ON A STATISTIC WHICH ARISES IN SELECTION AND
RANKING PROBLEMS!

By SuantTt S. GuprA AND MILTON SOBEL
Bell Telephone Laboratories

1. Summary. The statistic y = (x(; — z)/s, is studied where x, is the
maximum of p normal independent chance variables with common mean and
common unknown variance o’, x is another independent normal chance variable
with the same mean and the same variance ¢°, and s. (distributed as o”x5/»
with » degrees of freedom) is an estimate of the common variance which is in-
dependent, of each one of the above p + 1 chance variables. Several different
methods are proposed and studied for computing the probability integral of y
and percentage points of y; in addition, a method for computing percentage
points without first computing the probability integral of y is considered. A
table of (upper) percentage points of y is given as Table I at the end of the
paper. Applications of the statistic y to several ranking and selection problems
are mentioned in Section 2. Moments of y are given in Section 3. In Section 7 it
is shown that Table I can be used to obtain an approximation and bounds to
the percentage points of a related statistic.

2. Introduction. The statistic y was considered by Gupta [8] for the problem of
selecting a subset of normal populations (with a common unknown variance
¢”) which contains the “best” population with probability at least P*. For an
explanation of how the statistic y enters particular problems the reader is re-
ferred to [8] and [9]. If we let z; denote normal chance variables N(0, o) with
correlations p;; = 1/2 for ¢ 5 j then it is easy to see that

1) P{§f<&<i=1,2,-~-,p>}=P{y<q}.

The left-hand member of (2.1) is a special case of the probability integral of the
multivariate -analogue of Student’s ¢-distribution which is treated by Dunnett
and Sobel in [6] and [7]. For p = 2 tables of the percentage points and the
probability integral are given in [6]. Expressions for bounds on the probability
integral for all p are given in [7].

An application of the distributions in (2.1) to a problem of comparing several
populations with a control is given in [5] where percentage points of y/4/2 are
given to two decimals for p = 1 (1) 9, seleéted values of » and a(or 1 — P*) =

".05, .01. The distribution of y is also needed for the solution of a problem formu-
lated by Paulson [12]. Three more problems for which the distribution of y is
needed are (i) the selection by a sequential procedure of the “best’’ population
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with probability at least P* of being correct, (ii) the selection by a multi-stage
procedure of a subset which contains the “best’”’ population with probability at
least P* of being correct, and (iii) the selection by a single stage procedure of a
subset which contains all populations ‘“better’” than a standard with probability
at least P* of being correct. The last problem is treated in [9].

The reader should distinguish between the statistic y and the Nair’s student-
ized extreme deviate [10] defined by (z,; — &)/s, where Z is the average of the
p ordered xp;’s.

The statistic », which corresponds to y for the s-known case, is treated in
detail in [8]. Percentage points of v are identical with the values of A/N in
Table I of Bechhofer’s paper [1] for the columns headed (k = 7, ¢ = 1;7 = 2,
3, ---,10).

3. Moments of y. The moments of y can be written as a product of two ex-
pectations. For r < »

> mmr = () e | ()]

(/2] |
(3-2) =A_, [ Z C‘:J (c)2,])| Qp, r—ZJ:l s

=
where [r/2] is the largest integer less than or equal to r/2, a,,; is the 7th moment
of the largest of p independent standard normal chance variables, and

(3.3) As = E s) =i@
g

is the sth moment of x,/+/v for both positive and negative values of 8, provided
that 8 > —v. Forz = 1 (1) 10 and p = 1 (1) 50 the value of a,,; is obtainable
from Ruben’s paper [13]. For 2 > 10 the value of a,,; can be obtained with the
aid of some results of Bose and Gupta [2]; in particular, for p < 7 the value
of a,,; can be obtained, without integration, as a linear function of the a,,;
G=1—2,1—4 ---;5=0).

4. The probability integral of y and methods for its evaluation. Consider the
expression

@) p=p[%s_“‘”<q].

