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Abstract This paper presents a self-consistent thermal
model for quantum cascade lasers (QCLs) that takes into
account the nonuniform heat generation distribution in the
active region as well as the temperature dependences of the
heat generation rate and thermal conductivity. The model
extracts the heat generation rate from the electron-optical
phonon scattering recorded during the ensemble Monte
Carlo (EMC) simulation of electron transport in a single
QCL stage at different temperatures. The extracted heat
generation rate, in conjunction with temperature-dependent
thermal conductivities, enables us to solve the nonlinear heat
diffusion equation in a self-consistent manner. The model is
used to investigate the cross-plane temperature distribution
throughout a 9.4 µm infrared GaAs-based QCL. The nonlinear effects stemming from the temperature dependence of
thermal conductivity and the heat generation rate are studied. Finally, the accuracy of using the equivalent uniform
heat source with the total power obtained from experiments
to model the thermal performance of QCLs is evaluated and
discussed.
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1 Introduction
Quantum cascade lasers (QCLs) are promising compact
mid-infrared (mid-IR) and terahertz (THz) laser sources for
industrial, environmental, medical, and security applications
[1–4]. The performance of QCLs have improved greatly during the past decade owing to improvements in design, fabrication, and thermal management [5, 6]. Room-temperature
continuous-wave (RT-cw) operation has been achieved in
mid-IR QCLs [7–14] with the output optical power as high
as 5 W [14].
One of the key limiting factors for the RT-cw operation of QCLs is the high temperature in the active region
that stems from the high electrical power and poor heat extraction [7, 15]. The inefficient heat extraction is a result
of the low thermal conductivity in the active core, as well
as the poor thermal coupling of the active region to the
heat sink [15]. The thermal conductivity of the active region is anisotropic owing to the multilayered heterostructures. Because of the strong phonon-interface scattering, the
phonon mean free path is on the order of the layer thickness [16, 17], and the cross-plane thermal conductivity of
the heterostructure, κ⊥ , is lower by an order of magnitude
than the corresponding bulk thermal conductivities of the
constituent materials [18, 19], while the in-plane value κ
remains close to the bulk value. In addition, ridge waveguides with substrate-side mounting are typically used for
QCLs because of their strong current confinement and convenience in processing [20]. The major heat dissipation path
provided by this mounting method is through the substrate to
the attached heat sink, which is limited by the large thermal
resistance of the thick substrate [21]. A variety of new bonding methods have been implemented to alleviate this limit
by providing additional paths such as the buried heterostructure waveguide [14], the gold-covered double-channel ridge
waveguide [10] and epitaxial-side heat sinking [9].
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As a result of the application of a high electric field, electrons in QCLs become “hot” (electronic temperature Te becomes significantly higher than that of the heat sink). Each
energetic electron can emit multiple optical phonons, which
causes the optical phonon distribution to deviate strongly
from equilibrium [22]. The optical phonon system cools
downs primarily by anharmonic decay of the slow optical
phonon into the faster acoustic phonons. Overall, the lattice
temperature TL exceeds that of the heat sink and becomes
strongly stage- and position-dependent. The high electron
temperature also leads to the thermally induced leakage of
electrons into delocalized continuum-like states [23]. This
process severely degrades the injection efficiency and the
population inversion, which are the crucial requirements to
achieve lasing [24]. Therefore, the knowledge of the electron and phonon temperature distribution and heat transfer
in QCLs is critical for their design and thermal management.
In order to model the thermal behavior of QCLs, the
heat diffusion equation with appropriate boundary conditions is usually solved [15, 21, 25–27]. Numerical methods such as the finite-difference method [21] and the finiteelement method [27] have been successfully implemented
on the thermal simulation of QCLs. For a rigorous thermal analysis, it is necessary to include the temperaturedependence and anisotropy of the thermal conductivities in
the active region, since the maximum temperature difference throughout the entire structure can be several hundred
Kelvin [21, 26, 27]; structures with such pronounced heating can typically not achieve RT-cw lasing. On the other
hand, most models [15, 21, 25–27] treat the heat generation
rate throughout the active region as a single constant value
estimated from the measured operating voltage and current.
However, the actual heat generation rate under a given bias is
not only a function of position because of the non-uniform
temperature distribution, but it also changes with temperature and hence introduces additional nonlinearity [27]. At
the design stage, it is desirable to have knowledge of this
nonlinear heat source term under different electrical fields
in order to investigate the overall thermal performance.
In this paper, we present a self-consistent thermal model
for QCLs that takes the nonuniform distribution of the heat
generation rate in the active region into account, as well
as the temperature dependence and anisotropy of the lattice thermal conductivity. We calculate the distribution of
the heat generation rate by counting the electron-phonon
scattering events during the EMC simulation of the electron
transport at different temperatures, and collect the results
into a look-up table as the heat source model. We then discretize a nonlinear steady-state heat diffusion equation with
a heat source model and a temperature-dependent thermal
conductivity using the finite difference method and solve the
resulting matrix equation iteratively to calculate the temperature distribution in the QCL. We apply the model to investigate the thermal performance of a GaAs/Al0.45 Ga0.55 As

