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Soon, semiconductor devices will utilize very short gate lengths, of order 10-30 nm.  
These devices are expected to be dominated by quasi-ballistic, quantum transport in the 
active region.   Simulation has developed as a major tool for predictive behavior of new 
devices, particularly with kinetic transport handled via a multi-particle Monte Carlo 
approach.  Initial quantum effects have been incorporated into such simulations via an 
effective potential approach with great success, and we will discuss the application to 
small fully-depleted silicon-on-insulator devices. As devices grow smaller, however, 
more advanced techniques, such as the non-equilibrium Green’s functions (NEGF) must 
be utilized, although there are constraints upon these approaches that must be 
incorporated into modeling of small devices.  Nevertheless, approaches which derive 
from these NEGF structures, such as the Wigner distribution function, can still be 
implemented via the kinetic Monte Carlo approaches.  The application of this approach to 
the modeling of a resonant tunneling diode also is discussed.  The inclusion of both 
collisional broadening and the intra-collisional field effect into a Monte Carlo simulation 
of the Wigner function transport is described. 

 
 
 
1.  Introduction 
 
As the density of integrated circuits continues to increase, there is a reduction in 
the dimensions of the devices of which they are comprised.  Currently (2002), 
0.07 μm is the state-of-the-art gate length in production, but smaller dimensions 
are expected in the near future.   In addition, small semiconductor structures 
have been proposed for quantum computation with both the quantum wave and 
the spin as an appropriate information state.  In all these devices, the transport is 
expected to be dominated by quantum effects, even though quantum transport 
for these small (and inhomogeneous) devices is not well established within a 
consistent conceptual framework [1].  Nevertheless, several approaches to 
simulation of some semiconductor devices have appeared in which the transport 
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is handled quantum mechanically [2]. Of all the simulation methods currently 
employed, ensemble Monte Carlo (EMC) is the most robust method for device 
simulation, as it is proven to be reliable and predictive.  Consequently, there is 
interest in studying how to incorporate quantum effects into this method. 
 In Boltzmann transport theory (BTT), processes are viewed on a coarse-
grained time scale t >> τcoll, where τcoll is the collision duration time.  In fact, 
BTT is more limited, as the time scale over which changes in the distribution 
function occur is required to be larger than any relevant relaxation times for 
momentum, energy, etc.  In addition, each collision is treated as completed 
process prior to the next one, and is local in both space and time—e.g., there is 
no time duration to the scattering process, it occurs at a single point, and there is 
no multiple scattering—as well as being independent of any driving fields.  It is 
often assumed that any deviation from these assumptions requires a quantum 
transport approach. In fact, coarse-grained time is a property of BTT itself, 
rather than of classical transport, as it neglects the convolution in the scattering 
integral that is important at short times.   While this is certainly important in 
quantum transport, treatments can be expressed in classical transport [3].  Such 
non-Markovian behavior is intrinsic to EMC, and explicit in molecular 
dynamics.  As a result, the factors that separate classical transport from a 
quantum treatment are the locality of the scattering and the non-interference of 
driving and relaxation forces.  These effects are closely connected.   
 In BTT, the independence of the scattering events means that the energy is a 
well-defined function of the carrier momentum.  If we define the carrier energy 
as ωh=E , and the momentum is defined through a function Ek(k), then semi-
classical treatments assume that the spectral density function (the relation 
between ω and k) is given by 

  )(),( kEkA −= ωδω h . (1) 

