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Abstract

In paired comparison experiments, the worth or merit of a unit is measured through
comparisons against other units. When paired comparison outcomes are collected over
time and the merits of the units may be changing, it is often convenient to assume
the data follow a non-linear state-space model. Typical paired comparison state-space
models that assume a fixed (unknown) autoregressive variance do not account for the
possibility of sudden changes in the merits. This is a particular concern in modeling,
for example, cognitive ability in human development; cognitive ability not only changes
over time, but can change abruptly. We explore a particular extension of conventional
state-space models for paired comparison data that allows the state variance to vary
stochastically. Models of this type have recently been developed and applied to model-
ing financial data, but can be seen to have applicability in modeling paired comparison
data. The model is applied to a data set involving chess game outcomes. A filtering
algorithm is also derived that can be used in place of likelihood-based computations
when the number of objects being compared is large.
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1 Introduction

Paired comparison data arises when objects are compared to elicit a preference or a degree
of preference. The literature on paired comparison modeling is vast, spanning fields such
as statistics, marketing, psychology, and decision sciences. Background on fundamental
issues in paired comparison modeling along with examples can be found in David (1988)
and Bradley (1984). A common situation is to observe paired comparison data over time
where the underlying value or worth of the objects are changing. This might occur, for
example, in comparing preferences towards the value of marketed products or services, or
in the outcomes of games played between competitors whose abilities may be changing over
time. Recent work (Glickman, 1993; Fahrmeir and Tutz, 1994; Glickman, 1999) has adopted
a state-space approach to modeling such data where the underlying merit parameters change
as a Gaussian stochastic process. While this approach can often appropriately describe the
change in merits, it can be too restrictive if the merits can undergo sudden shifts, or if
interventions occur that change the merit of an object quickly. For example, in a marketing
context, if a product is reported to be defective or dangerous, it will likely lose merit quickly.
When comparing human cognitive skill through games such as chess, younger players may
undergo quick increases in ability (Simonton, 1997) which the simpler state-space models

cannot capture.

This paper describes an extension of the usual state-space models for paired comparison
data that allows for sudden movement in the underlying merit parameters. The extension
is closely related to the stochastic volatility model (Jacquier et al., 1994; Capobianco, 1996;
Uhlig, 1997) developed in the context of modeling financial time series data. Our model
involves letting not only the merit of objects change stochastically, but letting the variance
of the state process change stochastically as well. In this extension, sudden shifts in merit
are reflected through the variance of the change in merits becoming large. In Section 2,

the model allowing the variance of the state process to change stochastically is developed.



This is followed in Section 3 by an application of the model to a data set on chess game
outcomes. An algorithm is then presented in Section 4, extending an algorithm developed in
Glickman (1999), that approximates likelihood-based computations using nearly closed form
calculations. A situation in which one might want to use such an algorithm is when many
objects are being compared, so that exact likelihood-based methods become computationally
intractable. We provide a summary of the model, and consider directions of extensions in

Section 5.

2 A stochastic variance paired comparison model

Suppose KZ»(;)

comparisons are to take place between objects ¢ and j at time ¢t. Time is
assumed to be discretized into periods of equal duration, so that ¢, which indexes a time
interval, takes on integer values. We treat data observed within a time period as occurring
at the start of the period. Let ngtk) be 1 if 7 is preferred to j in the k-th comparison between
(t)

7

and fy(t) be the merits of the objects

the two objects at time ¢, and 0 if j is preferred. Let ~ ;

at time {. We assume for fixed ¢ that the probability ¢ is preferred to 5 during the k-th

comparison is given by
PO =1) = F(" =", 0, 2, "), (1)

(t) (t)

where F' is a specified probability function monotonically increasing in ~;”’ — , 0is a

4 J
vector of other model parameters, and azgt) and a:gt) are covariate information for objects 7
and 7 at time £. This model, the linear paired comparison model, assumes that preference
probabilities are functions of the merit parameters only through their difference. When there
are no other model parameters or covariates, two common special cases of this model include
the Bradley-Terry model (Bradley and Terry, 1952) when F'is a standard logistic distribution
function, and the Thurstone-Mosteller model (Thurstone, 1927; Mosteller, 1951) when F is

a Gaussian distribution function. In practice, the choice among paired comparison models



can usually be assessed only with a large amount of data (Stern, 1992).