If we hold x and s, fixed and integrate first with respect to 2, , then, letting
= ¢/A/v, we obtain

(4.2) P = fo - g+(x) [ [ : FP(w)f(w — xq') du] dx,

where f, F are respectively the standard normal density and the standard nor-
mal c.d.f. and g, is the chi-density with » degrees of freedom. Similarly, holding
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another pair fixed, we obtain two alternative forms which are not given here.
Another expression for P in the form of a p-fold integral is given in [7].

MexTtaoD 1. Now we shall derive some series expansions for P using (4.2). If
the function f in (4.2) is expanded about ¢’ = 0, then it is easy to justify a term
by term integration and we obtain

: _ 1 &
(4.3) P p+1,z A;E{H ()} = Pl

where 4 ; is given by (3.3). Here H;(x) is the jth Hermite Polynomial defined
as in [4], the expectation is taken with respect to the density of 4 = Zz41/0
given by (p + 1)F(u)f(u), and the last expression in (4.3) is a symbolic one
in which powers of A, H and a (say A% H" and a) are to be replaced by A.,
H, and @p41,., respectively. The expansion (4.3) converges for all ¢ and the
convergence is rapid for small values of ¢. For example, for ¢ = /2/2, p = 2
and » = 2 using (4.3) with 7 = 0 to 10 and Ruben’s table [13] we obtain P =
.520175 as compared with the value .52017 given in Table 1 of [6] (in the column
h = .50 and the row n = 2.).

MgeTHOD 2. Another expansion is derived by expanding the function f in
(4.2) about s, = ¢ (i.e., about x = +/»), obtaining

P = /_: F?(u) [f(u —q) — ¢fPu — QEX — 1)
+ 40— B~ 1 = - |,

where ‘(z) is the ath derivative of the normal density f(r) and

= X/Vv = s/o.

The first term in (4.4) is the integral for the o-known case tabulated in [8] and
[11]. After straightforward integration term-by-term in (4.4) we obtain

gAH(a)

(4.4)

P = _[: FP(w)f(u — ¢) dg — ¢(1 — A1) f_: (u — QF*(W)f(u — q) du
+ 2?2(1 — Ay) [m [11,2 — 2qu + (q2 - l)le(u)f(u — q) du

- L[ =@ D] [ g+ sug - 1) — (6~ 30)
- FP(w)f(u — @) du + -+

where A; is given by (3.3). Each of the integrals above is evaluated by expand-
ing the factor ¢ in f(u — ¢), thus obtaining a series in terms of @p41,« . In the
symbolic notation used above we can write P in the form

(4.5)

-r12/2

{4.6) P = f F?(w)f(w — q) du + ~~~~~ ferletianle=RN _ qony

Forp = 2, » = 2and ¢ = V/2/2 using the first six terms of (4.5) or (4.6) we
obtain P = 0.5192. This is comparable with the result P = 0.5188 obtained by
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using the first six terms of (4.3). Equation (4.5) gives a better answer in this
case since the correct value is 0.52017. In general, we expect (4.5) to give better
results for large » than (4.3); however, the computations for (4.5) are more in-
volved.

In writing (4.6) we have used the fact that
2

[1 + qapia + 22,

—42/2
p+1

This series converges for all ¢ and converges rapidly for small values of ¢q. For
example, for ¢ = v/2 and p = 2 using the first eleven terms of (4.7) we obtain
P = .7442 as compared with .7452 obtained from [11] by interpolation. It should
be noted that the sum of any finite number of terms in (4.7) gives a lower bound
to P for all integers p = 1, and all non-negative g. This follows from the easily
shown result that a; . = O for all integers 7 = 1, « = 0. If the tables of Ruben
[13] were extended to moments higher than the tenth, then better accuracy
could be obtained.

MeTtHOD 3. Another method of calculating the probability integral is based
on the result of Seal [15] that the distribution of v = (x(; — )/ is asymptoti-
cally normal as p tends to infinity. It follows from his result that the third and
higher central moments of v tend to the corresponding moments of the standard-
ized normal distribution. Since the coefficients involving » in 4_, in (3.2) tend
to unity as ¥ — o it follows that the third and higher central moments of ¥
tend to the corresponding moments of the standardized normal distribution as
both » and p tend to infinity. Hence y is asymptotically normally distributed
as both » and p tend to infinity. It is therefore reasonable to approximate the
distribution of y, = (y — E(y))/o(y) by a Gram-Charlier expansion in the
Edgeworth form where

(4.8) E@y) = A1a,n  and  o(y) = [A_s(ap0 + 1) — (Aa,)7T"
Using equation (17.7.3) of [4] and letting q. = (¢ — E(y))/e(y) we obtain

@7 [ P — o) du = ot .

