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ABSTRACT
In order to understand the response of conductive materials to high-frequency electrical or optical excitations,
the interplay between carrier transport and electrodynamics must be captured. We present our recent work on
developing EMC/FDTD/MD, a self-consistent coupled simulation of semiclassical carrier transport, described
by ensemble Monte Carlo (EMC), with full-wave electrodynamics, described by the ﬁnite-diﬀerence time-domain
(FDTD) technique and molecular dynamics (MD) for sub-grid-cell interactions. Examples of room-temperature
terahertz-frequency transport simulation of doped silicon and back-gated graphene are shown.
Keywords: terahertz, multiphysics, transport, FDTD

1. INTRODUCTION
Conductive materials (semiconductors, semimetals, and metals) and their nanostructures are used for a variety of
electronic, optoelectronic, and plasmonic applications. In these systems, carriers of charge (electrons and holes)
interact with applied electromagnetic ﬁelds, lattice vibrations, other charge carries and charged impurities, and
various structural defects. In order to understand the response of conductive materials to high-frequency electrical
or optical excitations, where the ﬁelds might vary considerably over the scale of the carrier relaxation time, one
must fully account for the interplay between carrier transport and electrodynamics.
In this paper, we present our recent work on developing a self-consistent coupled simulation of semiclassical
carrier transport with full-wave electrodynamics.1–7 Transport is described by the ensemble Monte Carlo (EMC)
technique, a stochastic solution to the Boltzmann transport equation. During the simulation, an ensemble
of carriers exhibit periods of free ﬂight under the inﬂuence of the local electromagnetic ﬁelds, interrupted by
scattering events. Full-wave electrodynamics is described by the ﬁnite-diﬀerence time-domain (FDTD) technique,
a well-known grid-based explicit numerical approach to solving Maxwell’s curl equations. In realistic materials,
two charge carriers or carriers and ions can be found at distances smaller than the grid-cell size; in order to
capture these short-range interactions, the molecular dynamics (MD) technique is employed. We discuss the
requirements for a successful coupling of the constituent techniques into a self-consistent EMC/FDTD/MD
solver, and show examples of ac transport in doped silicon and graphene.

2. CONSTITUENT TECHNIQUES OF EMC/FDTD/MD
2.1 Ensemble Monte Carlo (EMC)
EMC is a powerful stochastic method used for numerical simulation of carrier transport in semiconductors in the
scattering-limited (diﬀusive) regime.8–15 It has been used for almost four decades to accurately simulate carrier
transport properties of bulk semiconductors and semiconductor-based devices, and it provides a benchmark for
drift-diﬀusion and hydrodynamics equations approaches.9 EMC yields the numerical solution to the Boltzmann
transport equation
∂f
∂f
+ ⃗v · ∇⃗r f + F⃗ · ∇p⃗ f =
∂t
∂t

(1)
scatter
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where f (⃗r, p⃗, t) is the semiclassical distribution function, ⃗v is the carrier velocity, and F⃗ is the total force acting
on the carrier. f (⃗r, p⃗, t) describes the probability that a carrier exists within d3⃗r of position ⃗r and within d3 p⃗
of momentum p⃗ at time t. f (⃗r, p⃗, t) evolves in time according to Eq. (1) as a result of diﬀusion (included in
the second term) and carrier drift due to external forces (described by the third term). The collision integral
(described by the term on the right hand side of the equation) describes the impact of the material-speciﬁc
scattering mechanisms on the carrier ensemble.
EMC simulates carrier dynamics in semiconductors by tracking the evolution of a large ensemble of particles
[typically O(105 )] through time. Each carrier undergoes a series of scattering events and free ﬂights. A random
number generator is used to calculate the duration of each free ﬂight, choose the mechanism for the next
scattering event, and update the particle’s momentum and energy as needed, according to the appropriate
statistical probabilities. Momentum is updated during free ﬂight according to the Lorentz force,
⃗ + ⃗v × B),
⃗
F⃗ = q(E

(2)

⃗ and B
⃗ are the electric and magnetic ﬁelds, respectively. Macroscopic
where q is the carrier charge, while E
quantities of interest (such as charge density and drift velocity) are readily extracted via ensemble averages.

