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Regularization Problem Formulation

E(F) =E (F) + A E () =520d ~FO)I2+ A IPFIR (4

where P Isalinear differential operator which imposes
some smoothness constraints on the solution of F. The
first term is standard error term, and the second term Is
the regularization term.

* The solution to above regularization problem is
FX) = 2 w; G(X; X)) (5)

i=1
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The Solution — Green's function

* G(X; x;) Is called the Green's function corresponding
to the self-adjoin differential operator P*P such that

PP G(x; xi) = d(x —xi) (6)
where 0() Is the delta (distribution) function which
vanishes everywhere except the origin.
 Let matrix G = [G(X;; )], then (5) leads to a solution
tow as
w=(G+Al)d (7)

Note the effect of regularization factor A now appear
In the solution.
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Gaussian Basis

e Under the special differential operator
IPF|J]? = Z a. |IDMF(x)||2, a solution to the Green's

function I's:
G(x) = exp(— - [IX[[%), (8)
and  G(x; %) = G(Ix —x[] (9)

hence, F(x)= Z W; *exp(——— ||x X [[) (10)
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Properties of Regularization network

e Theregularization function in (10) isauniversal
approximator in that it can approximate arbitrarily well
any multivariate continuous function on a compact
subset of RN where N isthe dimension of feature
vectors, given sufficient number of hidden neurons.

It Is also has the best approximation property, and is
optimal in that it minimizes E(F).
* In(10), K isthe number of available (training) data

samples. When K istoo large, often we want to use a
smaller value J (< K) such that

F(x) = 2 weexp(Hix —t|%(202)  (11)
There are J(2+N) parametersto solveif Jisgiven.
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Clustering Based Solution

e To cluster the K training samplesinto J clustersto yield
asolutionto{t;, 0,5 1<j<J}. Inparticular, t;isthe
centroid of j* cluster, and sz IS the within-cluster
variance which is the sum of the diagonal of the within-
cluster scattering matrix.

« The{w;; 1<) <J} istheleast square solution:

w=G'd=(G'G)1G"d (12)
where G' is the pseudo-inverse of the matrix G =
[G(i,))] such that

G(i.j) = exp(— 5,7 X —t|D  (13)
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Tuning Clustering Parameters

e Only the standard error term is used. Define

efi) = &, —F(x) = d - iw--exp<—2—1j2||xi 4R, (15)
e Goal: to minimize e—— [e()]2.
« Uy €= Z &(1)exp(-_> 3 IIX — (%) (16)

[y e= e(l)-w exp(— 207 X =tl[?) -, 2% [x —-t] (17)

K : 1
T8 =2, ei)w; exp(—,7 I — 1) oo I —4l? (18)
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RBN2 Algorithm Summary

Given: {x;; 1 <1 <K}, d: desired output, and J: # of
radial basis neurons

* Cluster {x;} into Jclusters, find clustering centers{t;1
< | < J}. Variance 0.2 or covariance matrix 2.~ are
also computed. Itis better to force g2 = 1 or fj = |
(Identify matrix) to ensure better performance.

e Compute G matrix (K by c)
G, 1 = exp(=0.5]|x(1)-t;|[/o;%) or
Gij1 = exp(_O'S(X(i)_tj)TZj_l(X(i)_tj))
Solvew = G'd
o |If desired, finetune W, T, and 2 by egs. (16)—18)

i j+1
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Example
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