The model specification in (1) is sufficiently general to include many extensions of basic
linear paired comparison models. For example, the inclusion of order effects can be modeled
by letting the preference probability be a function of ’yi(t) — ’y](t) + wl(;;c(s, where ¢ is the order
effect, and wl(-;;c is 1 if object i is presented first, and 0 otherwise on the k-th comparison.

For example, with a logistic distribution function, this parameterization corresponds to the

model by Davidson and Beaver (1977).

(t)

The parameters 7, are assumed to change over time through a stochastic process. Our

model assumes for each object 1,

72’<t+1) | 72'(75)7 JZZ(H_I) ~ N(’Yi(t)7 Uzz(t+1))7 (2)

so that the innovations in merit follow a normal distribution centered at 0, and with a

variance that depends on time. We further assume a model for the change in variance,

log JQ(H_U | Jf(t), %~ N(log Jf(t), 72). (3)

(t)

This aspect of the model allows for the innovations in the process for 7, to have a variance

that may be stochastically varying.

(t)

Because adding the same constant to all the ;" results in an equivalent model specifica-
tion, an additional assumption is necessary to ensure identifiability. This can be accomplished
by assuming

7P1w? ~ N(0, ?), (4)

so that the ’yi(t) at t = 0 may be viewed as drawn from a common distribution centered at 0.

Assuming I objects and T' time periods, the likelihood for this model can be written as

L(’Y? 0-2707 T27w2 | y7 w) =

(TT56 0.9) -
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where ~ and o? are the arrays of the fy»(t)

k3

2(1)

and o7, and N(:|-,-) is a normal density of the

first argument with the given mean and variance.

Together with (1), equations (2) and (3) form a state-space model with a stochastic
variance for paired comparison data. This model can be viewed as an extension of the more
usual constant variance model, where U?(t) = o2 is assumed for all 7 and ¢, in which case (3)
is no longer a component of the model. The constant variance model has been analyzed by
Glickman (1993), Fahrmeir and Tutz (1994) and Glickman (1999). An important limitation
of the constant variance model is that it does not account for the possibility of sudden shifts,
innovations, or periods of uncertainty in the process for the ’yi(t). For example, in modeling
the development of human expertise, one might expect bursts of cognitive development that
would not be predicted by the constant variance model. In a marketing context, the worth

of a product may change suddenly relative to its competitors, and this change may be poorly

described by the constant variance model.

The model for the time-varying variance has close connections with stochastic volatility
models from finance (for example, Jacquier et al., 1994). Recent work in modeling of financial
time series data has explored the applicability of stochastic volatility models in which the
variance of a portfolio index or stock price is assumed to be changing according to (3). A
major difference between our model and more conventional stochastic volatility models is
that stochastic volatility assumes the variance of observations is changing, whereas in our
model the variance of the process governing the merits is changing. Because the observations
in our model are the results of preferences, and are therefore binomial, the variance of

observations is determined from the mean. Thus, in the paired comparison situation, it



would not be meaningful to assume a stochastic process on the observation variance except
as it is translated through the process on the merit parameters. It does make sense in our
situation to assume that the underlying process on the merits can undergo sudden shifts,

and this can be captured through a process assumed on the variance of the merit process.