2.2 The ﬁnite-diﬀerence time-domain technique (FDTD)
FDTD is a highly accurate and eﬃcient computational technique for modeling electromagnetic wave interactions
with physical structures. Advances in absorbing boundary conditions, dispersive and nonlinear materials modeling, low-numerical-dispersion schemes, unconditionally stable schemes, and incident wave source conditions
make FDTD a highly attractive tool for electromagnetic analysis.16 FDTD is a direct numerical solution of the
time-dependent Maxwell’s curl equations,
µ

⃗
∂H
⃗ −M
⃗,
= −∇ × E
∂t

ϵ

⃗
∂E
⃗ − (J⃗ + σ E),
⃗
=∇×H
∂t

(3)

⃗ and H
⃗ are the electric and magnetic ﬁelds, respectively, ϵ, µ, and σ are the permittivity, permeability,
where E
⃗ are the electric and magnetic source current densities.
and conductivity of the medium, and J⃗ and M
The fully explicit FDTD algorithm is obtained by numerically approximating the spatial partial derivatives
in Eqs. (3) with centered ﬁnite diﬀerences, and numerically integrating the resulting system of spatial diﬀerence
equations with respect to time via a centered ﬁnite-diﬀerence approximation of the temporal partial derivatives.
⃗ and H
⃗ in time yields an eﬃcient leapfrog time-marching scheme wherein all of the E
⃗
The staggering of E
⃗
components are updated at time step n (corresponding to a physical time of n∆t) using previously stored H
⃗ components are updated at time step n + 1/2 using the just computed E
⃗ data.
data, and then all of the H
⃗ H,
⃗ J,
⃗ and M
⃗ – are positioned relative to each other according to the
The grid-based vector quantities – E,
⃗ and H
⃗ over one grid cell in a 3D
Yee grid cell shown in Fig. 1.17 Figure 1 illustrates the staggered sampling of E
Cartesian spatial lattice. Each vector component of J⃗ is spatially collocated with the corresponding component
⃗ M
⃗ and H
⃗ are similarly collocated. Position within the discrete grid is deﬁned in terms of grid indices
of E;
(i, j, k). The grid point at (i, j, k) has physical location [x(i), y(j), z(k)] where x(i) = i∆x, y(j) = j∆y, and
z(k) = k∆z. The 3D FDTD grid used in this EMC/FDTD/MD implementation is deﬁned with cubic grid cells,
where ∆x = ∆y = ∆z.
Domain boundaries may be treated by any of several techniques, the most popular of which is the perfectly
matched layer (PML) absorbing boundary condition.18 There are many variations on the original PML formulation, designed to attenuate outward-propagating radiation and minimize reﬂections from the domain boundary
under various special circumstances.19 Thus the main grid is electromagnetically isolated from the grid boundary, permitting ﬁnite-grid representation of an inﬁnite space. Other boundary conditions, such as fully reﬂecting
boundaries or transparent periodic boundaries, may alternatively be enforced, to suit a particular application.16
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Figure 1: Illustration of the staggered electric and magnetic ﬁeld components about a single Yee cell in a 3D space
lattice. The axis origin is positioned at index (i, j, k), and the opposite corner has index (i + 1, j + 1, k + 1). Each
electric ﬁeld component, on the edge of the cell, is surrounded by four circulating magnetic ﬁeld components.
Likewise, each magnetic ﬁeld component, normal to the face of the cell, is surrounded by four circulating electric
ﬁeld components. Reprinted with permission from [4], K. J. Willis, S. C. Hagness, and I. Knezevic, “Multiphysics
simulation of high-frequency carrier dynamics in conductive materials,” J. Appl. Phys. 110, 063714 (2011).
c
⃝2011,
American Institute of Physics.

