
��������	
��
���������������������
	
��
���������������������	
��
���
������������������	
��
�����������
����������	
��
�����������������
����	
��
���������������������	
��

���������������������	
��
��������
�������������	
��
��������������
�������	
��
���������������������	

��
���������������������	
��
����
�����������������	
��
������������
���������	
��
�������������������
��	
��
���������������������	
��
�
��������������������	
��
���������
������������	
��
����������������
��	
��
���������������������	
��
�
��������������������	
��
���������
������������	
��
���������������

 

 

 

Multiple Constant Multiplication Algorithms for FIR Filte rs 
 

ECE 734 Project 

 

5/10/2009 

 

Hamid Shojaei 

Prof. Yu Hen Hu 

 

 



 

Abstract:  The complexity of the digital filters usually depends on the number of adders which are used to 

implement a multiplier. In this project we want to analyze and implement dependence graphs of the 

coefficients as well as common sub-expression elimination (CSE) technique to reduce the number of 

operation for implementing the multipliers. Graph dependence algorithms try to reduce the number of 

adders to implement the multipliers and CSE is a technique that searches for instances of identical sub-

expressions and analyses whether it is worthwhile replacing them with a single variable holding the 

computed value. An efficient solution of these problems can yield significant implementation area, power 

consumption, and time. In this project we will implement and analyze some of the previous approaches 

for reducing the number of adders and CSE techniques and try to combine the approaches and investigate 

the effect of the combination and possible improvements.  
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1. Introduction 

 

Digital filters are widely used in digital communications and audio/video processing. They play a crucial 

role in digital communication chips such as Ethernet transceivers, cable modems, DSL modems, satellite 

receivers, mobile phones, etc. Among all digital filters, in particular, finite impulse response (FIR) filters 

are used for their ease of implementation and stability. An FIR filter implements a convolution in the 

time-domain. As figure 1 show, the critical path in an n-tap FIR filter consists of a multiplier and (n-1) 

adders.  The arithmetic complexity of such a filter consists of n multipliers and n-1 adders. This 

complexity can be derived from equation 1. 
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Fig. 1: FIR Filter 

 

 

The problem is that all of the coefficients in this equation are constants and Full flexibility of general 

purpose multipliers is not required. Hence, we can use this feature to have a customized implementation 

of multiplier for FIR filters. Consequently, we can optimize both power and delay of the design. There are 

different efforts in the literature to deal with this type of filters. One of the approaches [2], considers an 

stand alone multiplier module for FIR filter and then tries to optimize inside the module. This module is 

considered as a block box and the outputs are used as the result of multiplications for the next order.  The 

multiplication then, can be implemented via add/sub and shift operations. 

 On the other hand, power consumption and run time management have been always among the most 

challenging issues in embedded system designs. Many embedded systems use DSP algorithms for image 

processing and video processing which are very compute intensive. A custom hardware implementation 



of these algorithms can provide a way by which the requirements for time and energy of the embedded 

systems can be met. The core of many of these algorithms is the multiplication of a variable by a set of 

constants (digital filtering, image processing, linear transforms, etc.). The optimization of these 

multiplications can lead to important improvements in various design parameters like area or power 

consumption. This problem is known as a multiple constant multiplication problem (MCM). 

Graph dependence algorithms and common sub-expression elimination (CSE) technique are two methods 

to tackle the MCM problem.  

2. Graph dependence algorithms for reducing the number of adders 

 

 There are a number of techniques for reducing the number of adders. In this project we want to 

implement and investigate the following algorithms and compare the results and combine them with CSE. 

 

2.1.1 Bull Horrocks (BH) Algorithm [1] 

 

This algorithm is a graph-based design method which permits common operations such as convolution to 

be implemented using reduced numbers of arithmetic operations.  This technique tries to represent the 

outputs of the constant multipliers into the graph and whenever it is possible, the technique uses the 

common parts.  For example if consider the outputs of the multipliers as w and w2 as the output of the 

second multiplier, then formation of the term w2[n] = 17x[n] is shown in Fig. 1, where the integer value 

adjacent to each vertex is the effective weighting of the signal x[n] at that vertex. This figures indicates 

that 17 can be generated by other smaller numbers and then we can use these smaller numbers to generate 

other coefficients.  

