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Abstract. The problem of rank aggregation has been studied in con-
texts varying from sports, to multi-criteria decision making, to machine
learning, to academic citations, to ranking web pages, and to descriptive
decision theory. Rank aggregation is the mapping of inputs that rank
subsets of a set of objects into a consistent ranking that represents in
some meaningful way the various inputs. In the ranking of sports com-
petitors, or academic citations or ranking of web pages the inputs are in
the form of pairwise comparisons. We present here a new paradigm using
an optimization framework that addresses major shortcomings in current
models of aggregate ranking. Ranking methods are often criticized for be-
ing subjective and ignoring some factors or emphasizing others. In the
ranking scheme here subjective considerations can be easily incorporated
while their contributions to the overall ranking are made explicit.

The inverse equal paths problem is introduced here, and is shown
to be tightly linked to the problem of aggregate ranking “optimally”.
This framework is useful in making an optimization framework available
and by introducing specific performance measures for the quality of the
aggregate ranking as per its deviations from the input rankings provided.
Presented as inverse equal paths problem we devise for the aggregate
ranking problem polynomial time combinatorial algorithms for convex
penalty functions of the deviations; and show the NP-hardness of some
forms of nonlinear penalty functions. Interestingly, the algorithmic setup
of the problem is that of a network flow problem.

We compare the equal paths scheme here to the eigenvector method,
Google PageRank for ranking web sites, and the academic citation
method for ranking academic papers.

Keywords: Network flow, aggregate ranking, inverse problems.

1 Introduction

We consider here an aggregate ranking scenario whereby the input to the ranking
process is in the form of pairwise comparisons. This form of input is typical in
the ranking of web pages, in the citation-based ranking of academic papers, and
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in sports teams’ ranking. In team rankings the strength or rank of a team is
determined by the scores of games it has played, and possibly also the identities
of the teams with which each game is played. In the ranking of web pages, the
pairwise comparison is in the form of a link from one page to another, that ,as
we show, is analogous to one page “losing the game” to the page it points to. In
academic ranking of papers the citation index counts the number of times that
a paper has been cited in other papers. Each citation is again a form of pairwise
comparison between the citing page and the cited page.

The problem of ranking competitors based on an incomplete set of pairwise
comparisons is well-studied in the context of football and other sports, and also
in general, [I1]. There are numerous ranking schemes each with its uniquely
emphasized factors and each with its advantages and shortcomings. The short-
comings, particularly in sports teams ranking where passions run high, bring
about the ire of some people. The generic criticism is that certain games’ out-
comes have not been adequately incorporated, or have had an excessive impact
on the aggregate ranking.

It is important to note that the “correctness” of a ranking is subjective. A
recent method for ranking of academic papers by Chen et al. [95] is an illus-
tration of this subjectivity in that its improvement is based on the prevailing
opinion that certain papers are more important than indicated by their academic
citations count rank. More details on this issue are discussed in Section .3

One aspect that all existing schemes have in common is that all pairwise
comparisons are considered equal in their impact on the final outcome. This
causes biases such as counting a win against a weak team equally to a win against
a strong team. In other schemes it might be preferable to not play a game at
all if it is against a weak team, as such a game played by a strong team can
actually reduce its rank, [I5]. This uniformity of consideration of each pairwise
comparison is one reason for the inclusion of human polls in, e.g., college footfall
ranking. Human judgement has the advantage that it can take into account
the quality of the game played, rather than the score quantifier alone, which is
often attributed to some degree to chance. These human polls in turn, are often
criticized for lack of transparency, as the factors that go into human ranking are
not made explicit.

The model suggested here is different from the existing ones in that it is
non-uniform with respect to the inputs and it permits the explicit inclusion
of subjective factors. Any form of input from knowledgeable sources can be
incorporated, and each input is associated with a degree of confidence deemed
appropriate for the particular source and the source’s expertise in a specific
pairwise evaluation. The degree of confidence assigned can in itself be subjective,
but it can be made according to a specific protocol and set of rules agreed
upon in advance (e.g. based on past performance of the source). This allows to
differentiate the importance of different games and calibrate their impact on the
final ranking. The inclusion of human polls is still possible, and it can be further
refined by having the assessments by different sources assigned varying degrees
of confidence.
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Another feature of the model here is that it provides a performance measure
that can be used to evaluate the quality of aggregate rankings. Most of the
literature on aggregate ranking has no performance measures on the quality
of the attained consistent ranking, with the exception in Kemeny’s model [I16]
based on inputs in the form of permutations corresponding to ordinal rankings
seeking an aggregate ranking minimizing the number of reversed permutations.
This model is limited by not allowing for partial lists (each permutation must
be complete); there is no differentiation between the violation of rankings of
different inputs; and the model is NP-hard to solve optimally.

