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Basic Formulation
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Intro. ANN & Fuzzy Systems

Outline

* Linear pattern classifiers and optimal hyper-plane
o Optimization problem formulation
o Statistical properties of optimal hyper-plane
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Linear Hyper-plane Classifier

Given: {(x, d);1=1toN,d [
{+1, -1}}.
A linear hyper-plane classifier is
o a hyper-plane consisting of
points x such that
—— > H ={X] g(x) =w'x + b = 0}
\/‘b”‘”' H * g(x): a discriminant function!.

For xinthe sideof o: wix+b=>0:; d=+1;
For xinthe side of m: wix+b<0; d=-1.
Distance from xto H:  r =w"x/|w| — (=b/|w]) = g(x) /|w]
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Distance from a Point to a Hyper-plane

A

The hyper-plane H is characterized by | «
wix+b=0 (*)
w: normal vector perpendicular to H. A a
(*) says any vector x on H that ey
project to w will have a length of ! B
OA = -bi|w|.
Consider a special point C corresponding "
to vector x". Its magnitude of projection Hence
onto vector w is r = (wix+b)/|w| = g(x*)/|w]
WTX/| W - OA + BC. If x* is on the other side of H

Or equivalently, (same side as the origin), then

WIX/|w| = =b/w] +r r=—(wix+b)/|w| = -g(x*)/|w|
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Optimal Hyper-plane: Linearly Separable Case

« Optimal hyper-plane should be
In the center of the gap.

e Support Vectors — Samples on
the boundaries. Support vectors
alone can determine optimal
hyper-plane.

v, * Question: How to find optimal
hyper-plane?

Ford =+1, g(x)=w'x.+b=plw| = w/'x+b, =21
Ford =-1, g(x)=w'x.+b<-pw| = w X +b ,<-1
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Separation Gap

For x. being a support vector,
Ford =+1, g(x)=w'x+b=pjw| = w/'x+b =1
Ford =-1, g(x) =w'x,.+b=-plw| = w X +b, =-1
Hence w, = w/(p|w]), b, = b/(p|w]).
But distance from x; to hyper-plane is p = g(x;)/|w].
Thus w, = w/g(x), and p = 1/|w,|.
The maximum distance between the two classes is
2p = 2/|w|.
The objective is to find w_, b, to minimize |w,| (so that p is
maximized) subject to the constraints that
w,'x + b, =1 ford =+1; and w,'x. + b, < 1 for d; = —1.
Combine these constraints, one has:
de(w,'x +Db,) 21
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Quadratic Optimization Problem Formulation

Given {(x;, d.); i = 1 to N}, find w and b such that
o(w) = wTw/2
IS minimized subject to N constraints
deWx+b)=1, 1<i<N.
Method of Lagrange Multiplier

IW,b.0) = W) - > ar[a (W7 +b)-1

N
WD) _ 5 w=Yadx
i=1

oW
Wb _5 544 =0
ob < i i
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Optimization (continued)

The solution of Lagrange multiplier problem is at a
saddle point where the minimum is sought w.r.t. w
and b, while the maximum is sought w.r.t. a..

(Karush)-Kuhn-Tucker Condition: at the saddle point,
ofd (W'x +b)—1]=0 forl <i<N.

 If x;Is NOT a support vector, the corresponding a.
= 0!

 Hence, only support vector will affect the result of
optimization!
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A Numerical Example

-y i@ (31)

3 inequalities:
lew+b<-1;, 22w+ b>+1; 3ew+b=>+1
J=w?/2 - a,(-w-b-1) - a,(2w+b-1) — a,(3w+b-1)
dJow=0=w=-a, + 20, + 3a,
dJob=0= 0= a, - a, - qa,
Kuhn-Tucker condition implies:
(@) a,(-w-b-1)=0 (b)a,(2w+b-1)=0 (c); a;(Bw+b-1)=0
Later, we will see the solution is a, = a, =2 and a, = 0. This yields
w=2b=-3.
Hence the solution of decision boundary is:
2x—-3=0. or x=1.5
This is shown as the dash line in above figure.
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Primal/Dual Problem Formulation

Given a constrained optimization problem with a
convex cost function and linear constraints; a dual
problem with the Lagrange multipliers providing the
solution can be formulated.

Duality Theorem (Bertsekas 1995)

(a) If the primal problem has an optimal solution, then
the dual problem has an optimal solution with the
same optimal values.

(b) In order for w, to be an optimal solution and a to
be an optimal dual solution, it is necessary and
sufficient that w, Is feasible for the primal problem
and

d(w,) = I(w,,b,,a ) =Min, J(w,b,,a )
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Formulating the Dual Problem

1 T N . N N
J(w,b,a) = EW w->adw x —bYad +>a
=1 i=1 =1

N N
At the saddle point, we have W :Zaidﬂﬁ and 2 ad =0,
i=1 i=1
substituting these relations into above, then we have the

Dual Problem

— N 1 N N
Maximize Q(a) =X a, = 3.3 a.a,d,d,xx,
i=1

i=1j=1

N
Subjectto: Y a;d, =0 anda, =0 fori=1,2,...,N.
i=1

N 1 X e XXy aldl
Note Q(@)=> g, —E[ald1 ] o :
i=1

X% XN aNdN
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Numerical Example (cont’d)

. 1 2 3|-a,

3

Q(a)zzlai_i[_al a, 0’3]2 4 6| a,
3 6 9| a,

or Q(a)=a, +a,+a,—-[0.50,%+ 20,2 + 4.50,% — 20,0, —
30,0, + 60,0,]

subject to constraints: -a, + a, + a, =0, and
a,20,0,=20,and a, =0.

Use Matlabll Optimization tool box command:

x=fmincon(‘galpha’, X0, A, B, Aeq, Beq)

The solutionis [a, a, a;]=[2 2 0] as expected.
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