 

 

Fig. 2: Graph representation of w2[n] = 17x[n,]  



 

Fig. 3: Graph representation 1, 9, 17, 26, and 51 

 

In figure 1, the red lines indicate that if we want to generate 9 then we should add 1 and 8(9=1+8). 

Now consider another example in which the coefficients are 1, 9, 17, 26, and 51. Fig. 3 illustrates how 

other coefficients can reuse the intermediate results. By applying this graph dependency the number of 

operations significantly decreases. To form the vector w as given above thus requires eight operations. 

This is to be compared with a minimum of 23 operations if the same set is generated using conventional 

shift and add multiplication methods.  

This method also considers another extension in which when the coefficients are power of two such as 4 

and 8, instead of add, shift operation may be used. If in the above example, we apply replacing add 

operations of power two numbers with shift operations, then we have the following figure by which the 

number of operations is 5. 

 

Fig. 4: Graph representation 1, 9, 17, 26, and 51 using add-shift 

 

The second extension which is considered in this approach is using sub operation beside add and shift 

operations. The goal is to use other coefficients rather than coefficients less than current coefficients. In 

this extension, we can compute 7 by 8-1 instead of 1+2+4. Figure 5 illustrates another example of BH 

algorithm using add, sub and shift operations: 



 

Fig. 5: Graph representation 1, 7, 16, 21, and 33 using add-sub-shift(from[6]) 

 

2.1.2 Modified Bull and Horrock (BHM) algorithm [2] 

 

BH algorithm [1] involves the creation of a set of possible “partial sums” from existing vertex values, 

from which new vertex values are synthesized. New vertices are created until the set of integers is fully 

synthesized. Dempster et al. [2] proposed a new algorithm to alleviate BH limitations.  

First, in BH algorithm Partial sums are generated with values only up to, but not exceeding, the 

coefficient. However, BHM Generate one partial sum pair (+,-) above the coefficient value. This allows 

full advantage to be taken of CSD-like features, e.g., using 7 = 8 - 1 rather than 7 = 4 + 2 + 1. 

Second, even-valued partial sums can be entered in the partial sum set in BH algorithm. BHM reduces 

each partial sum by factors of 2 until odd, and then enter it in the set, and only then generate its power-of-

2 multiples. This maximizes the number of partial sums available to later stages of the algorithm, 

maximizing its flexibility. 

Third, In BH algorithm the coefficients are processed in numerical order. However, in BHM algorithm 

the coefficients are ordered in order of increasing single coefficient cost. Figure 6 illustrates these 

extensions. 

 

Fig. 5: Applying BHM extensions(adapted from [6]) 



 

2.1.3 The n-dimensional reduced adder graph (RAG-n) algorithm [3] 

 

The RAG-n algorithm consists of two parts. The first part is an exact algorithm and the second part is a 

heuristic method. In the first part, if the set of coefficients is completely synthesized, then minimum adder 

cost is gained. The second part uses a look-up table for each coefficient. The algorithm essentially 

consists of the following steps: 

·  Reduce all coefficients in the set to odd fundamentals.  

·  Evaluate all single-coefficient costs by using the cost lookup table. 

·  Remove all cost-0 fundamentals. 

·  Create the graph representation of selected fundamentals. 

·  Examine pair wise sums of fundamentals in the graph set with power-of-2 multiples of these 

same fundamentals. 

·  Repeat step 5 until no more fundamental remains. 

 

After the initial stage, the algorithm then runs another stage by which it tries to deal with the remaining 

coefficients. The remaining heuristic part of the algorithm uses a new concept-‘adder distance.’ The adder 

distance of a new vertex from an existing graph is the number of extra adders (i.e., adders that are not in 

the existing graph) that are needed to reach the new vertex. The aim of the heuristic part of the algorithm 

is to find the minimum adder distance between the graph created by the optimal part of the algorithm and 

the remaining terminating vertices, which correspond to the coefficients not yet synthesized. Step 5 of the 

optimal section above can be considered to be an exhaustive exploration of 

the vertices at adder distance 1 from the existing graph. The heuristic part of the algorithm continues as 

follows: 

 Check each of the incomplete set for two different instances of distance 2 vertices: 

a) The case where the single-coefficient cost of the difference between the coefficient of 

interest and any existing fundamental is 1. Coefficient set if it is to be an optimal cost 

block. 

b) The case where the single-coefficient cost of the difference between the coefficient of 

interest and the sum of any two existing fundamentals is 0.  