mid-IR QCL [28], and investigate the importance of nonlinear effects due to nonuniform heat generation and a nonuniform, anisotropic thermal conductivity by switching off their
temperature dependences in turn in the simulation. Furthermore, we investigate the accuracy of using an equivalent
uniform heat source in the thermal simulation of QCLs by
comparing its result with the one calculated by our selfconsistent thermal model. We conclude that if the total rates
of heat dissipation in the entire active region that are used
in the two methods are close, the calculated temperatures
will agree well. However, the heat generation rate used in
the equivalent uniform heat source model must be extracted
from the current-voltage characteristics measured in experiments and under the actual thermal condition, while the selfconsistent thermal model enables the prediction even in the
QCL design stage.
This paper is organized as follows. In Sect. 2, a selfconsistent thermal model for QCLs is presented. Details
of the method to extract the non-uniform and temperaturedependent heat generation rate in the active region from the
EMC simulation are introduced. In Sect. 3, the numerical
results of the temperature distribution of a 9.4 µm GaAsbased QCL is presented and the nonlinear effect of each
temperature-dependent parameter is discussed. Finally, the
accuracy of using the equivalent uniform heat source in the
thermal simulation is evaluated and discussed.

2 Thermal model
The dominant path of heat transfer in the QCLs starts by efficient energy transfer from the hot electrons, accelerated by
the electric field, to optical phonons, which have negligible
group velocities, followed by the anharmonic decay of optical phonons into acoustic phonons, which have a high group
velocity and are efficient at diffusing heat [29–31]. By neglecting the diffusion of the optical phonons, this coupled
system is governed by the energy conservation equations:


∂We 
∂WLO 
∂WLO
=
−
,
(1a)
∂t
∂t coll
∂t coll

∂WA
∂WLO 
= ∇ · (κA ∇TA ) +
,
(1b)
∂t
∂t coll
where We , WLO , and WA are the electron, optical phonon,
and acoustic phonon energy densities, respectively. The collision term (∂We /∂t)coll denotes the optical phonon energy
net generation rate due to scattering with electrons, while
(∂WLO /∂t)coll accounts for the decay of optical phonons
into acoustic phonons. κA is the thermal conductivity and
TA is the acoustic phonon (lattice) temperature. The term ∇ ·
(κA ∇TA ) captures the heat diffusion dominated by acoustic phonons. For the steady-state cw operation of QCLs, the
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rate of energy due to optical phonon generation ∂We /∂t|coll
is equal to the energy delivered from optical phonons to the
acoustic phonon bath per unit time ∂WLO /∂t|coll according to the energy conservation of the optical phonon system
shown in (1a). Based on the above assumptions and discussions, the steady-state heat diffusion equation is recovered
from (1b), with the electrons-optical phonons collision term
playing the role of the heat source:
−∇ · (κA ∇TA ) =