2.3 Molecular dynamics (MD)
In metals and semiconductors with higher doping densities, the strong Coulomb force between charged particles
signiﬁcantly impact materials properties.20 The diﬃculty of accurately incorporating the strong Coulomb interaction into computational techniques is a long-standing problem.20 The molecular dynamics (MD) technique
has been described as the ideal and natural way to account for charged particle interactions in materials, and,
when combined with EMC, it has predicted materials properties with very high accuracy.21–23 However, the
technique is very computationally intensive, and for that reason it has generally been avoided in the computational electronics community. Additionally, the fully-classical MD implementation cannot accurately describe
high-n0 materials, where the exchange interaction between indistinguishable electrons signiﬁcantly aﬀects bulk
properties.24–26
Molecular dynamics describes the behavior of collections of particles with binary particle-particle interactions.27 For an ensemble of electrons and ions, MD ﬁnds the pairwise electrostatic force between each carrier
and all other carriers and stationary ions in the vicinity. In an ensemble of Nelec electrons and Nion ions, the
MD prediction for the net Coulomb force acting on the ith electron is
F⃗i =

N
elec
∑
j̸=i

N
ion
∑
q2
qQ
r̂
+
r̂ij
ij
2
4πϵ(⃗ri − ⃗rj )
4πϵ(⃗ri − ⃗rj )2
j=1

(4)

where Q is the ion charge, ϵ is the static material permittivity, r̂ij = (⃗ri − ⃗rj )/|⃗ri − ⃗rj |, and ⃗ri is the position of
the ith particle. In the particle solver, the MD forces describe the full electrostatic system. The MD technique
avoids assumptions about screening lengths or the number of particles likely to participate in any particular
interaction, and it naturally incorporates all collective ensemble behavior.21, 23 In addition, the MD technique
has been extended to describe exchange interaction between indistinguishable electrons.24–26 Even with small
numbers of particles, the combined EMC/MD solver has been previously used to accurately predict low-frequency
behavior in semiconductors and devices.21–23
The fundamental MD calculation is conceptually simple but computationally intensive for large carrier ensembles, scaling with the number of particles as N 2 .11, 28 It is very time consuming to calculate the force on each
particle by iterating through the rest of the ensemble. However, the Coulomb interaction can be divided into
a short-range component, which describes interactions among the particles separated by a couple of grid cells,
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and a long-range component.20, 22, 29 The long-range part of the Coulomb interaction is quickly and accurately
described by the ﬁeld solver, and the short-range part is described by MD. The EMC/FDTD/MD simulation
presented here calculates the long-range Coulomb interaction with FDTD and the short-range interaction with
MD.4

2.4 Coupling the techniques
In EMC/FDTD/MD, the three solvers are coupled at every time step to describe carrier dynamics under applied
electromagnetic stimulation with full Coulomb interaction among particles (Fig. 2). FDTD electromagnetic
ﬁelds and MD electrostatic ﬁelds accelerate EMC carriers through the Lorentz force, F⃗ , in Eq. (1). EMC carrier
⃗ thereby acting to source FDTD ﬁelds in Eq. (3), and instantaneous carrier position deﬁnes
motion deﬁnes J,
MD ﬁelds in Eq. (4). We note that there are three additional elements, critical for self-consistent coupling of the

Figure 2: Conceptual ﬂowchart of the simulation process. FDTD electromagnetic ﬁelds and MD electrostatic
ﬁelds combine to accelerate EMC carriers through the Lorentz force. EMC carrier motion sources FDTD ﬁelds
⃗ Instantaneous carrier positions deﬁne MD ﬁelds. Reprinted with permission from [4] K. J. Willis, S. C.
via J.
Hagness, and I. Knezevic, “Multiphysics simulation of high-frequency carrier dynamics in conductive materials,”
c
J. Appl. Phys. 110, 063714 (2011). ⃝2011,
American Institute of Physics.
constituent technques: (1) satisfying Gausss law in FDTD through proper ﬁeld initialization and enforcement of
the continuity equation, (2) avoiding double-counting of Coulomb ﬁelds in FDTD and MD, and (3) attributing
ﬁnite radii to electrons and ions in MD for accurate calculation of the short-range Coulomb forces. Morover,
there are a number of implementation details of great importance for ensuring numerical eﬃciency and stability,
such as the choice of the right mesh cell size and time step in the simulation. For details, we refer the reader to
the comprehensive Ref. 4.