Our ranking model can be viewed within the inverse problem paradigm. In an
inverse problem one is given problem parameters that must, but do not, satisfy
certain necessary conditions. The goal is to modify those parameters so the nec-
essary conditions are satisfied, subject to a penalty function on the modification,
and so that the total penalty is minimum. In the context of rankings we say that
the inputs are inconsistent if they are conflicting with respect to any underlying
ranking. For instance, if each team loses at least once, then a top team that
ranks number one has its ranking inconsistent with the game(s) it has lost. So
any aggregate ranking is going to conflict with some inputs, except in rare cases
where each input is precisely consistent with one underlying ranking. The neces-
sary condition that the comparisons have to satisfy is that of consistency. This
concept is formally described in Section

As an inverse problem, aggregate ranking has the scores of the games played
and any other form of judgement and pairwise comparisons as the input param-
eters. These invariably are inconsistent and any aggregate ranking will modify
these comparisons. The problem is to come up, for each pair, with a pairwise
comparison that is consistent with some underlying ranking and that deviates
as little as possible from the given inputs. The penalty for deviating from the
inputs is measured in terms of penalty functions that are monotone increasing
in the size of the deviation. These penalty functions are assigned to each input
separately. So the penalty for deviating from the comparison assessment of a
less reliable source can take lower values than the penalty for deviating from the
assessment of a high confidence source.

We introduce here, for the first time, the inverse equal paths problem, and
show that for convex penalty functions the problem is solvable with polynomial
flow-based algorithms. We demonstrate how the inverse equal paths problem is
equivalent to aggregate ranking with pairwise comparisons inputs. We then com-
pare our new ranking technique to leading methodologies that include the eigen-
vector method, the Google PageRank algorithm and the citation index method
for academic papers’ ranking.

2 Fundamental Concepts and Preliminaries

2.1 The Inverse Equal Paths Problem

The inverse problem paradigm is as follows: Given observations and parameter
values that do not conform with physical or feasibility requirements, adjust the
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parameter values so as to satisfy the requirements. The adjustment is made so
as to minimize the cost of the adjustment in the form of penalty functions. A
prominent application is to find the inverse shortest paths that conform with
the reading of the speed of seismic waves. There one seeks a minimum penalty
for deviation from existing estimates on lengths of arcs, so as to conform to the
observation that a shortest path is of a given length, or of a given sequence of
nodes. Variants of this inverse shortest paths problem were studied by Burton
and Toint [6], [7], by Zhang, Ma and Yang [25] and by Ahuja and Orlin [2].

The input to the inverse equal paths problem is a non-simple connected graph
G = (V, A) where for each (i, j) € A there is a set of arcs R;j, so that for r € R;;
there is an arc of weight wj; from ¢ to j and an arc in the opposite direction
(j, 1) of weight —w]; (anti-symmetric weights). Another input is a set of penalty
functions fur () for each arc (i,j) € A and r € R;;. A feasible solution to the
problem is a set of anti-symmetric weights w; for all pairs 7, j € V satisfying
that for any pair of nodes s,t € V all the directed paths from s to ¢ (and from ¢
to s) with arc weights w* are of the same length. A weight vector w* is optimal
if among all possible weight vectors w it minimizes the total sum of the penalty
functions 3 e u rep,, fur, (Wis)-

In Section [3l we provide a formulation and algorithms for the inverse equal
paths problem, EP.