Model fitting can be accomplished in a Bayesian framework through Markov chain Monte
Carlo (MCMC) simulation from the posterior distribution via the Gibbs sampler. A choice
of a prior distribution, convenient for model fitting, would assume a product of indepen-
dent inverse-Gamma densities for 72 and w? with low degrees of freedom to reflect initial
uncertainty, and a non-informative density (e.g., normal with large variance, or uniform)
on . Note that the ’yi(t) have distributions that are already specified conditionally. As-
suming the functional form of F in (1) is tractable (e.g., the Bradley-Terry model, the
Thurstone-Mosteller model, or various extensions), then, given 72, w?, and the Uf(t) for all
¢ and ¢, the conditional posterior distribution of the remaining parameters has a form that
is common to non-linear state-space models. Recognizing that the Bradley-Terry and the
Thurstone-Mosteller models are particular examples of generalized linear models (Critchlow

and Fligner, 1991), implementation of the Gibbs sampling steps to simulate the ’yi(t) and
6 can follow Zeger and Karim (1991), Karim and Zeger (1992), Glickman (1993), and Oh
(1997). Sampling the Uf(t) conditional on the 'yi(t), 72, and w?, a necessary step in MCMC
algorithms for fitting stochastic volatility models, is straightforward and can be carried out
as in Jacquier et al. (1994). The conditional distributions of 7% and w? given the remaining

parameters are inverse-Gamma, so that sampling for this step can be performed directly.

3 Example: Best chess players of all time

The model of Section 2 can be applied to a data set consisting of all known results of chess

games from 1857 to 1991 played among 88 of the world’s all-time best chess players. For



chess data, the merit (or strength), %m, of a player can be inferred through game outcomes,

which are the results of paired comparisons. The outcome of the k-th comparison between
(7‘%, is 1 if player 1 defeats j, and 0 if player j defeats 1.

competitors ¢ and j at time ¢, y;.

The data set, which consists of 15664 outcomes of games played among 1367 pairs of players
was compiled by Professor Nathan Divinsky. Not all (828) = 3828 pairs of players competed
against each other due to non-overlapping chess careers. A detailed account of the data
appears in Keene and Divinsky (1989). Several models of chess playing strength have been
fit by this data, including models of Elo (1978), Joe (1990), Henery (1992) and Glickman

(1999).

For our analysis, we group game outcomes into periods of one year. Thus we act as if
all of the games were played simultaneously at the beginning of each year, with innovations
in merit and in variance changing over the remainder of the year. The data consist of 135
periods, though some years (e.g., 1859, 1874, and 1875) contain no game outcomes. For
years in which no games were recorded, there is no likelihood contribution from data in (5),

(t) (t)

though the terms for the change in v;” and o' still appear.

One aspect of chess outcome data that the model must account for is the existence of ties.
Not only does this third possible paired comparison outcome occur in chess, but it occurs
frequently. Several extensions to common paired comparisons models have addressed ties as
a third outcome, including the extensions by Davidson (1970) and Rao and Kupper (1967)
to the Bradley-Terry model, and by Greenberg (1965) for the Thurstone-Mosteller model.
Instead of treating a tie as a third outcome to the model, we adopt an approach which acts
as if ties are not really observed, but that they are viewed as half the contribution of a win
and a loss. In other words, we assume two ties contains the same information about players’
strengths as a win followed by a loss (or vice versa). Thus if p;; is the probability that ¢
defeats j, the contribution to the likelihood of a tie would be /p;;(1 — p;;). This approach

to ties in paired comparisons can also be found in Glickman (1999).



We assume that outcome probability for the k-th game played between players ¢ and j
in period t follows the Bradley-Terry model,

P(y(t) _ 1) _ eXp(%'(t)) (6)
v exp(7") + exp(3")’

Information about the games, such as the player with the first move, time control for the
game, or other covariate information was not recorded. Player’s ages were not incorporated
into the model, because determining an appropriate functional relationship between age and
playing strength is beyond the scope of this paper. Rather than fitting a model in which
each player has strength parameters for all 135 years, we restrict the model to years from
the first to last appearances in the data set. The median career length for the 88 players in
this data set is 29.5 years (the distribution is left-skewed because recent players in the data

set may still be early in their careers).

In addition to fitting the stochastic variance model of (2) and (3), we also fit a constant
variance model assuming
AT A0, 0 ~ NG, 0, (7)

(t)

7

2

where ¢° is a single variance governing the change in ~;” over time. This particular model

was examined by Glickman (1993), Fahrmeir and Tutz (1994) and Glickman (1999). A vague

but proper prior distribution is assumed for o2 in our analysis.