Here, the energy is defined only on the shell determined by Ek.  The most 
common breakdown occurs in heavily-doped systems, where the electron (or 
hole) density is high.  The many-body interactions among the carriers lead to a 
renormalization of the energy bands (referred to as “band-gap narrowing” in the 
semiconductor device world) and dressing of each particle leads to a change in 
the effective mass.  The spectral density A(k,ω) is no longer defined by Eq. (1).  
As a result, the energy is no longer easily connected to the function Ek,  and off-
shell contributions are made in each of the important interactions.  In near 
equilibrium situations, quantum transport may be handled through Green’s 
functions, either the zero-temperature Green’s functions used for low 
temperatures, or the thermal Green’s functions used for thermal-equilibrium 
systems. Perhaps the most important goal of these treatments is the 
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determination of the spectral density and the modified density-of-states function 
that results from it.  However, neither of these approaches are suitable for the 
far-from-equilibrium transport that occurs in semiconductor devices.  Although 
non-equilibrium (real time) Green’s functions (NEGF) have been suggested for 
this, this approach has not addressed the issue of the non-locality of the 
scattering [4]. 
 The non-locality of the scattering processe arises due to the fact that the 
collision actually requires a non-zero amount of time to complete.  This is 
different from the non-locality of quantum mechanics itself.  Here, the scattering 
process has an interaction volume and a collision duration time, both of which 
violate the assumptions of BTT.  These effects also allow for multiple collisions 
to occur simultaneously, and carrier-carrier, and carrier-impurity scattering can 
be treated  through a real-space Coulomb interaction within the ensemble Monte 
Carlo approach. These easily incorporate this multiple scattering effect [5,6].   
However, the inclusion of the collision duration time, and the non-locality of the 
scattering, is a fully quantum mechanical effect, although attempts have been 
made to include them in some ensemble Monte Carlo techniques [7].   

FIG. 1.  Conceptual picture of an electron absorbing a phonon near a potential barrier. 
 
 Why this becomes important can be understood by consideration of Fig. 1, 
where we show an initial and final state of a phonon absorption process in the 
presence of a very inhomogeneous conduction band edge—just the type of 
conduction band edge that one finds in a typical device.  Here, a particle 
approaches a potential barrier and absorbs a phonon near the barrier.  
Classically, the transition indicated in Fig. 1 is forbidden,  as it is non-local in 
space.  Absorbing a  phonon normally leads to an increase in the momentum 
wave vector, but here the final state has a lower value of momentum wave 
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vector due to the increase in the potential energy.   The horizontal lines are 
meant to estimate the spatial extent of the wave packets.  The energy that is 
conserved is the total energy, not just the kinetic energy.  In Fig. 1, it is the 
intra-collisional field effect [8] which rapidly changes the momenta of the two 
states with position (time).   
 So far, nothing has been said about the size quantization of a device 
structure, which itself is thought to introduce a need for quantum transport.  The 
effect of  this size quantization on the density response to a bias change is an 
important effect in devices, and is perhaps the first quantum effect that is 
important to consider, even though it does not require a full quantum transport 
treatment.  In some sense, the size quantization is a problem, in which one must 
begin to worry about the effective size of the carriers themselves [9].  As we will 
see in the next section, it is this latter concern that leads to an effective potential 
which allows for the consideration of size quantization in a semi-classical Monte 
Carlo transport treatment of the device.  Following this, we turn to a Wigner 
transport picture, but with a Monte Carlo that is modified to account for phase 
interference and the no-locality of quantum mechanics itself, and which 
incorporates the non-locality of scattering into a Monte Carlo transport 
treatment,.  Finally, we discuss some residual problems of general quantum 
transport that become quite important for small semiconductor structures. 
 

2.  The Effective Potential 
 
Quantum confinement is known to occur in the channel of MOSFETs in the 
direction normal to the oxide interface.  For quite some time, there has been a 
desire to categorize this quantization and determine the role it plays in 
semiconductor devices.  This may be found by solving the Schrödinger and 
Poisson equations to find the charge and the changes in mobility and capacitance 
[10], but this is often too difficult to repeat often in the device simulation.  More 
recently, a quantum potential was included as a correction to the self-consistent 
solutions of the Poisson equation [11].  This latter approach is called the 
“density-gradient” approach, since the quantum potential is defined in terms of 
the local density.  We follow a different approach, which introduces an effective 
potential.  Here, the natural size of an electron wave packet is used to introduce 
a smoothing of the local potential (found from Poisson’s equation) [12].  This 
approach naturally incorporates the quantum potential, which is an 
approximation to the effective potential.  The effective potential follows two 
trends that have been prominent in statistical physics during most of the 
twentieth century (and into the current century).  These are the non-zero size of 
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an electron wave packet and the use of a modified potential to describe quantum 
effects within classical statistical mechanics.     
 