2.2 Consistency of Rankings

A fundamental notion related to ranking is that of consistency. Pairwise com-
parisons can be expressed in terms of ordinal preference, or in terms of cardinal
preference. An example of ordinal preferences is permutation ranking [16]. We
consider here the cardinal preferences where each pairwise ranking is accompa-
nied by a level of intensity. Intensity is a quantifier expressing the extent to
which one is preferred to the other. For intensity rankings there are two forms of
consistency: multiplicative and additive consistency. The notion of consistency
in a multiplicative sense, (used e.g. by Saaty [20021]) is that for a triple i, j, k,
aij - aj; = a;,. This is equivalent to the existence of an n-dimensional vector w
so that a;; = zj Such set of weights, called a priority vector, is not unique as
for any consistent set of weights wy,...,w, and a scalar ¢ the set cws,...,cw,
is also a priority vector. So we can anchor arbitrarily w; = 1 to ensure a unique
set of weights corresponding to a consistent intensity ranking. The second def-
inition of consistency in the additive sense (e.g. [I]) has for each triplet ¢, j, k,
ai; + ajr = az;. We call this condition triangle equality or TE for short. If TE
is satisfied for every triplet then there is an n-dimensional vector w so that
ai; = w; —wj. Again the vector of weights is not unique as the vector w + ¢
for ¢ a constant defines the same set of differences. Here we anchor the weights
uniquely by setting w; = 0. Both definitions of consistency are obviously equiv-
alent since the logarithms of the a;; that are consistent in the multiplicative
sense, are consistent in the additive sense, and vice versa.

One implication of this notion is that for consistent rankings matrix a single
column or a single row contains the full information on the entire matrix: Given
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the ith column (a;1, a2, - - ., a; ) of a consistent matrix in the multiplicative sense
and setting wy = 1, one can generate all pairwise rankings as ar; = agi-ai; = Z; .

We comment that for preference rankings where preferences are expressed only
in the ordinal sense, the notion of consistency is equivalent to the transitivity
of valid rankings. That is, if ¢ is preferred to j and j is preferred to k then
i is preferred to k. The rankings of a set of projects V = {1,...,n} can be
formalized as a graph on the set of nodes V with a set of arcs — or ordered pairs
— A so that the ordered pair (i,5) € A if i is preferred to j. The consistency of
the preferences is equivalent to the property of acyclicity of the corresponding
directed graph G = (V, A) — a graph that does not contain a directed cycle. It
is well known that an acyclic directed graph admits a topological ordering which
is an assignment of distinct indices from {1,...,n} to the n nodes (representing
the projects) so that for every arc (4,7) in the graph ¢ > j. So the value of
the indices of the topological ordering can serve as the underlying weights of
the respective objects. It should be noted that acyclic graphs do not typically
represent a full order, unless they contain a Hamiltonian path. So some projects
may not be comparable to others in the consistent preferences, and for such pairs
the difference of weights’ values is not meaningful.

3 The Inverse Equal Paths Model for Aggregate Ranking

A consistent aggregate ranking of a set of objects implies a setting of the pairwise
comparisons so that they satisfy the triangle equality.

Lemma 1. If triangle equality is satisfied for all triplets in a graph with anti-
symmetric weights, then all paths between every pair of nodes are of equal length.

Therefore, the requirement of equal lengths of the paths is equivalent to the
requirement of consistency.

The input to both the equal paths and the aggregate ranking problems in-
cludes a penalty function for deviating from each pairwise comparison, or arc
weight. Let the penalty function for the pair (i,j) be Fj;(z;;) where z;; is the
ranking intensity (additive) of i compared to j in the aggregate ranking. For a set
of R;; of pairwise arcs comparing one pair (7, j), the penalty deviation function
is Fij(zij) = >_,ep,, Jij(2i; — wi;). This function typically takes the value 0 for
an argument of 0 (0 deviation). It is allowed to be non-symmetric for positive
and negative arguments.

The next lemma establishes that all paths are equal, or the preferences are
consistent, if and only if there is an underlying set of weights associated with
the nodes, node potentials, which are the priority weights.

Lemma 2. If z is a set of weights for which graph G has all equal paths, then
there exists a set of values x;, for all j € V', such that v; — x; = 2.

Including in the formulation a set of variables, x;, for the node potentials, or
priority weights, is redundant, but has the advantage that the properties of the
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problem become transparent. We use here the anchoring of 1 = 0. The inverse
equal paths problem EP is then,

(EP)  Min -, Fij(2i;)
subject to T — x5 =2y fori<j
T = 0
fjnggu]' j:l,...,n.

It is easy to see that for C' = max, (; ;) wi;, —nC < z; < nC. We thus let
l; = —nC and u; = nC for all j = 1,...,n. In the aggregate ranking problem
it would be reasonable to require a set of weights with some finite resolution. A
set of integer weights in the interval [—n,n] is sufficient to guarantee that there
are enough distinct ranks to assign to each node (or team). Therefore, we would
replace the lower and upper bound constraints on x by,

—n<z;<n integer, for all j € V.

