. 0f 1 0?f
2 - = 27 _ - —_
vipo= r2 or (T 8r> * r2sind 09 (Slnﬁ819> M 72 sin? 9 Op?
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Physical Constants

Me electron mass

my, proton mass

mp/me  mass ratio

e elementary charge

c speed of light in vacuum
1o permeability of vacuum
€0 permittivity of vacuum
h Planck constant

N Avogadro constant

e/kp Boltzmann constant

9.11 x 1073 kg, 511 keV

1.67 x 10727 kg, 938 MeV

1836 = (42.85)?

1.602 x 10719°C (= J/eV)

3 x10° m/s = 1/\/mo€o

Am % 1077 N/A2

8.85 x 10712 F/m, 4meg ~ 10710
6.626 x 1073* J-s

6.022 x 10234 /mol

11604 K/eV

Key Plasma Formulas

Quantities are in SI (mks) units except temperature and energy which are ex-
pressed in eV; Z; is the ion charge state; A; = m;/m,, is the atomic mass number.

Frequencies
2
electron plasma Wpe = %@;0 ~ 56,/n. rad/s, fpe ~ 9y/n. Hz
i B Z; B
ion gyrofrequency we = 4 ~ 0.96 x 10° rad/s
lect isi 4 (v2e) 5x107"n.Z; (InA\
electron collision Ve = ——v(vpe) ¥ ———————+— | — | s
EN eV \ 17
Lengths
T. T.(eV
electron Debye ADe = €0 ; ~ 7.4 %103 Te(eV)
Ne€ Ne
. . _ U7y _aVT; eV) A;
d g = ~ 14 x 107" F———
ion gyroradius 0 o 7.5
T. 271
electron collision A, = L& ~ 1.2><1016ﬂ 17 m
Ve Ne Z; InA
Speeds, Velocities
electron thermal vre = /2T./me ~ 5.9 x10°y/T.(eV) m/s
ion thermal vrg = A/2Ti/m; ~ 1.4 x 10*\/T;(eV)/A; m/s

ion acoustic (T, >> T;) cs

Alfvén caA =
electron diamagnetic T
flow (dT./dz = 0) Vie = q:B
electron drift in B(z)
_ 2T,
(average, low 3) Vie =

DRAFT 13:41
June 30, 2006

\/ZiTe/mi ~
B/\/lo pm =~ 2.2 x10°B/\/n; A; m/s

q.B

©J.D Callen,

10*\/Z; T.(eV)/A; m/s

1 dne é, = Te(eV) é, m/s
Nne dx Y BL, Y

1dB é, = — 2Te(eV) é, m/s
Bdr )™~ "BLg ¥
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Drift, flow velocities (for oV, << 1, w << w,.) perpendicular to B:

particle drift velocities

plasma species flow velocities

vr = FxB/qB? general force Vp = FxB/qB?

v = ExB/B? ExB Vi = ExB/B?

v, = BxuVB/qB? p grad-B

p=mv? /2B

v, = Bxmujk/qB? curvature

k=(b-V)b=—-Ro/R%
diamagnetic V., = BxVp/ngB?

v, = Bxm(dvy/dt)/qB? polarization 'V, = Bxm(dV/dt)/qB?
friction V, = RxB/ngB?
viscosity V. = Bx(V-m)/ngB?

Vi, = VE+V,+Ve+V, total V=Vg+V,+V,+V, +V,

Diffusivities 5/2
Te(eV 17
no magnetic field v, A2 = vF, /v, ~ T X 1021% (m) m? /s
magnetic field /o = (Meve/ne€?) /1o = ve(c/wpe)?
- Z; InA
~14x10° [ ——— — 2
0 () (37 ) s
classical veo? = Be(n/mo)
Z; InA
~ 5.6 x 1072 et (B2 2
<0 i (1) me
Dimensionless

number of electrons

in Debye cube nedd, =~ 4.1 x 101 [T.(eV)]*/2/ /e
A
Coulomb logarithm InA = In (max T gjﬂ pam })
bl = Zi/(12mneA%,) ~ 5 x 107107, /T, (eV) m
b = h/(dmmev) ~ 1.1 x 10710/[T.(eV)]'/2 m
plasma to P neTe +n; T
magnetic pressure g = B2 /200 = ‘Bé/Quo
-~ —25( Ne i
~ 4.0x10 (ﬁ) [Te(e\/) + " E(eV)]
2
Lundquist number S = M
L” /CA
~ 1.6 x 1013 a’B [Te(eV)]*2 (1_7>
Ly Ziv/ni A; \InA
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Fundamental Equations of Physics

Mechanics
ma = mdv/dt=F, v=dx/dt Newton’s second law
F = g¢(E+vxB) Lorentz force
H = |p—qAl?/2m+q¢, p=mv+¢A Hamiltonian, energy
dp/dt = —0H/0q, dq/dt =0H/dp Hamilton’s equations
Electrodynamics
V'E = p4/e Gauss’s law
VXE = —0B/ot Faraday’s law
v:-B = 0 no magnetic monopoles
VXxB = o (J+ e 0E/Ot) Ampere’s law, pgeg = 1/c?
0 = O0pg/0t+V-J charge continuity equation
E = -V¢—-—0A/0t, B=VXA potential representations

Plasma Physics
Plasma kinetic equation (PKE) for distribution function f = f(x,v,t):

Ofjot+v-0f/0x+ (¢g/m)(E+vxB)-9f/0v =C{f}.
Density, flow moments and charge, current densities:
nNs = fddv fsy V= fdgv st/”sv Pq = Zs nsqs, J= Zs Ngqs Vs.
Gibb’s (A: adiabatic) distribution of plasma species with temperature T:
/
fa=mng (%) e_H/T; na(x,t) = noe_q‘b/T7 Boltzmann relation.
Maxwellian (M: collisional equilibrium) distribution (vr = /2T /m):
m 3/2 m\v/\z nefvlz/v% ,
fM:n(QWT) CP\T T ) T OPRg T viEvov
T
Species fluid moment equations (density, momentum, energy):
on/ot+V-nV =0, nT = [ d% (mv'/3) f,
mn (dV/dt) =nqg(E4+VXxB)-Vp—-V.w+R, d/dt=0/0t+V .V,
(3/2)(ndT/dt)+ pV-V==-V-q—-7:VV+Q, p=nT.

Magnetohydrodynamics (plasma fluid description, isotropic pressure and
isentropic responses for plasma species, pp, =Y nems, V=3 . nsmsVs/pm):

0pm /0t +V - pV =0, E+VxXxB=nJ, P=3ps,
pm(AV/dt) = IxB = VP, dln(P/ph) /dt = (T — 1)n.J?/P ~0.
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