∂We
|coll .
∂t

(2)

Notice that ∂We /∂t|coll depends on the optical phonon temperature TLO , which is generally different from the acoustic phonon temperature TA . TA can be found from the heat
equation [see (2)], while TLO depends on the heat flux from
electrons and the heat flux to acoustic phonons [see (1a)].
It is very challenging to calculate the actual value of TLO ,
and TA = TLO is typically assumed [29]. To obtain the collision term on the right-hand side of (2), detailed knowledge
of how electrons interact with optical phonons during transport is required, which can be accomplished by ensemble
Monte Carlo (EMC) simulation [32] of electron transport in
QCLs [33–39].
Within a single QCL stage, electrons are described by
wavefuncions corresponding to discrete energy levels in the
cross-plane z direction, while their in-plane dynamics is described by plane waves and a continuous energy spectrum.
If we neglect the coherent tunneling current (a reasonable
approximation in mid-IR QCLs [40, 41]), the electron transport in the cross-plane direction consists purely of scattering (hopping) between subbands, and is governed by the
Boltzmann-like transport equation [37, 38]:



d
fα (k) =
Sα  α (k , k)fα  (k ) 1 − fα (k)
dt
k α 


− Sαα  (k, k )fα (k) 1 − fα  (k )

added up to obtain the heat source term in (2) [43]:


n
∂We 
=
(ωems − ωabs ),
Q=

∂t coll Nsim tsim

where Q is the heat generation rate in the active region, n
is the electron density, while Nsim and tsim are the number of particles and the simulation time in EMC simulation, respectively. ωems and ωabs are the energies of the
emitted and absorbed optical phonons due to the transitions
between different subbands, respectively, each emitted (absorbed) phonon is recorded and its energy added to (subtracted from) the sum on the right-hand side of (4). After Q
is extracted from a set of EMC simulation runs under different temperatures, the heat diffusion equation can be solved
by the finite-difference method and the temperature distribution of the QCL can be obtained.
Even though the EMC simulation provides us with detailed information on each electron-optical phonon scattering event, determining the position where these optical
phonons are actually emitted or absorbed is not straightforward. In QCLs, the wavelike behavior of electrons in the
cross-plane direction dictates that only the probability density of finding an electron at a given position can be known
from its wave function. After the scattering, an electron may
end up in another subband with a completely different probability distribution. On the other hand, embedding the information on the optical phonon generation into the heat
source term using (4) requires an exact position of each optical phonon, so there is an obvious contradiction. We propose
a method to bridge this gap by observing that the probability to find an electron in state α and within a small grid z
centered at zi can be calculated by

Pα (zi ) =

(3)

where fα (k) is the distribution function of electrons in
the state |kα = |k, vλ, the single-particle electronic state
with the in-plane wave vector k in the λth stage, th valley
and vth subband. Sαα  (k, k ) is the total transition rate from
|kα to |k α  . In our model, these energy states are obtained
by solving the Schrödinger equation in two adjacent stages
using the k · p method [42].
We use the EMC method to solve the Boltzmann-like
transport (3). The translational symmetry of QCL structures
allows us to apply the charge-conserving scheme and simulate only electron transport over one stage, while the nearestneighbor approximation is applied to calculate the interstage transition rates. Electron-optical phonon, and electronelectron scattering are included in the simulation [38].
During the EMC simulation, generated optical phonons
in each branch and mode are counted, and their energies are

(4)

zi +z/2

zi −z/2

|ψα (z)|2 dz,

(5)

which is illustrated in Fig. 1 by the area of the shadowed
region bounded by the wavefunction moduli squared and
zi ± z/2, and z = 1 Å is chosen in the model. We introduce an additional random number r (uniformly distributed
between [0, 1]) in the EMC simulation to determine the electron’s “position” in a subband. The electron in subband α is
considered to be within [zi − z/2, zi + z/2] if and only
if
 zi −z/2
 zi +z/2
|ψα (z)|2 dz < r <
|ψα (z)|2 dz.
(6)
0