In both these cases, two new fundamentals will be created, the new coefficient and one other. In the first 

case, this latter fundamental is the cost 1 difference which was calculated. In the second case it is the sum 



of the two existing fundamentals. If such a case is found, add the two fundamentals to the graph set, and 

remove the coefficient from the incomplete set. 

The algorithm then repeats two previous steps until no new distance 1 or 2 fundamentals are found. If this 

point is reached, there are coefficients that are at a greater distance than 2 from the existing graph, or at a 

distance 2 with a topology which is not covered by the two examples in step 7. Therefore an arbitrary 

choice of fundamentals to add to the graph set must be made. Of the incomplete set, select the minimum 

fundamental of lowest single-coefficient cost. Synthesize it by selecting the set of fundamentals which 

has the lowest numerical sum. Add these fundamentals to the graph set and remove the coefficient from 

the incomplete set. 

Then it repeats until all coefficients are synthesized.  

 1) The check of the distance 2 vertices in step 7 is not exhaustive. 

 2) The order in which distance 2 or greater coefficients are added, and the fundamental paths to 

those coefficients, is arbitrary. 

 3) In the implementation used to produce the results presented in this paper, some limits were set 

due to computer speed and memory allocation. For instance, the MAG algorithm created lists of 

fundamentals for cost 4 numbers that were truncated to length 200. Since this restriction was placed on 

the fundamentals table, not all graphs were searched. This restriction did not affect the optimality of the 

cost lookup table created by MAG. Figure 6 illustrates a complete stage of running Rag-n algorithm.  As 

figure shows there are 4 stages for running the algorithm in this example. 

 



 

Fig. 6: RAG-n Example(adapted from[6]) 



 

2. Common Sub-expression Elimination (CSE) 

 

The main idea of CSE technique is to find the terms which are common between different constants and 

decreasing the number of repeated operations. There are some algorithms in the literature which deal with 

CSE and in most of them there are three main steps involved: 

·  Identify the presence of multiple patterns in the input matrix of coefficients. 

·  Select one pattern for elimination. 

·  Eliminate all occurrences of the selected pattern. 

This process is iteratively repeated until there are no more multiple patterns present. The run time and 

quality of the solution are important metrics in these algorithms.  

Multipliers usually have large area and power and multiplication is expensive in hardware. In MCM the 

values of the constants are known beforehand. Hence, multiplication can be implemented by sequence of 

additions and shifts. Suppose we want to compute 23*X. the binary representation of 21 is 10101. So, 

instead of multiplication we can compute 21X as below: 

 

21*X = (10101)2*X = X + X<<2 + X<<4 

 

In this case, the complexity of the implementation is directly related to the number of non-zero digits in 

the constant representation. There are also some techniques such as signed digit representations by which 

the number of non-zero digits can be reduced. Among all approaches which are available for reducing the 

number of non-zero digits, Canonical Signed Digit (CSD) has the least number of non-zero digits.  

The goal of this project is to implement some previous works related to CSE [1,2,3] and apply some 

improvements to these algorithms or devise a new algorithm and implement it to perform such an 

optimization and compare to related works. 

By this representation, common sub-expression elimination (CSE) is to find the common patterns in 

binary representation of the constants.  Consider the following example: 

 

 21*X = (10101)2*X = X + X<<2 + X<<4 

   13*X = (1101)*X = X + X<<2 + X<<3 

 

To implement these operations, we need four add operations and four shift operations. However, if we 

extract the common digit pattern “101” then we need three shift operations and three add operations. 



  

F0 = (101)2*X = X + X<<2  

F1 = 21*X = (10101)2*X = F0 + X<<4 

  F2 = 13*X = (1101)*X = F0 + X<<3 

 

3. Implementation 

 

In this project we analyzed these three graph dependence algorithms as well as CSE technique in visual 

c++ 2008. We tried to evaluate them and investigate the advantages and disadvantages and try to combine 

and improve them in terms of run time and quality of the solution. All of the algorithms are implemented 

in Visual C++ 2008.  For some algorithms such as sorting, we have used standard template library (STL) 

and for graph algorithms we have used [6].   