3. EXAMPLE: THZ-FREQUENCY CONDUCTIVITY OF DOPED SILICON
We use the 3D EMC/FDTD/MD solver to examine carrier dynamics in doped silicon (ϵr = 11.7) under applied
electromagnetic ﬁelds. The EMC/FDTD/MD region is embedded within the larger FDTD domain. In this work,
the EMC describes carrier dynamics in n−type silicon at room temperature in the low-ﬁeld regime. We use the
eﬀective mass approximation with ﬁrst-order nonparabolicity.8 Acoustic intravalley and zeroth-order intervalley
phonon scattering are included via semiclassical scattering rates.30 All material parameters and constants are
taken from Ref. 31. Coulomb interaction is treated via FDTD and MD, and therefore we do not use explicit
scattering rates to describe ionized impurity, plasmon, or carrier-carrier scattering. The Pauli exclusion principle
is enforced for each scattering event with the rejection technique.8
The incident TEM ﬁeld is linearly polarized; the dominant force applied to the carriers is directed along
the direction of polarization (z). We drive carrier motion in the coupled region via ﬁelds sourced from the
total-ﬁeld scattered-ﬁeld (TFSF) boundary,16 which extends the height of the FDTD grid in the direction of
polarization. In the open-region simulations discussed here, grid boundaries perpendicular the directions normal
to the polarization (x and y) are treated with convolutional PML (CPML).16, 19 In order to better represent a bulk
material, EMC enforces specular reﬂection of carriers from the boundaries normal to x and y. The boundaries
normal to z are treated with periodic boundary conditions in all three solvers, permitting unrestricted carrier
motion and continuous electromagnetic interaction in the z direction.
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Figure 3: THz conductivity of n-type silicon with carrier density n0 = 5.47 × 1014 cm−3 (top row) and n0 =
3.15 × 1016 cm−3 (bottom row). The dotted lines show the Drude model prediction for the conductivity, based
on the known doping density and mobility of the material. The solid lines indicates the analytical ﬁt to the
experimental data. σ̂ calculated by EMC/FDTD/MD is shown with open circles, with a dashed line to guide the
eye. The numerical data for (σ̂) demonstrates excellent agreement with the experimental conductivity. Reprinted
with permission from [4], K. J. Willis, S. C. Hagness, and I. Knezevic, “Multiphysics simulation of high-frequency
c
carrier dynamics in conductive materials,” J. Appl. Phys. 110, 063714 (2011). ⃝2011,
American Institute of
Physics.
We compare the eﬀective conductivity calculated by EMC/FDTD/MD with published experimental results
for doped silicon at THz frequencies, obtained via reﬂecting THz time-domain spectroscopy (THz-TDS).32 The
complex conductivity is given for two n−type silicon samples with dc resistivities of 8.15 Ω cm and 0.21 Ω cm,
corresponding to n0 = 5.47 × 1014 cm−3 (top row in Fig. 3 ) and n0 = 3.15 × 1016 cm−3 (bottom row in
Fig. 3). 33 The analytical best ﬁt of the Cole-Davidson model to experimental data is given by Ref. 32. The
Cole-Davidson ﬁt can be regarded as a faithful representation of the experimental data, especially at the lower
doping density where the experimental data show low noise. EMC/FDTD/MD results are indicated with open
circles and a dashed line to guide the eye. The numerical prediction for conductivity shows excellent agreement
with experiment.