0

When an electron transitions from subband α to α  by scattering with an optical phonon, two random numbers are used
to find the electron’s position in the initial and final subband
(zα and zα  , respectively) according to (6) and the phonon
position zph is found as their average, as shown in Fig. 1.
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Although the proposed method connects the heat source
term in the heat diffusion equation and the electron-phonon
scattering modeled by EMC, there is no self-consistent loop
between these two, since the temperature distribution is not
fed back into the EMC simulation. In fact, it is very challenging to implement an anisothermal EMC simulation for
QCLs, because all stages (typically 30–70 of them ) must
be included in the simulation. Furthermore, this large system needs to be solved by the EMC method multiple times
to achieve global convergence with the thermal solution.
Clearly, approximations must be made to reduce the complexity while still retaining reasonable accuracy.
Instead of coupling the EMC simulation with the thermal solver, we pre-calculate a heat generation look-up table
by running a set of isothermal EMC simulations at different temperatures for a single stage. Making use of translational symmetry, the heat generation profile of the entire active region under a nonuniform temperature distribution can
be calculated by interpolating this single-stage look-up table. We adopt the cubic spline function as the interpolation
scheme. In addition, the analytical model of the thermal conductivity is used to include its temperature-dependent characteristics [see (7)–(10) further below]. Combining the heat
generation look-up table with the temperature-dependent
thermal conductivity enables us to solve the heat diffusion

Fig. 1 Illustration of the phonon position estimation. The blue curves
are the initial (α) and final (α  ) state of the electron transition. The
area of the red shadowed regions denotes the probability of finding the
electron in within zα ± z/2 or zα ± z/2. zph , the average of zα
and zα are considered as the position of the phonon involved in the
transition

Fig. 2 Flow chart of the
thermal model

equation in a self-consistent manner. Figure 2 shows the
flowchart of the model.

3 Numerical results and discussion
The thermal model presented in the previous section is
applied to a GaAs/Al0.45 Ga0.55 As mid-infrared QCL designed for emission at 9.4 µm with 300 K pulse mode operation reported [28], and its heat effect under the RT-cw
operation is simulated to study the possibility of this operation. The 1.63 µm-thick active core consists of a 36period sequence of injector/active region structure made
from GaAs/Al0.45 Ga0.55 As-coupled quantum wells. The active core is sandwiched between two 3.5 µm-thick GaAs layers, n-type doped to 8 × 1016 cm−3 , and two 1 µm-thick
GaAs plasmon cladding layers, heavily n-type doped to
5 × 1018 cm−3 . The device was grown on a GaAs substrate
doped to n = 2–3 × 1018 cm−3 and a 5 µm-thick Au layer
is electroplated at the top. The temperature at the bottom of
the substrate is fixed at 300 K, while convective boundary
condition is applied at the top of the Au layer with the heat
transfer coefficient h = 20 W/m2 K for natural convection.
The mesh size of the active region is set as 1 Å in order to
resolve all the relevant spatial features. The cladding layers
and the substrate are nonuniformly meshed, with about 50–
100 grids per layer, to reduce the computation overhead.
Temperature-dependent thermal conductivities of different layers in the device are taken into account in the model.
Analytical thermal conductivity models for bulk GaAs and
AlAs [44] are adopted:
κGaAs = 74500 × T −1.3 (W/m K),

(7)

κAlAs = 225270 × T −1.37 (W/m K).