We have provided a framework which can be used for evaluating all MCM algorithms. This frame work 

can read binary coefficients from a binary file. It can also generate some random binary coefficients by 

which the user can evaluate the average results. The coefficients should be in binary format. The output of 

the random generator part is written to a file called “randFile.txt”. The user may then use this file as an 

input file for the software.  One input and output sample are shown in the appendix. 

 

4. Experiments 

 

As experiments, we considered different cases in which we first examined the algorithms independently 

as well as hybrid version of the algorithms.  For some experiments, the coefficients are randomly 

generated and the average results are considered. For some, we examined some real FIR filters. 

For the first experiments we developed some uniformly random FIR coefficients and ran the algorithms 

on them. For the initial phase of the experiments we compare the results for three different algorithms. As 

figure 7 indicates, RAG-n works better in terms of the number of necessary coefficients compared to BH 

and BHM algorithm. For this type of experiments, we consider different number of coefficients for FIR 

filters. The horizontal axis is the number of coefficients and the vertical one is the number of operations 

we need to consider for this specific filter. As it can be seen Rag-n works better than BH and BHM. 

To evaluate the efficiency of using CSE algorithm, we did another experiment in which we considered 

CSE as top level part of the algorithms and then ran the same experiments. The results prove that having 

CSE on top of the algorithms can improve the number of necessary operations. In this experiment, as 

figure 8 indicates, a hybrid version of RAG-n and CSE is a possible solution for improving the area and 

delay of an FIR filter. 



 

 

Fig. 7: Comparison of methods 

 

 

 

Fig. 8: Comparison of hybrid versions 

 



It is interesting to see the effect of the algorithms on a real FIR filter. For this type of experiments, we 

consider the same example as[2] . The first is order 63 with 10 b integer coefficients. The second is order 

36 with 8 b coefficients which are allowed only one adder or sub tractor each (SOPOT- 1 coefficients); 

both are linear phase (symmetric). Figure 9 shows the cost corresponding to each of the three algorithms 

as well as the hybrid version of the algorithms. These results also prove that hybrid version of the 

algorithms can improve the results significantly even in real FIR filters. 

 

 

Fig. 9: Comparison of methods on real FIR filters 

 

5. Conclusion 

 

We have implemented and analyzed different methods for multiple constant multiplication (MCM) 

algorithms for FIR filters.  The aim of these methods is to use constant multiplication feature of FIR 

filters to improve the cost of the FIR filter in terms of area and delay. The most important part of an FIR 

filter is multiplier as it is included in the critical path as well as the total complexity of the FIR filter. 

MCM algorithms try to replace multiplier with some minimized number of other operations like adders 

and shifters.  There are two types of the algorithms for MCM: graph-based algorithms which convert 

coefficients to some type of the graphs and try to use common parts of the graphs. Common sub 

expression elimination (CSE) methods on the other hand try to find common digit patterns among the 



coefficients by which they can improve the number of operations. In this project we examined BH, BHM, 

and RAG-n as graph-based algorithms and matrix split as CSE algorithm.  We also considered a hybrid 

version of the algorithms in which we apply CSE on the results of the other algorithms. The experiments 

indicate that by a hybrid implementation of the algorithms we can improve the results significantly. We 

have provided a framework in which the user can enter coefficients in the binary format and see the 

results of the algorithms. There is another option in the software by which the user can generate random 

numbers as coefficients in binary format and examine the average results. 
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Appendix  

 

Sample input:  

0 1 1 0 1 1 1 0  

1 0 1 0 1 0 1 0  

0 0 1 0 1 0 0 0  

0 1 1 0 0 1 0 0  

0 0 1 0 0 0 1 0  

0 0 1 0 1 0 0 0  

1 0 1 1 0 1 0 0  

1 0 1 1 0 1 0 0  

1 1 0 1 1 1 0 0  

1 0 0 0 1 1 0 0  

0 0 1 1 0 0 1 0  

0 0 1 1 0 0 1 0  

0 0 0 0 1 0 1 0  

0 0 0 0 1 1 1 0  

0 0 0 0 1 0 1 0  

0 1 1 0 1 1 1 0  

1 1 1 1 1 0 1 0  

0 0 0 1 0 1 0 0  

0 0 0 0 1 1 1 0  

0 0 1 1 1 1 0 0  



1 1 0 1 0 0 1 0  

1 1 1 1 0 0 0 0  

0 0 0 1 0 1 0 0  

0 0 0 1 1 1 1 0  

1 1 0 1 1 1 0 0  

1 1 0 1 1 1 0 0  

1 1 0 1 0 0 1 0  

0 0 0 0 0 1 0 0  

0 1 0 1 0 0 0 0  

0 0 1 1 0 0 1 0  

 