In case of rank ties, one might want to increase the resolution of the weights.
The proximity algorithm of Hochbaum and Shanthikumar guarantees that an
optimal solution in integers for one resolution level is close enough to an optimal
solution on a finer grid, [I3]. The EP model has the fized point property. That is,
if the input intensity preferences are consistent with some underlying ranking,
then the optimal solution will be that underlying ranking.

3.1 Algorithms for the Inverse Equal Paths Problem

Observe that the constraint matrix of EP is totally unimodular. Therefore, when
the objective function is convex, it follows immediately that the problem is
solvable in polynomial time, [I3]. Furthermore, the convex EP is a special case
of convex dual of minimum cost network flow studied in [3].

We summarize below the complexity and algorithms for solving EP. Here
U = max;{u; — {;}, and T'(n,m) is the running time required to solve the
minimum s, t-cut problem on a graph with n nodes and m arcs.

1. For F() convex functions the problem EP is solvable in polynomial time. An
algorithm that runs in log U calls to a minimum cut procedure with complex-
ity O(logU - T'(n?, mn)) is reported in [4]. Another, more efficient, algorithm
for this problem runs in O(mnlognlognU), [3]. Both these algorithms have
been devised for the more general problem of the convex dual of minimum
cost network flow (DMNCF).

2. For Fij(zj) = a;; max{z;;, 0} + a;; max{—z;;, 0} (that is, F;() are linear for
positive deviation and for negative deviation), the algorithm reported in [14]
has complexity of O(T'(n,m) + nlogU), which is best possible.

3. For F() arbitrary functions the problem is NP-hard — it can be shown to be
only harder than the multi-way cut problem which is known to be NP-hard.
This case is known more commonly as the metric labeling problem and the
functions F'() are usually § functions equal to 0 if the argument is 0 and
a positive constant otherwise. For these problems there is a large body of
research on approximation algorithms, e.g. [17].
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Since for EP U = O(n), the run times of the polynomial algorithms for the
convex case are all strongly polynomial.

4 Leading Ranking Methods and Score-Based Algorithms

The simplest ranking algorithm is based on sorting according to total weight,
or citation count, or in-degree of a web page counting the number of pages
pointing to it. The total weight sorting algorithm is used to rank sports teams
by counting the number of wins, losses (and draws). This is the method used
for example to determine division winners in baseball. (To provide an incentive
for goal-richer soccer games higher weights are assigned to stronger wins.) It
is known that giving a weight that is inversely proportional to the out-degree
(number of games won) of a node creates biases where it is possible that a team
wins a game against a weaker team and this win actually decreases the team’s
rank, [15].

College football teams are ranked according to a weighted composite score
called the BCS ranking that combines a number of algorithms with polls of
expert human judges. The 2004 version included three components - the AP
sportswriters’ poll, the USA Today/ESPN coaches poll, and six computer rank-
ings algorithms - all weighing equally. There is a great deal of criticism of
the inclusion of human polls for their lack of transparency. We quote from
http://spirit.tau.ac.il/public/gandal /bes.htm

Despite the criticism of computer rankings, they are the only ones that
can be transparent and based on measurable criteria, which is to say,
impartial. The computer ratings can also be improved. The computer
ratings used by the BCS should be consistent (this has a formal mathe-
matical meaning) with an endogenous strength of schedule.
Additionally, all computer rankings should be required to publish their
methodology. This insures transparency and will enable experts to eval-
uate them. For example, one could evaluate the rankings by using them
to predict bowl game outcomes. This could create competition among
the computer rankings themselves. Currently six computer ranking sys-
tems are used by the BCS. But there are many other ranking systems
out there. As of December 4, Kenneth Massey (who produces a com-
puter ranking for the BCS) lists 100 rankings on his comparison page:
http://www.masseyratings.com/cf/compare.htm

All the computer rankings in BCS translate the scores of the games into
relative strength of each of the competing teams. One reason for including human
polls is that the scores alone do not fully reflect the strength of each team. For
instance, the score does not capture whether a game is played in poor weather
conditions, or a major player is sick on the day of the game, or a soccer team
plays with fewer than 11 players, In those cases the significance of the score may
need modifying. However, there no previously existing ranking system allowed
to incorporate such contingencies.
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4.1 The Principal Eigenvector Technique

The principal eigenvector technique has been known to apply to ranking since
the 1950s. This method is reviewed e.g. in a study addressing the rankings of
football teams by Keener, [I5]. Consider intensity rankings that quantify by how
much team ¢ is stronger than team j by a positive number a;; — a multiplicative
intensity preference. (There is a great deal of research on how to determine the
values of a;; as a function of the score of a game, and Keener’s study proposes
one mapping between the score of the game and the value of a;;.) Let n; be the
number of games played by team ¢. Then, r;, the ultimate ranking of team 4, is
reasonably presumed to be proportional to the calibrated rank,

n
5
Q;iT5.
n; 4 YA
Jj=1

Thus r; = § Y7, %9 rj, or Ar = Ar for A = (7). The solution to this system
of equations — the principal eigenvector — plays an important role in the Analytic
Hierarchical Process, [20], and in the Google PageRank.