Both models were fit by MCMC simulation, with burn-in periods of 100,000 iterations
at which point the model was diagnosed to have reached stationarity through trace plots
and informal diagnostics (e.g., Geweke, 1992). The large number of iterations of MCMC
is required because successive parameter draws are highly dependent. Model summaries

were computed based on the empirical distribution of simulated parameter values for every

250-th draw for 150,000 iterations beyond the 100,000-th iteration, resulting in 600 draws
(*)

7

per parameter. Because of the massive number of parameters per model (2629 for the 5

alone), only 600 parameter values for each parameter were saved due to limitations in disk



space.

The two models result in comparable inferences. In general, the marginal posterior
distribution of the fy(t) have large overlap across the two models. The typical trend for an

individual’s ’yi(t) over time is low early in the player’s career, a peak in the middle, and then
a slow decline towards the end. This finding is consistent with previous analyses of this data

set (Joe 1990, Glickman 1999).

It is interesting to examine the comparison between the variance parameters in the two
models. A 95% central posterior interval for o, the standard deviation in the change in
fyi(t), in the constant variance model is (0.1223, 0.1541) with a posterior median of 0.1379.
(t)

By comparison, among the collection of 2629 posterior medians of the O'Z't in the stochastic

variance model, the median value is only 0.1103. Also, the posterior variability of the
(*)

a -

./ are, not surprisingly, much larger in the stochastic variance model; the distribution of

2629 posterior medians of the o) ranges between 0.003505 and 0.5736, and the median

k3

width of the corresponding 95% central posterior intervals is 0.37. The large variability in
(*)

the distribution of posterior medians of the o;

;. indicates, informally, that the stochastic

variance model is accounting for the differing erraticism in strength changes for different
players. More formal model selection would involve methods such as in Carlin and Chib

(1995).

The contrast between the constant variance and stochastic variance models can be seen
by examining model summaries for two of the chess players in the data set. Figure 1 displays
summary information of the playing strength for Efim Bogoljubov, former world-champion
contender from Russia whose career spanned the 1910s through the 1950s. The top two
plots show the posterior mean along with pointwise 95% central posterior intervals over
time for Bogoljubov’s strength parameters. The first plot shows the summaries from the
constant variance model, and the second from the stochastic variance model. Inference

about Bogoljubov’s strength over time is more precise in the stochastic variance model than
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Figure 1: Model summaries for Efim Bogoljubov. Top: Posterior means for the ’y(t) in the

constant variance model, with pointwise approximate 95% central posterior intervals. Mid-
dle: Posterior means for the %(t) in the stochastic variance model, with pointwise approximate

(t)

95% central posterior intervals. Bottom: Posterior means for the o',
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in the constant variance model as evidenced by the narrower 95% posterior intervals. In
both cases, the intervals are wider later on in Bogoljubov’s career because fewer games were
played. The trend in posterior means for the stochastic variance model is smoother than
in the constant variance model. As shown in the bottom plot, which displays the posterior
means of the variance parameters, the variation in Bogoljubov’s strength from year to year

was inferred to be quite small (posterior means of the O'Z(t) were always less than 0.00013),
which accounts both for the smoothness of the strength parameter and the greater precision

in the stochastic variance model.

The model summaries of Bogoljubov can be compared with those of José Capablanca,
former world champion from Cuba who competed from around 1910 through the late 1930s.
Model summaries for Capablanca can be found in Figure 2. In contrast to Bogoljubov,
inferences about Capablanca’s strength parameters are more precise in the constant variance
model than in the stochastic variance model. Capablanca’s posterior mean strength is seen
to be more erratic in the stochastic variance model, and more smoothly varying in the
constant variance model. The opposite relationship to Bogoljubov can be explained by the
large inferred values of the aft), as seen in the bottom plot. The posterior means of the O'Z(t)

for Capablanca range from 0.15 to 0.25, which is the large relative to other players in the
data set.