P = Ply < gl = Ply, < ¢) = F(g,) — [g—ﬁf‘z’(qg)]

#[firw 100 190 |

(49) — g5 + Baagog) + 2800 oo s)]

(35&4 -|-8'56a3015) f(7)(q.s)

21a3a4 9) 154a3 . ]
2 ) . 1040 jngg) | 4

where a, is the rth standardized (i.e. relative) cumulant of y and given by
. o o !
o = x,/x'/ °. The «’s can be obtained from the moments around the origin g,

+ g—?f“)(qs) +
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(given in Section 3) by the usual formulae. For p = 9, » = 18 and ¢, = 1.70
we obtain ¢ = 3.703 and equation (4.9) gives

P = 955435 — .008743 4 .001485 + .003342 — .001355 = .950162

which rounds to .950.

MeTtHOD 4. This probability can also be computed by using the Gauss quad-
rature method based on the zeros and weight factors of the 15th degree Laguerre
polynomial which are given by Salzer and Zucker in [14]. The values of the
inside integral in (4.2) at the zeros of the Laguerre polynomial were computed
by interpolation in [11]. This gives for ¢ = 3.703 the result P = .9495 which
rounds to .950. This agrees to three decimal places with the result obtained
above by Method 3.

6. Expression for the percentage points of y. In practice it is of much greater
interest to compute the percentage points corresponding to fixed probability
levels rather than the probability integral. Cornish and Fisher [3] have de-
veloped a technique for computing the percentage points of a statistic directly
without first computing a table of the probability integral values. Since y is
asymptotically normal, their technique is applicable here. Applying their re-
sult we obtain for the upper percentage point g, = g¢,(P¥)

¢:(P*) = 2(P*) + [asld] + [aula + a3le] + [asl. + asaudes + ailci]

(5-1) 2 2 4
+ lasly + aslar + osaslee + osaulcza + asle] + -+,

where z,(P*) is the standard normal deviate corresponding to P*, a, is the rela-
tive cumulant defined earlier, and I., I;, Iz, - -- are tabulated in Table I of
[3] for the probability levels P* = .75, .90, .95, .975, .99, .995, .9975, .999 and
.9995. Then ¢ can be found from ¢, using (4.8).

The same method can be used for lower percentage points except that the
2nd, 4th, - - - correction terms in (5.1) change sign. Combining the two results
we can obtain ‘““2-sided” percentage points with tails of equal probability,
(1 — P*)/2. 1t should be noted that the lower percentage point corresponding
to a probability of 1/(p + 1) is zero for all values of ».

6. Construction of tables. The procedure described in Section 5 was used to
compute the percentage points of y in Table I for P* = .75, .90, .95, .975 and
fork=p+1=25 10 (1) 16, 18, 20 (5) 40, 50 and » = 15 (1) 20, 24, 30,
36, 40, 48, 60, 80, 100, 120, 360 and «

We may regard the expressions in square brackets in (5.1) as correction terms.
‘The expression (5.1) was calculated to 3 correction terms and also to 4 correction
terms and the result is given in Table I to two decimal places. In some cases
for small degrees of freedom where this method gives only one decimal agreement
one of the methods in Section 4 was used to find the second decimal. Forp =1
(or k = 2) the percentage point of ¥ has been checked against /2 times the
corresponding percentage point of Student’s {-distribution.