2.1  Defining the Effective Potential 
 
The wave packet in real space includes contributions from all occupied plane 
wave states [9].  That is, the states that exist in momentum space are the Fourier 
components of the real-space wave packet.  Hence, the phase space is important.  
The have been a number of studies of the manifestation of classical phase-space 
structure in quantum systems [13].  These have shown that meaningful, sharp 
structure can exist in quantum phase-space representations, and can be used to 
explain quantum dynamics; e.g. to study the quantum effects that arise in 
otherwise classical simulations.  The use of a Gaussian wave packet as a 
representation of the classical particle is the most common basis (the well-
known coherent-state representation).  Here, the phase-space representation of 
the quantum density localized at point x is given by [14-16] 
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The problem is to find the value of the spatial spread of the wave packet, which 
is defined by the parameter σ. 
 At the same time, there has been interest in methods which allow the 
reduction of quantum calculations to classical ones, through the introduction of a 
suitable effective potential.  The earliest known approach was provided by 
Wigner [17], where he introduced an expansion of the classical potential in 
powers of h  and β = 1/kBT.  This series leads to the well-known Wigner-
Kirkwood expansion of the potential often used in solutions for the Wigner 
distribution function.  However, the series has convergence problems in cases 
with sharp potentials, such as the Si-SiO2 interface.  Feynman [18] found a 
similar result, but also introduced a different approach, in which an effective 
potential is found from the free energy.  For the case of a free particle, the exact 
variational minimization leads to a Gaussian weighting of the potential around 
the classical path, and this automatically includes quantum effects into the 
trajectory.  Indeed, Feynman found that the smoothing parameter σ should have 
the value 
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where λD is the thermal de Broglie wavelength.  The connection of this to our 
earlier wave packet lies in the fact that the total Hamiltonian for a spatially 
varying potential involves weighting the potential at x by the density at this 
position.  The Gaussian spread of the density is easily transformed into a 
Gaussian weighting of the potential [12], so that these approaches are consistent.  
The effective potential approach has been reviewed by Cuccoli et al. [19].  In Si, 
Eq. (3) gives a value of 0.52 nm for the value in the direction normal to the 
interface (at room temperature).  A different mass would be used for transport 
along the channel, and this gives a value of 1.14 nm. 
 
2.2  Device Simulation 
 
The device structure is an n-channel SOI MOSFET, whose structure is shown in 
Fig. 2.  The gate length is taken to be 40 nm including a 2 nm overlap of the 
uniformly-doped source and drain regions, which were each 50 nm in length.  
The device width was taken to have a relatively large value of 0.48 µm to 
provide smoother current calculations.  The silicon film thickness was TSi = 5 
nm, the gate oxide Tox = 2 nm, the buried oxide TBOX = 35 nm, and the channel 
was doped uniformly at a level of NA = 5×1017 cm-3.  In Fig. 3, we plot the 
potential in the device.  The gradual decrease of the potential from the two 
oxides (the gate oxide and the buried oxide) is a result of the smoothing of the 
actual sharp potential by the Gaussian functions of Eq. (2).  It is this smoother 
potential that leads to the size quantization in the channel and reflects this in the 
transport of the carriers. 
 

 
Figure 2.  SOI MOSFET device schematic.  The dimensions are discussed in the text. 
 
 Transport is treated by a standard ensemble Monte Carlo technique.  In 
addition to surface roughness scattering, we have included acoustic phonon 
scattering, and optical phonon absorption and emission for the f and g, 0th and 1st 
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order processes.   We include surface roughness as an additional scattering rate 
calculated for a given effective field, given by the normal approach, as: 
 
 

Figure 3.  The smoothed effective potential for the SOI MOSFET, showing how the Gaussian 
smoothing takes out the sharp potentials at the oxide interfaces. 
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Here, we have used an exponential autocorrelation function to describe the 
surface roughness, as was detailed in [20].  The r.m.s. height of the surface 
roughness Δ is taken to be 0.48 nm, and the correlation length L is 1.3 nm.  
These values were found to provide good agreement to experimental mobility 
data.  We calculate the average normal field using 