4 Analysis for comparing many objects

When many objects are being compared over time, an exact likelihood-based approach (e.g.,
maximum likelihood, Bayesian analysis) may become computationally intractable. For ex-
ample, when rating populations of chess players, or competitors in online gaming systems
which can attract tens of thousands of players, a likelihood-based analysis would not be

possible to perform in real time. Instead, a simple forward filtering algorithm may be prefer-

11
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Figure 2: Model summaries for José Capablanca. Top: Posterior means for the ’y(t) in the
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able. Glickman (1999) develops an approximate Bayesian analysis for the constant variance

(t)

model in which the v, are updated sequentially with the acquisition of new data. The re-
sult of this analysis is an approximation to the marginal posterior distribution for the most
recent merit parameter for any object. Rather than perform an analysis that jointly infers
all parameters simultaneously, the approach taken in Glickman (1999) involves updating the
merit parameter of an object by integrating out information about other objects through
the prior distribution rather than the posterior distribution. While this approach results in
a loss of efficiency, there are computational advantages that allow for the derivation of a

simple algorithm. The procedure in Glickman (1999) can be extended to be consistent with

the stochastic variance model.

The algorithm to update objects’ merit parameters proceeds in the following manner. It

(t)

is assumed in the algorithm that 72 (the variance of the change in log 62"’ over time) and w?

(the variance of the %(0)) have been estimated and fixed in advance. This can be accomplished
by fitting the model using an exact likelihood procedure to a set of data of manageable size,
and determine the values of 7% and w? that maximize the marginal posterior distribution of

these two parameters. For the remainder of the development, these parameters are assumed

fixed.

(t=1)

1. At the end of the time period ¢ — 1, each object’s merit parameter, 7, "/, has an

approximating normal marginal posterior distribution with known mean and variance.

2(t-1)

Also, each object has a current (and known) variance parameter, o; , describing

the variability of the time change in merit for that object.

2. Collect all comparisons during time period ¢ (time periods are assumed to be equally

spaced).

3. For each object individually, perform appropriate calculations (described below) to

determine the updating of Jf(t_l) to Jf(t), and then the updating of the distribution of

13



’yi(t_l) to that of ’y(t).

7

These calculations are repeated for each time period as data is observed.

(t)

To understand the calculations that result in an estimate of o', suppose an object in
question has a merit =Y that can be summarized at time ¢ — 1 by the marginal posterior

distribution

- — t—1
’Y(t 1) N(M(t 1)7 ¢2( )) (8)

Assume that, during period ¢, this object is compared to others indexed by j = 1,...,m,

with marginal posterior distributions

_ — t—=1
AT N, @2, (9)

The stochastic variance model assumes

_ t
,Y(t) - N(,Y(t 1)7 02()) (10)

logJZ(t) ~ N(logaQ(t_l), ) (11)

Further, let 4 be the maximum value of ¥ in the likelihood for period ¢, integrated over the

prior distribution of the other objects’ ’y(-t)

;5 and let v? be the associated asymptotic variance

of ) from the marginalized likelihood. When integrating over the distribution of the other
()

2(
J

objects” merits, we assume log 0]2 = logo =1 for object j, even though this is only true

in expectation. Both 4 and v? can be computed using iterative numerical procedures
(though an approximation is used in the algorithm that follows). The distribution of 4

can be approximated by

50~ N(Y, 02). (12)

Combining (8), (10) and (12), integrating out v~ and v®, and for notational conve-
(t-1) ()

nience letting ol*~1) = log o2 and oY = log 02", we have

p}/(t) ~ N(M(t_n7 ¢2(t—1) n eXp(a(t)) + 1/2). (13)

14



From (11), we have

o) ~ N(a(t_l), %) (14)

Noting that all other parameters are known, the approximate marginal posterior density of
a®) is the product of the densities in (13) and (14), so that the marginal log-posterior, up

to an additive constant, is given by

1 (a(t) — a(t_l))2

log pla® | y) = —21 1

LG
§¢2(t_1)—|—eXp(Oé(t))—|—l/2

where y( denotes the collection of comparison outcomes during time period ¢. Rather than