For example, when P* = 95, v = 18 and p = 9, using 3 and 4 correction
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(1.699 for 3 terms). This gives ¢ = 3.697 (3.702 for 3 terms). Since p = 9 the
values ¢ = 3.70 and 3.71 can be checked by a Gauss-Laguerre quadrature

(Method 4 in Section 4). The results obtained were P(3.70)

result # = 2.62 given in [5].

and P(3.71)

terms in (5.1), we obtain g, = 1.645 + .084 — 013 — 017 — .004
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The percentage points in all cases should be regarded as having been rounded
{

to the nearest decimal se that the exact probability may be slightly under or

slightly over the desired value P*.
7. On a related set of percentage points. C. W. Dunnett has proposed in [5]

the related problem of finding values of d” such that

(7.1)



964 SHANTI S. GUPTA AND MILTON SOBEL

P* = .99
k | 2 J]5 J10 ] 11112113 ] 1k |15 T16 182025 [ 3035 ] 50 |50
v 1 |4 | 911010 1213 |1k |15 | 17 | 19 | ok [ 29 | 3% | 39 | 49
15 |3.68[4.54{4.99}5.05]5.10|5.14{5.19]5.23|5.26]|5.32{5.38]5.49|5.58]5.66]5.7215.82
16 | 3.65|4.48|4.92|L4.98[5.03]/5.07}5.11]5.15/5.18]5.24|5.30|5.42|5.51]5.59{5.65]5.75
17 |3.63|4.uk]4.87|4.92]4.97]5.02]5.06]5.10{5.13|5.19]5.25]5.37|5.46]5.53|5.60]5.69
18 |3.61|4.lu1|L.83]4.88f4.93|4.97|5.01]5.05|5.08]5.14|5.20]5.32|5.41|5.48]5.55]5.6L
19 {3.59[4.38[4.79|4.84{4.89{k.93|L4.97|5.01|5.04|5.10|5.16]5.28]5.37|5.44]5.50(5.59
20 {3.58]4.35|4.76|L4.81|4.86]4.90|k.94|L.98]5.01]5.07|5.13]5.24|5.33]5.40]5.47]5.55
2h | 3.52|4.28{4.67|4. 72| 4. 77|4.81|4.85[L.88|k.91{L.97]|5.02]5.13]5.225.29(5.35 |5.43
30 | 3.47(4.21fk.59|4.63]4.68|k.T2]L. 75| L. 78|4.8L[4.87|4.92]5.02]5.10(5.17]5.23]5.30
36 | 3.L4k4[4.16{4.53|4.58]k.62|4.66]{4.69|4 T2{L.T5]|4.80]4.85]|k.95]!5.03|5.10(5.15|5.22
40 |[3.43[4.13{4.50{L.55|4.59]|k.63|k.66]4.69|4. T2 k. TT7|4.82{4.92|4.99{5.06]5.11]5.19
L8 |3.U41 [b.10)4.k6]4.50| k. 5k|L. 58| L. 6L L. 6L]|L.6T k. T2|4. TT|4.86]4.93]5.00]5.05 |5.13
60 |3.38|4.06|4. 41k . 46|L.50|4.53|k.56{4.59|4.62i4.6T|4.T2|4.81]|L.88]k.94]|k.99(5.07
80 [3.364.02|4.37 k. b1L{k. b5 k. U9l 52| k. 55{L.58]4.63|4.6T|4.T76]4.83|4.89]4.0k|5.02
100 | 3.34|4.00{k.35{k4.39|k.k3|L. k6|4 L9 k. 52] k.55 |4.60| k.64 |L. 73|4.80|L.85 k.90 |4.98
120 |3.33{3.99|4.33{4.37[b. b1 L. buIL. b7|h.50|4.53|4.58 k.62 |4, TL|4. 7T ]|4.83|4.88 k.96
360 |3.303.94|4.27|4. 30 4.35}L.38 k. b bl bT7ih.51 4. 55 4.6 |h. 71 ]|4. T6]4.81 |4.88
© 3.29(3.92|4.25|4.29|4.32|4. 35| 4. 38| b b1 | b 4l b 48| U.52 4. 61 (4. 6T| 4. T3 |4. 7T |4.85

where P* is specified and z; are normal chance variables N (0, ¢*) with correla-
tions p;; = 3 for¢ = j(7,5 = 1,2, ---, p). It will be convenient to introduce
the symbols m = d”+/2 and m’ = m/+/v. The exact integral expression which
defines m’ and hence also d” is given by

02 [ 060 { [ 1 + ) — P — V00 du ax = .