4. EXAMPLE: THZ-FREQUENCY CONDUCTIVITY OF BACK-GATED
GRAPHENE
In recent years, considerable attention has been given to the optoelectronic,34 plasmonic,35–37 terahertz,38, 39 and
radio-frequency40 applications of graphene. An important factor in evaluating the potential of graphene for these
applications, especially in the THz range , is its complex conductivity σ(ω), where ω is the angular frequency of
the excitation.41, 42
The room-temperature electron dynamics in supported graphene are simulated with charged impurities distributed near the interface between graphene and the substrate. A typical geometry used in experiments consists
of exfoliated or chemical vapor deposition (CVD)-grown graphene transferred onto an insulating substrate. The
most commonly used insulating substrate is a 300-nm-thick SiO2 layer on top of a Si wafer. In the back of
the Si wafer is a gate, used to tune the carrier density in the graphene layer. In the simulations here, the
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Figure 4: Real part of σ(ω) as a function of frequency. (a) Calculated values based on the EMC/FDTD/MD
simulation (squares, triangles, and circles) match, respectively, the experimental data from Refs. [48] (blue: UC
Irvine), [49] (red: UC Berkeley), and [50] (black: Rice University). Dashed lines are Drude-model ﬁts to the
simulation data. (b) Calculated values with diﬀerent types of impurity distributions, i.e., clustered (squares,
NI = 7 × 1011 cm−2 ) and uniform random (x symbols, NI = 7 × 1011 cm−2 and NI = 2.2 × 1012 cm−2 ), compared
to the experimental data from the Rice group.50 Reprinted with permission from [7], N. Sule, K. J. Willis, S. C.
Hagness, and I. Knezevic, “Terarahertz-frequency electronic transport in graphene,” Phys. Rev. B 90, 045431
c
(2014). ⃝2014,
American Physical Society.
carrier density is assumed to be tuned by shifting the Fermi level in graphene and the Si-wafer is not explicitly
included. Diﬀerent insulating substrates are modeled by using their appropriate values of the dielectric constants, ϵs . Moreover, we take into account the modiﬁcations to the Fermi velocity, vF , and dielectric constant of
graphene, ϵg , due to the substrate.43, 44 The electronic tight-binding Bloch wave functions are used to calculate
the electron-intrinsic-phonon scattering rates in graphene based on Fermi’s golden rule.45 For graphene on a
substrate, we also calculate the electron-surface optical (SO) phonon scattering rates.46, 47
Charged impurities in the substrate are modeled by assuming a distribution of singly charged positive ions
down to a depth of 10 nm from the graphene layer; impurities deeper than 10 nm have been shown to have a
negligible eﬀect on transport.6 The clustered impurity distributions are generated to have a given average cluster
size and a generally Gaussian autocorrelation function.6
Figure 4a shows that the real part of σ(ω) calculated by the EMC/FDTD/MD method reproduces experimental data with very good agreement. The impurity density NI is the only variable parameter and a clustered
impurity distribution is assumed.6 The solid lines are experimental results for graphene on SiO2 at room temperature [blue: UC Irvine (UCI) team;48 red: UC Berkeley (UCB) team;49 black: Rice University team50 ].
The symbols (squares, triangles, and circles) represent our simulation results and the dashed lines are ﬁts to
the simulation data using the Drude model. We have assumed the same carrier densities as estimated in the
experiments, which are n = 1.8 × 1012 cm−2 (UCI),48 7.9 × 1012 cm−2 (UCB),49 and 7.7 × 1011 cm−2 (Rice).50
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The impurity densities that yield the best match to the experimental data of UCI, UCB, and Rice are, respectively, NI = 5 × 1011 cm−2 , 8 × 1011 cm−2 , and 7 × 1011 cm−2 . These impurity densities, providing an excellent
agreement between the simulation and experimental data, are reasonable and quite likely in typical samples.51
In 4b, the real part of σ(ω) is compared for clustered (squares) and uniform random (x symbols) impurity
distributions with the experimental data from Rice University50 (solid line). It is clear that, with a uniform
random distribution of impurities, a good ﬁt to experiment cannot be obtained even with extremely high values
of NI , which presents further evidence that typical supported graphene samples contain clustered impurities.6
For a given impurity density (NI = 7×1011 cm−2 ), a uniform random impurity distribution results in higher conductivity at low frequencies (f<2 THz) and lower conductivity at high frequencies than the clustered distribution.
Based on ﬁtting the calculated frequency-dependent conductivity to the Drude model for the uniform random
and clustered impurity distributions for the same NI = 7 × 1011 cm−2 , we ﬁnd that the eﬀective scattering rate
for the uniform random distribution (Γ = 2 THz) is much lower than that for the clustered distribution (Γ = 5
THz). The higher eﬀective scattering rate for electrons with a clustered impurity distribution is expected, since
the electrons trapped near the charged clusters scatter more frequently from the Coulomb potential.

5. CONCLUSION
We overviewed our team’s recent work on developing a robust and versatile multiphysics simulation technique
for a self-consistent description of charge transport coupled to electromagnetic ﬁelds. This type of simulation
is critical in order to understand the full capabilities of both established and novel conductive materials, such
as graphene and layered van der Waals heterostructures,52 for high-frequency electronic, optoelectronic, and
plasmonic applications.
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