2(t-1)

—% log(¢ + exp(a(t)) + 1/2) — (15)

compute 4 and v? numerically, we use approximations derived in Glickman (1999). In
particular, we approximate (® — =) by a Taylor series expansion through the linear

term, and approximate v by the curvature around p(*=" rather than 4. This yields

N mo 1‘1
A0 — ) &y ZZ DYyl — B(ylpt=, pl=) g2ty (16)

with
—1

1 1 1
VR ang 2B (], 1, 2T 1 = By, ufD, 027V (17)

where y](}? is the result of the k-th comparison of the object with object 5 during period ¢,

n; is the number of times the object is compared to object 7, and
1

J1+ 362 /n2

12 . 1
E(ylu, pj, &7) = L+ exp(—g(é3) (1 — p15))”

g(¢*) =

The algorithm proceeds by estimating o(® (and therefore 02“)) by maximizing over (15).
This can be accomplished using a numerical algorithm. For example, because the first term

t-1)

in (15) is maximized by oY) = o{*=Y  and the second two terms in (15) are maximized by

setting
(,_Ay(t) _ M(t—l))? _ ¢2(t—1) i eXp(a(t)) 42

15



so that oY) = log((4® — pt=1)2 — qbQ(t_l)) assuming
(,Ay(t) . M(t_1))2 . ¢2(t—1) >0, (18)

the Newton-Raphson algorithm will converge to the maximum quickly if the initial value of
a®) is selected to be between o*=1) and log((4®" — u(*=1)? — ¢2(t_1)). If (18) is false, then
the second two terms reach their supremum when exp(al?)) is set to 0. In this situation,
because these latter two terms are bounded above as a¥) — —o0, the first term dominates,
and convergence of the Newton-Raphson algorithm is quick when choosing an initial value

of a9 less than a(t=1),

2(?)

Once 07" is estimated, we set ¢’2(t) = ¢2(t_1) + O'Z(t), which is the prior variance for ()
accounting for the passage of time from period { — 1 to {. Now the algorithm of Glickman
(1999) may be applied directly to obtain x® and qbZ(t), the marginal posterior mean and

variance of (), the merit parameter for the object in question. These are given by

= =0 4 2(t— 1) (t=1) 2=\ (g
p p 70 +1/V ;kzlg Husi = Byl 6™V, 627} (19)

20 _ (LJFL)_I‘ (20)

¢/2(t) 2

Details of the derivations appear in Glickman (1999).

To assess the accuracy of the approximation algorithm, simulated data under varying
parameter values were generated, and nominal coverage was compared with the results of
simulations. We performed a total of 32 simulation sets which are summarized in Table 1. We

considered two values (0, 0.5) for the prior mean, yu, four different numbers of comparisons,

m, (10, 50, 200, 1000), and four different values of the standard deviation for the change
2(?)

in log o 7 (0, 0.3, 0.7, 1.2). These values were chosen to span plausible range of values
that might be expected in practice. For each fixed combination of u, m and 7, data were
generated in the following manner: Values of (=" and o(*=1) were fixed at 0.173 and 0.0576,

respectively, so that a 95% prior interval around v~ had length 2/3, and that the standard

16



Prior Number of

Mean | Comparisons T = 7=0.3 T =07 T=1.2
U= m =10 | (.5210, .9460) (.4928, .9476) (.4892, .9450) (.4886, .9414)
m =50 | (.4942, .9498) (.5026, .9562) (.5042, .9504) (.4794, .9414)
m = 200 | (.5074, .9500) (.4890, .9514) (.4822, .9450) (.4840, .9466)
m = 1000 | (.4896, .9484) (.4922, .9482) (.4894, .9402) (.4908, .9443)
w=10.5 m =10 | (.5048, .9524) (.4912, .9504) (.4968, .9440) (.4932, .9384)
m =50 | (.5082, .9486) (.5044, .9460) (.5060, .9484) (.4924, .9398)
m = 200 | (.4984, .9466) (.5034, .9540) (.4924, .9472) (.4930, .9436)
m = 1000 | (.4988, .9498) (.4918, .9472) (.4914, .9446) (.4868, .9460)