Perron-Frobenius theorem states that for a nonnegative nontrivial matrix A
there exists a nonnegative eigenvector r corresponding to a unique eigenvalue
A. If A is irreducible then r is strictly positive, unique and simple and A is the
largest eigenvalue.

The notion of irreducibility has an algebraic definition. We prefer to discuss
it as a graph property: Firstly the concept of deduced ranking is important. One
can deduce the relative ranking of a pair of teams indirectly from the outcomes of
a sequence games played. The relative ranking of teams ¢ and j can be deduced,
even if the two teams did not play directly, if there is a sequence of games [i, i1],
[i1,12], ..., [k, j] for k > 1. The ranking of a direct pairwise comparison can be
viewed as such sequence for k = 1. Now the concept of irreducibility is equivalent
to having all pairs of teams comparable by deduced ranking. In graph terms this
means that there is a path between each pair of nodes — namely, the graph is
connected. (Notice that although the graph is directed there are two symmetric
arcs between pairs that are directly linked, so there is a directed path if and only
if there is an undirected path.)

Some properties of the principal eigenvector method are:

1. Unlike the weight sorting algorithm, the eigenvector method takes into con-
sideration not only the count of how many times one object is stronger than
others, but also which objects it is compared to. So winning against a strong
team counts more than winning against a weak one.

2. “Missing games” still must correspond to entries in the matrix, as the matrix
must be full. The standard approach is to include such games as a draw. This
however tends to skew the overall ranking.

3. All games contribute uniformly to the aggregate ranking and no subjective
evaluation of a score of a game can be included. This is also a feature in the
total weight sorting algorithm used for web page ranking or for academic
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citation ranking both of which do not differentiate between citations of be-
tween pointers. So a negative citation stating that a result in a related paper
is wrong, counts the same as a citation referring to a paper as seminal. On
web pages there are sometimes pointers that companies are buying in order
to increase their web page rank, and these pointers are often unrelated to
the content of the web page. The principal eigenvector method as well as
other existing models do not discriminate however between citations as per
their quality and significance.

4. If there are multiple games between teams, it is not clear how to measure
the aggregate effect of the games that have different, and often contradictory
outcomes. In a simple example, if one team wins against the other in one
game, and loses in a second game, then the often used average counts the
same as if the two teams played a game resulting in a draw, or not having
played at all.

Suppose the matrix of comparisons is consistent and the vector of weights is
w = (w;);. Then a;; = :f); Summing up over all j, we obtain, Z;l:l ajjw; =
nw;. Therefore, the vector of weights w satisfies;, Aw = nw, and is thus an
eigenvector specifying the weights assigned to each project or each criterion un-
der the multiplicative model. In that the principal eigenvector satisfies the fixed
point property. If the matrix is not consistent then the eigenvector approxi-
mates the preference weights. One measure of approximation for an asymmet-
ric inconsistent matrix was defined by Saaty [21] is the consistency index C.I.,
ClI. = )‘";l“jl_ ™. where Apqz is the maximum eigenvalue of the matrix. A matrix
is said to be consistent if and only if C.I is zero.

In terms of complexity, the computation of the principal eigenvector w* is
not practical for large values of n. It is common to calculate it instead with
the power method, [23]: For a given initial assessment of ranks wq (typically,
assuming all ranks are equal), this is a recursive procedure based on,

lim =w". (1)

4.2 Finding “Close” Consistent Rankings

Several approaches other than the eigenvector method have been proposed in the
literature to generate a consistent matrix that is in some sense “close” to the
given matrix. Most of these are based on minimizing some measure of distance
of the generated consistent matrix from the given matrix. Regression-based ap-
proaches have been proposed (see [I] for a review and formal treatment of these
methods) that assume the a;;’s to be random variables with known distribution
centered around a consistent comparison matrix. Least-squares and logarithmic
least squares regression are the most popular of these techniques, and Saaty
and Vargas [22] give a comparison of these methods to the eigenvector method.
Techniques based on linear programming (Chandran et. al [§]), nonlinear pro-
gramming (Wang et. al [24]), and goal programming have also been proposed.
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4.3 The Google PageRank Algorithm