Sample output: 

0 1 1 0 1 1 1 0  

110--------> cost:5 

 

1 0 1 0 1 0 1 0  

170--------> cost:4 

 

0 0 1 0 1 0 0 0  

40--------> cost:2 

 

0 1 1 0 0 1 0 0  



100--------> cost:3 

 

0 0 1 0 0 0 1 0  

34--------> cost:2 

 

0 0 1 0 1 0 0 0  

40--------> cost:2 

 

1 0 1 1 0 1 0 0  

180--------> cost:4 

 

1 0 1 1 0 1 0 0  

180--------> cost:4 

 

1 1 0 1 1 1 0 0  

220--------> cost:5 

 

1 0 0 0 1 1 0 0  

140--------> cost:3 

 

0 0 1 1 0 0 1 0  

50--------> cost:3 



 

0 0 1 1 0 0 1 0  

50--------> cost:3 

 

0 0 0 0 1 0 1 0  

10--------> cost:2 

 

0 0 0 0 1 1 1 0  

14--------> cost:3 

 

0 0 0 0 1 0 1 0  

10--------> cost:2 

 

0 1 1 0 1 1 1 0  

110--------> cost:5 

 

1 1 1 1 1 0 1 0  

250--------> cost:6 

 

0 0 0 1 0 1 0 0  

20--------> cost:2 

 



0 0 0 0 1 1 1 0  

14--------> cost:3 

 

0 0 1 1 1 1 0 0  

60--------> cost:4 

 

1 1 0 1 0 0 1 0  

210--------> cost:4 

 

1 1 1 1 0 0 0 0  

240--------> cost:4 

 

0 0 0 1 0 1 0 0  

20--------> cost:2 

 

0 0 0 1 1 1 1 0  

30--------> cost:4 

 

1 1 0 1 1 1 0 0  

220--------> cost:5 

 

1 1 0 1 1 1 0 0  



220--------> cost:5 

 

1 1 0 1 0 0 1 0  

210--------> cost:4 

 

0 0 0 0 0 1 0 0  

4--------> cost:1 

 

0 1 0 1 0 0 0 0  

80--------> cost:2 

 

0 0 1 1 0 0 1 0  

50--------> cost:3 

 

 

0--------> cost:0 

 

 

-------------------------------> total cost:101 

 

 

 node : 1(00000001) is made from : 1*1(00000001) 



 

 

 node : 4(00000100) is made from : 4*1(00000001) 

 

 

 node : 10(00001010) is made from : 2*1(00000001) + 8*1(00000001) 

 

 

 node : 14(00001110) is made from : 4*1(00000001) + 1*10(00001010) 

 

 

 node : 20(00010100) is made from : 2*10(00001010) 

 

 

 node : 30(00011110) is made from : 2*1(00000001) + 2*14(00001110) 

 

 

 node : 34(00100010) is made from : 2*1(00000001) + 32*1(00000001) 

 

 

 node : 40(00101000) is made from : 4*10(00001010) 

 



 

 node : 50(00110010) is made from : 16*1(00000001) + 1*34(00100010) 

 

 

 node : 60(00111100) is made from : 2*30(00011110) 

 

 

 node : 80(01010000) is made from : 8*10(00001010) 

 

 

 node : 100(01100100) is made from : 2*50(00110010) 

 

 

 node : 110(01101110) is made from : 1*10(00001010) + 2*50(00110010) 

 

 

 node : 140(10001100) is made from : 4*1(00000001) + 4*34(00100010) 

 

 

 node : 170(10101010) is made from : 1*10(00001010) + 16*10(00001010) 

 

 



 node : 180(10110100) is made from : 1*10(00001010) + 1*170(10101010) 

 

 

 node : 210(11010010) is made from : 1*10(00001010) + 4*50(00110010) 

 

 

 node : 220(11011100) is made from : 2*110(01101110) 

 

 

 node : 240(11110000) is made from : 8*30(00011110) 

 

 

 node : 250(11111010) is made from : 1*10(00001010) + 8*30(00011110) 

 