Table 1: Results of the approximating algorithm on simulated data. For each analysis,
5000 replications were simulated and nominal 50% and 95% central posterior intervals were
constructed. The pairs of values in the parentheses for each analysis consist of the proportion
of 5000 replications in which the simulated value of v was contained in the nominal 50% and
95% intervals, respectively.

deviation of the ¥(*~1) was three times larger than the standard deviation in the change of

(t) 2(t-1)

the (=1 over time. A value of 62" was simulated conditional on & and 7, and then

a value of ¥() was simulated given p*=, ¢'=1) and o2, For the m other objects involved

(t-1)

in the comparisons, the collection of y; were simulated from a normal distribution with

mean 0 and standard deviation 0.173. The qbgt_l) and O'](t) were generated from scaled x?
distributions on 20 degrees of freedom with means of 0.173 and 0.0576, respectively. Values
of ,Y(f)

; were generated by the same process as ~®. Finally, the outcome of comparisons

were generated from the Bradley-Terry model given the generated values of the 49 and the
’y](t). The algorithm was then applied (ignoring parameter values at time ¢) to determine
the parameters u(Y) and ¢*) of the approximating normal posterior to 4. Approximate
50% and 95% normal central posterior interval for () were calculated as u® 4 2" with
z = 0.6745 or 1.96. It was noted whether the generated value of ¥ was contained in this

interval. This process was repeated 5000 times, and the fraction of times in which the true

parameter value was contained in the intervals is summarized in Table 1.

The results of the simulations demonstrate that the algorithm produces close to nominal

coverage under varying conditions. Table 1 reveals that the nominal 50% and 95% posterior
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intervals contain roughly 0.5 and 0.95 of the generating value of y(). The accuracy of the
approximation algorithm does not seem to change by varying y. However, there appears to
be a small loss of efficiency when m becomes larger, and when 7 is at its largest. In these
cases, the actual coverage is consistently smaller than nominal coverage, indicating that the
posterior intervals are not wide enough. The discrepancy does not seem large enough to be

of great practical concern.

5 Discussion

The dynamic paired comparison model presented in this paper extends previous work by
allowing the variance of the state process to change stochastically. Considering such models
increases the flexibility to describe phenomena where the underlying characteristics may un-
dergo sudden shifts or changes in paradigm. Fitting the stochastic variance model for paired
comparison data can be carried out using standard Bayesian computational machinery. For
situations where many objects are being compared over time, in which case a full likelihood
analysis may be too computationally intensive, this paper demonstrates an approximating

algorithm that can be carried out with far less of a computational burden.

Aside from the increased flexibility, the stochastic variance model has an important ben-
efit over the constant variance model when, for example, it is suspected that interventions
may affect the process for the merits. Under the constant variance model, the variance in
an object’s merit prior to observing data at time ¢ must decrease after the data is observed.
This is a direct consequence of (20) where the posterior variance must be less than the prior
variance. However, under the stochastic variance model, the variance may increase after
data is observed. This reflects the increased uncertainty about the merit parameter after

observing unusual data.

A variety of extensions can be incorporated into the stochastic variance model. One ex-
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2(?)

tension is to incorporate covariate information in the change in o7’ over time. For example,

in the context of human cognitive development, older people may stabilize in merit so that

2(?)

the change in ¢7"’ may be assumed to be negatively related with age. Another extension

(t)

involves using a different distributions other than normal for describing the change in ;"

2(1)

and log-normal for describing the change in 0"’ over time. For example, in comparing cer-

tain types of financial products over time, it may be more reasonable to assume that there

is a greater probability for small increases in fyi(t) but occasional large decreases with small
probability. In each case, standard Bayesian tools can still be invoked to fit such model

extensions.
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