(8)

Interpolation scheme is used for the ternary Al1−x Gax As alloy:
1
κAl1−x Gax As

=

x
κGaAs

+

1 − x x(1 − x)
(m K/W)
+
κAlAs
C

(9)

Author's personal copy
J Comput Electron

Fig. 3 A schematic conduction-band diagram of a QCL stage (top)
and the real-space distribution of the generated optical phonons during
the simulation (bottom)

where the bowing parameter C is 3.33 W/m K [44]. Besides the temperature-dependence, the thermal conductivity is also a function of the doping level and decreases by
8% per decade starting from 1015 cm−3 [21]. The crossplane thermal conductivity of the active-region, κ⊥ , is much
smaller than in the constituent bulk semiconductors because
of the enhanced interface scattering [17, 45, 46]. In addition, its temperature dependence is much weaker than that of
the bulk materials [18]. We use the temperature-dependence
function extracted from a GaAs/Al0.15 Ga0.85 As QCL [21]
because of the similar material system:
κ⊥ = κ0 × T c (W/m K).

(10)

The values of the coefficient κ0 and the power c should be
adjusted to take into account the strain-induced effects on
the thermal conductivity. A typical value of κ0 = 10 W/m K
and c = −0.14 are chosen in our simulation [21].
The top panel of Fig. 3 shows the subband energy levels and wavefunction moduli squared in a single stage at the
threshold field (48 kV/cm) at 300 K. The three bold red
lines denote the upper lasing level, the lower lasing level,
and the ground level, respectively from top to bottom. The
bottom panel shows the number of optical phonons generated in 30 ps as obtained from the Monte Carlo simulation
under 300 K. It can be seen that the majority of the optical
phonons are generated in the injector, where the electronic
states are quickly depopulated by the LO electron-phonon
scattering. On the other hand, very few optical phonons are
generated near the injector/active region interface because
of the small wavefunction overlap between the upper lasing
level and the lowest injector state under the threshold field.
Figure 4 shows the temperature-dependent characteristics of the thermal conductivities of the active region (en-

Fig. 4 Thermal conductivities of the active region and the GaAs
cladding layers and the average heat generation rate in a stage as a
function of temperature

larged 10 times) and the cladding layers together with the
average heat generation rate in a stage as extracted from
EMC simulation. As the temperature increases from 100
to 600 K, the thermal conductivity of the cladding layers (8 × 1016 cm−3 and 5 × 1018 cm−3 for the 3.5 µmthick and 1 µm-thick GaAs layer, respectively) rapidly drops
from about 140 W/m K to 15 W/m K due to the enhanced
probability of Umklapp process; while the heat generation rate significantly increases from 1.5 × 1014 W/m3 to
6.7 × 1014 W/m3 . This opposite trend of thermal conductivities and heat generation rate implies severe self-heating
effects for the given QCL.
In order to investigate the nonlinear effects that arise
from the temperature dependence of the heat generation rate
and thermal conductivity, the temperature distribution of the
GaAs/Al0.45 Ga0.55 As QCL mounted epitaxial-side onto a
copper heat sink at room temperature (T0 = 300 K) is calculated using (1) temperature-dependent (TD) thermal conductivities and TD heat generation rate in Fig. 4, (2) constant active region thermal conductivity evaluated at T0 ,
(3) constant heat generation rate at T0 , and (4) both constant thermal conductivities and constant heat generation
rate at T0 . Comparing the results of the four cases shown
1,4
in Fig. 5, the maximum temperature difference Tmax
between case 1 and case 4 is as high as 40 K resulting from
the contribution of all nonlinear parameters. This large difference clearly shows that neglecting the nonlinear effects
will lead to severe underestimation of the temperature in
the active region. Among these nonlinear parameters, the
heat generation rate Q(T ) plays the most important role,
which is reflected by the comparison between cases 1 and 3.
When Q(T ) as in case 1 is switched to the constant value
1,3
at the heat sink temperature Q(T0 ) in case 3, Tmax
≈
1,4
30 K is obtained, which is about 75% of Tmax . In addi-
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Fig. 5 Temperature distribution of the QCL calculated based on
(1) TD thermal conductivities and TD heat generation rate, (2) constant active region cross-plane thermal conductivity evaluated at the
heat sink temperature T0 = 300 K, (3) constant heat generation rate at
T0 , and (4) constant thermal conductivities and heat generation rate at
T0 . The shaded area marks the active region, while the white regions
are the cladding layers. A 5 µm-thick Au layer is electroplated on top
of the cladding layer, and then the whole device is attached to the heat
sink at z = 11.13 µm (not shown)