 ( )sdepl
s

avg nNeE 5.0+=
ε

, (5) 

where Ndepl and ns are the areal depletion and inversion densities.   
 Figure 4 shows the results of the ID-VG simulations with an applied drain 
bias of 0.1 V.  The simulations including the effective potential show the 
characteristic shift towards higher threshold voltage that is typical when 
including quantum effects.   The ID-VD characteristics for the device are shown 
in Figure 5 for a gate bias of 0.3 V, which was the bias observed in Fig. 4 to be 
the point where surface roughness scattering was becoming appreciable.  As 
expected, the surface roughness scattering tends to decrease the drive current in 
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saturation for both the classical and effective potential simulations.  The 
classical simulations tend to have more charge in the channel at a given gate 
voltage, which results in increased surface roughness scattering.   
 

Figure 4.  ID-VG behavior of the SOI MOSFET for simulations performed classically or with the 
effective potential and with or without surface roughness scattering. 

Figure 5.  ID-VD characteristics for the SOI MOSFET with a gate bias of 0.3 V. 
 

3.  Quantum Transport with the Wigner Function 
 
As EMC relies on the particle nature of the electron, quantum effects associated 
with the wave-like nature of the electron are difficult to fully incorporated into 
the simulation.  In order to resolve quantum mechanical effects, the wave-like 
nature of the electron needs to be incorporated into the EMC.  One first 
approach was via the effective potential discussed in the previous section, but 
this does not account for quantum interference.  Hence, attention often is turned 
to the quantum mechanical Wigner distribution function (WDF), which has 
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found success in modeling resonant tunneling diodes (RTD) [21-23].  The 
similarities between BTT and the Wigner transport equation (WTE) [2,24], 
along with the fact that both utilize localized distributions, naturally leads to the 
conclusion that EMC should be a valid method for solving the WTE.  The main 
difference between the BTE and the WTE is the non-local potential term of the 
WTE, which differs from BTT by treating the potential term non-locally (and 
fully incorporates quantum effects such as tunneling and correlation).  This can 
cause the WDF to have negative parts.  Unlike BTT, the WDF is not a normal 
probability function in that it can have negative values (negative probabilities 
have been discussed by Feynman [25]).  An additional difference between direct 
solutions of the WTE and EMC solutions of BTT is that, although the physics 
that governs scattering in both transport equations is identical, incorporating 
scattering into the WTE is not an easy process and has not yet been fully 
achieved.  Hence, the two major tasks are to augment the Monte Carlo 
procedure to account for negative probabilities and to incorporate quantum 
nonlocal scattering. 
 
3.1  The Particle Affinity 
 
To account for negative parts of the WDF, we assign the particles a new 
property termed the affinity [26].  The affinity is a weight given to each particle 
that represents its contribution to the total charge distribution of the system.  The 
magnitude of the affinity is limited to ≤ 1, but it can take on negative values to 
account for negative probabilities.  By using Monte Carlo techniques to solve 
the WTE, augmented with the particle affinity, it is possible to incorporate 
quantum effects, such as tunneling, into a method previously unable to 
demonstrate such physical processes.  The WTE is given by 
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where the last term accounts for scattering, the second term is the “diffusive” 
term and the third term incorporates the potential in the system, and is given by 

 ( )[ ] ( ) ( )∫ ′+′′= tkkxfkxWkdtkxfθ w ,,,
2
1,,
hπ

,  (7a) 

where the kernel is 

 ( ) ( )∫ ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ ′

−−⎟
⎠
⎞

⎜
⎝
⎛ ′

+′′′=′
22

sin, xxVxxVxkxdkxW .  (7b) 



DKF 10 2002 

As V in Eq. (7b) is the total potential, which includes both the barrier and the 
self-consistent potentials, calculating such a kernel has to be continuously 
updated since the self-consistent potential is dynamic. This is a computational 
problem.  If the potential is second order or less, Eq. (7) reduces to [27] 