It is interesting to note that (7.1) can be written in the form P{y, < d”} =
P* where in terms of independent normal chance variables z, 2., - -, z, we
can write ¥yp = max | z; — x|/s, in contrast with the statistic

y = max (z; — x)/s, .

Let C, denote the hypercube | z; | < d"s,(t = 1,2, --- , p), let P{C,|m, v}
denote the left member of (7.1) and let

(7.3) M, = My(m,») = Plz; <d"s,(i = 1,2, --- , p)},

which is given, for example, by (4.2) with ¢ = d”+/2/». We shall give upper
and lower bounds on P{C, | m, »} in terms of M, . Using an identity like (4.3.8)
of [4] it can be shown (the proof is omitted) that
1 — Plall]|z| < d”s,}
(7.4) = (1 — Plallz; < d”s,}) + (1 — Pflallz; > —d”s,})
— P{at least one z; = d”s, and at least one z; < —d”s,}.

Since the first two terms on the right-hand side of (7.4) are both equal
to 1 — M, we can write (7.4) as

(7.5) oM, — 1 < P{Cp|m, v} = 2M, — 1 + Q < M,
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where = 0 is the last probability in (7.4). For moderately large p we have the

approximation

(7.6) Q= P{atleast one z; = d”s,} P {atleast one z; < —d”s,} = (1 — M,)?
so that form (7.5) and (7.6) we obtain

(7.7) P{Cy|m, v} = M.

Hence an approximation dz to the percentage points d” for Dunnett’s problem
is obtained from a table of M ,-values by setting

” m
(7.8) Mym,») = P¥ and df = V3

An upper bound d; is obtained from a table of M,-values by setting

_1+ P n_Mm
(7.9) My(m, v) = 3 and d; = ok
Finally a lower bound dj is obtained from a table of M ,-values by setting
m
(7.10) My(m,») = P* and df = %

The approximation obtained by using (7.10) is best for large d”; for smaller
d” we might consider another lower bound described below. It is conjectured
that the approximations in (7.6) and (7.7) actually give upper bounds for all p
so that (7.10) gives a lower bound on the percentage point but this has not been

rigorously shown.

APPENDIX TO SECTION 7

It is also possible to obtain an upper bound for the left member of (7.1) and
a lower bound for the percentage point d” satisfying (7.1). These are obtained
by replacing the p-dimensional cube C, defined by

(7.11) |t:| = d”s)/o; ti = 2zifo Z=12---,p)
by a central p-dimensional ellipsoid E,
(7.12) vz =1,

where b is determined so that they both contain the same hypervolume. By a
well-known argument which plays a prominent part in the work of Neyman
and Pearson and which is omitted here it is easy to show that

(713) f exp (%' =) dt < f exp (—3'=70) dt.
Cp Ep
Using (11.12.3) of [4] and equating hypervolumes, we obtain

p/2bz’ I ) |l/2 (2 d”X) b4
7.14 T =

r(1+’§’>
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which determines b* = b*(x). Since #= 7' is distributed as x5 with p degrees of
freedom we can write for the exact value P of the left member of (7.1)

L)

(7.15) P=< /0 P{x < b(0}gn(x) dx.

%

For even p and any » the right hand member of (7.15) can be integrated ex-
actly and we obtain

(7.16) S I S (pzzf—l O <__k_2__>‘

. = (1 N E)vm = (»/2)—-1 o T

14
where
(7.17) 2 8 " [I‘ (1 + 12_,>]2/p
b= (1 + p)i» .

For » = = and any p (even or odd) it follows from (7.15) that

718 P P < W,

If we set the right hand member equal to P* and solve for d” using (7.14) then
we obtain a lower bound for d”. In particular, we obtain from (7.17), by setting
k' = x5(p, P¥) which is the P* — percentage point of x5, the result

(7.19) R a2
. = P 1/p 27I'Xo(p,P )’
[r(1+3)]

Numerical calculations show that the results of this appendix do not give very
close bounds for large values of d” and P*. They are included here principally
for their theoretical interest.
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