The Google PageRank algorithm is a finite approximation of the limit () us-
ing a small number of iterations. The following recursive formula that is used
for Google PageRank can be shown to approximate in the limit the principal
eigenvector of the respective matrix if d = 0:
G; d

G; = (1 — d) J + N

GriyeA 7

where N is the number of objects in the universe, G; is the google number or
strength of object i, k; is the out-degree of node j and d is a parameter.

The ranking of academic papers based on citation count has raised some
interest and criticism recently, [9J5]. Citation-ranking of academic papers are
determined by the citation count of a paper. Setting a citation of article i to
j as an arc (4,7) is a graph G = (V, A) with a node corresponding to each
academic paper, this is equivalent to ranking each paper by its in-degree. Chen
et al. [9] and Buchanan [5] point out that the traditional citation count brings
about results that are contradictory to perceived importance of certain papers.
In their study Chen et al. give some examples. One is a 1929 paper by Slater
that ranks 1853rd in terms of citation count although there is a universal agree-
ment among physicists that ‘Slater determinant’ introduced in that paper is a
fundamental concept that is considered classic and therefore the citation count
rank undervalues Slater’s paper.

Chen et al. used instead the “Google PageRank Algorithm” noting that the
ranking model of web pages is analogous to the academic citations model where
pointing to a web page is equivalent to a citation. Chen et al. [9] computed the
rank of Slater’s paper with Google PageRank and showed it turns out 10th. This,
and the improved rank of other ‘classic’ papers served as evidence that Google
rank is a better measure of impact than the traditional citation count.

5 Using EP for Sports Ranking, Web Page Ranking and
Academic Citations

Both applications of academic citations and web page rankings are unique among
general aggregate ranking problems in that the “evaluators” are also the objects
being evaluated. In sports team ranking the evaluators are the games and their
outcomes provide a comparison of the relative strengths of the pairs of teams that
played each game. In spite of this apparent difference, the models are analogous
as citing a paper j by i is analogous to j winning a game against ¢. (This makes
an unpleasant corollary that for a paper to retain a high citation count it should
cite as few papers as possible. If using the PageRank for ranking of papers it is
desirable to cite only recognized “strong” papers.)

The EP model can be used in several ways. Every citation or pointer from i to
j are considered to be a pairwise evaluation of the relative strength of i and j in
which j is stronger than 7. The amount of this extra strength can be calibrated
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by the type of pointer or citation. The confidence level (or the steepness of the
penalty function) can be determined by the quality of the journal in which the
citing paper appears, or by the type of citation (positive, negative or neutral.)

The EP model shares the advantage of the principal eigenvector (and thus to
some extent the Google pageRank that approximates it) in that it weighs more
heavily comparative strength against strong objects than strength against weak
ones. It does add however the flexibility of incorporating additional sources of
information that are currently excluded from ranking schemes. Furthermore, it
can use as a starting point the current ranking, regardless of the method that
led to it, and adjust it based on additional pairwise comparisons. People and or-
ganizations can individualize the ranking using their own sources of information,
and to the degree that they trust those sources.

One important issue is the evolution of rankings over time, as additional links
and comparisons become available, [10]. The goal is not to recreate the ranking
every time that new information becomes available. The total weight algorithm
is obviously the simplest to adjust to new links - simply add to the count and
shift the modified weight object in the sorted list. The principal eigenvector,
Google pageRank and equal paths are however global in nature. Chien et al. [10]
showed that for Google pageRank it is sufficient to apply the recursive formula
within a limited “radius” from the modified link. Here another advantage of
the EP model is that the relative rank of any selected subsets of objects can
be retained unchanged, by fixing a reference point in the subset and all the
relative rankings are then fixed with respect to that single weight. The position
of the entire subset in the ranking may be shifted with comparisons that include
objects in the subset, but the relative ranking remains the same. This makes it
computationally easier to evolve the ranking weights as new comparisons become
available. The same approach can be used on large data bases where within
certain clusters the relative rankings are required to be unmodified. It remains
to study rigorously the size of the neighborhood on which the impact of an added
link is significant.
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