 ( )[ ] ( ) ( )
dk

tkxdf
dx

xdVtkxfθ w
,,1,,

h
= , (8) 

which is the classical force term of BTT. As the self-consistent potential is 
slowly varying, it is possible to decouple it from the barrier potential.  Hence, 
barrier potentials, which are static, are treated using Eq. (7) while the self-
consistent potential is included using Eq. (8). The final equation is  
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The first three terms of Eq. (9), together with the scattering term, are BTT.  The 
last term on the left-hand side is the quantum Wigner potential. 
 Two systems are now solved simultaneously.  The first is the particle 
system, which resembles a standard EMC.  That is, all particles in the system are 
treated classically as whole particles, and are scattered, drifted, and accelerated 
using the standard terms.  Once the above operations have completed, the 
Wigner distribution function is calculated from the particle’s position and 
affinity according to 

 ( ) ( ) ( ) ( )∑ −−=
i

iiw iAkkxxkxf δδ, ,  (10) 

where ki, xi and A(i) are the momentum, position and affinity, respectively, of 
the ith particle.  By constructing the distribution function, we then utilize Eq. (7) 
to calculate the non-local Wigner potential, which determines the change of the 
affinity that each particle experiences due to the quantum structure in the 
system. In this sense, the “particles” themselves do not see the quantum barriers, 
only their affinities “see” the barrier. 
 We are able to utilize full ensemble statistics by noting that any ensemble 
average takes the form 
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where Q is the quantity of interest.  If we set the particle affinity to 1 (i.e. a 
classical EMC), we regain the well-known definition of the ensemble. The total 
number of electrons in the system is therefore given as 

 ( )∑=
i

iAN .  (12) 

Because some A(i) < 0, we require the number of simulated particles to be much 
larger the number of electrons. To achieve this, we define a maximal envelope 
(ME), which is a larger particle distribution.  Here, the ME at any phase point is 
larger then the magnitude of fw, as if all A(i) =1.  The electron density is then 
spread physically over the ME ensuring that no one particle contributes more 
then 1 electron to the distribution.  The importance of using the ME is to ensure 
that enough particles are present not only to gain and lose affinity due to the 
NLP, but also to sample the entire phase-space of the WDF.  In Fig. 6, we plot 
the tunneling of a Gaussian wave packet through a single 3 nm, 0.3 eV barrier. 
Clearly observable are the reflected and transmitted parts, as well as the 
correlation that remains in the barrier region. The total wave function is termed a 
macroscopic quantum superposition [28]. 

Figure 6.  The Wigner distribution function for the correlation (C), transmitted (T), and reflected (R) 
wave packets. 
 
 We then simulate a 1-D (in space) RTD which consists of 3 nm, 0.3 eV 
barriers surrounding a 5 nm quantum well.  The barrier structure is centered in a 
30 nm lightly-doped (1016 cm-3) spacer region connected to 60 nm highly-doped 
(1018 cm-3) drift regions on either side. The device is considered to be entirely 
GaAs (m* = 0.067), which is degenerate at these doping levels.  Full Fermi-
Dirac statistics are used in the calculation, which is performed at 300 K.  Polar 
optical scattering, with both absorption and emission terms, is included using 
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standard EMC techniques. Self-consistency is included by solving the Poisson 
equation by a direct matrix inversion. Each bias point reaches steady-state 
within 2 ps.  The resulting I-V characteristics are shown in Fig. 7.  It is evident 
from this I-V characteristic that the method predicts the negative differential 
resistance expected in this device.  Furthermore, the peak and valley locations 
are approximately where expected.  

 
Figure 7.  Current voltage characteristics achieved by initially increases the bias from 0−0.5 V and 
then reducing the bias stepwise back to 0 V.  An additional forward bias run is also included to 
demonstrate that small differences in the currents are due to EMC noise.  
 
3.2  Nonlocal Scattering 
 
To treat non-local scattering, we need to account for two effects: (1) the 
collision duration and (2) the position change during the collision. The collision 
duration is the time required to build up correlation between the initial and final 
states and to then destroy this correlation once the collision has completed. This 
is typically a few femtoseconds [29,30], and is exponentially distributed [31,32].  
We generate the collision duration by a random number,  chosen by 
 )ln(rcolle ττ −= , (13) 
where r is a random number and τcoll is the mean collision duration time, which 
is of the order 1-3 fs [29]. 
 The change in position is a direct result of the collision duration, as it is a 
displacement of the final state by 
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where F is the electric field the electron experiences during the collision 
duration (the intra-collisonal field effect).  However, the interaction between the 
initial and final electron wave functions satisfies an overlap integral 

 ( ) ( ) ( )dxxxxxxI fi 0
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0, +ΨΨ= ∫ . (15) 

where x0 is given by Eq. (14).  Using the Gaussian wave of Eq. (2), this is 
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where σ is 1.9 nm in GaAs.  The probability density for the particle being 
displaced by x0 is then given by the square of the last term in Eq. (16).  As the 
displacement becomes large, the probability of finding a final state for the 
electron decreases. This probability is used to determine whether the event 
occurs or not via a rejection technique. 
   

Figure 8.  Average magnitude of the collision displacement during scattering vs. the position in the 
device.  The solid line is for a bias of 0.0 V and the dashed line is for a bias of 0.5 V. 
 
 We conserve the total energy during the scattering process (see Fig. 1), 
which leads to 

 ( ) ( )00 xxVxVEE pqp +−+±=± ωh . (17) 

In Fig. 8, we plot the average magnitude of the collision displacement as a 
function of position in the RTD for 0 and 0.5 V applied bias.  In the emitter and 
collector  regions, the average displacement is 0.6 nm, which corresponds to a 
thermal velocity, but still is smaller than σ.  At zero bias, an increase in the 
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displacement in the barrier region occurs due to the presence of a large electric 
field of the barrier.  The displacement then decreases due to lower electron 
energies in the well, and then again increases as electrons move into the well 
and sense the barrier.  As the device potential is symmetric in this case, the 
curve then repeats.  At 0.5 V, we see a large increase in the displacement 
downstream of the barrier.  This is caused by the large bias that is applied, 
which creates a rapidly decreasing potential across the barrier region, therefore 
subjecting electrons to larger fields.  It is clear that the ICFE only occurs in the 
presence of large electric fields, hence is observed primarily in this downstream 
region near the barrier.   
 

Figure 9.  (a) The electron number sampled over 2 ps in the barrier region of the RTD is plotted 
versus the energy change experienced during phonon scattering. (b) “zoom” of Figure 2 (a) to 
resolve finer details occurring around the barrier energy. 
 
 In Fig. 9(a), we plot the number of scattering events in the region of the 
quantum barriers, as a function of the energy change experienced by these 
electrons (negative corresponds to emission of polar optical phonons).  
Classically, delta functions are expected at the phonon energy.  However, we see 
broadened functions.  The broadening increases with larger bias, which is 
expected due to electrons interacting with the fields in the system. Electrons are 
allowed to scatter (by either absorption or emission) from low potential regions 
onto the barriers and vice versa, which is visible in the magnification in Fig. 
9(b).  It is clear that this effect is small, but does occur as expected.   
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4.  Some Concerns on Irreversibility 
 
Therer has been considerable interest in recent years, particularly in the Green’s 
function community, in using integration paths that return to the initial time.  In 
some sense, this assumes that the functions retain a full memory of the initial 
time, so that these paths exist.  In fact, this isn’t the case in systems where phase 
breaking destroys this memory.  We illustrate this for the density matrix.  The 
system of interest can be separated from the environment through the use of a 
projection operator [33,34], with the result that the reduced density matrix can 
be written as [35] 
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where the derivation depends upon the existence of the time-reversed operator 
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and 
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where L(t) is the original Hamiltonian super-operator.  Reversibility requires the 
existence of ( )t1−

22K , which is not guaranteed.  In fact, in the far-from-
equilibrium steady state, the right-hand side of  

 

( )
( ) ( ) ( ) ( )[ ] ( )

( ) ( ) ( ) ( ).00, 2
1

1

ρHKL

ρKKLL
ρ

222212

21221211

tttdi

ttttti
dt

td

E

S
S

−

−

+

−−=
 (21) 

must vanish.  Since this must occur regardless of the initial state, there is no 
unique initial state once the steady state have been achieved and no unique 
integration path back to the initial state. 
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