tion, the temperature-dependence of the active region crossplane thermal conductivity κ⊥ (T ) results in the 5 K discrepancy between cases 1 and 2, while the total nonlinear
effects of the thermal conductivities of all layers in QCL
can be estimated by comparing cases 3 and 4, in which
the maximum temperature difference is 12 K. The comparable 5 K difference between cases 1 and 2 and the 12 K
difference between cases 3 and 4 indicates that the temperature dependence of κ⊥ , despite being much weaker than
the ones of the cladding layers and the substrate, should
not be neglected. The underlying reason is the large thermal resistance of the whole active region due to the κ⊥ being much lower than the corresponding bulk value. For example, κGaAs (300 K)/κ⊥ (300 K) ≈ 8 can be obtained from
Fig. 4, so the thermal resistance of the 1.63 µm active region
is equivalent to the one of a 13 µm cladding layer, while
the total thickness of the cladding layers between the active region and heat source is only 4.5 µm. Therefore, the
temperature-dependence of κ⊥ cannot be neglected in rigorous simulation.
Although the heat generation rate is non-uniform in the
active region because of the non-uniform temperature distribution, most thermal models for QCLs developed so far
simply treat it as a constant value calculated from the total power measured in the experiments [15, 26, 27, 47]. This
constant value is different from the one evaluated at the heat
sink temperature Q(T0 ) in cases 3 and 4, and it can be considered as the average value of the actual heat generation rate
profile Qavg = avg[Q(T )] or the value at the effective temperature of the whole active region Q(Teff ). However, the
accuracy of the temperature distribution predicted by this

Fig. 6 Temperature distribution and heat generation rate of the active
region calculated based on the temperature-dependent heat generation
rate (solid lines) and average heat generation rate (dashed lines)

equivalent uniform heat source Qavg have not been justified.
We investigate the accuracy of this approach by calculating Qavg from the heat generation rate profile obtained in
case 1, and re-run the simulation by setting Qavg throughout the active region. Figure 6 shows Q(T ), Qavg , and their
corresponding calculated temperature distributions. For the
results obtained from Q(T ) (solid curves), the maximum
temperature and heat generation rate are reached in stage 4,
while both minimum values are achieved in stage 36, the
one closest to the heat sink. The asymmetric temperature
distribution in the active region results from the asymmetric
heat dissipation path toward the heat sink and the substrate,
respectively. The epilayer-down bonding provides an alternative heat dissipation path, directly from the top cladding
layers to the heat sink, whose thermal resistance is smaller
than the one of the substrate. Therefore, most of the heat
generated in the active region is extracted through this path
and the maximum temperature towards the substrate side.
The temperature difference between these two stages are as
high as 72 K and leads to their heat generation rates different by 0.5 × 1014 W/m3 . Thus the average heat generation rate Qavg = 5.82 × 1014 W/m3 is extracted, and the
temperature profile calculated based on this value is plotted (red dash curve) for comparison. The agreement of the
temperature distributions obtained from the two approaches
is excellent throughout the active region, with the maximum discrepancy of 1.5 K in stage 4. The primary reason for this agreement is that the entire active core, despite
consisting of 36 stages, is much thinner than the two heat
paths to the top heat sink and to the bottom substrate, respectively. In the extreme case, if the active region is considered to approach a sheet heat source, the nonuniformity
of its heat generation along the cross-plane direction will
have no effect on the temperature distribution as long as
the total power remained constant. In addition, the nonuniformity of the heat generation rate is still moderate, i.e.
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(Qmax − Qmin )/Qmin ≈ 10%, despite the 72 K temperature
difference. Therefore, they can be well represented by Qavg .
We have justified that using a equivalent uniform heat source
with the total power obtained from the experiments is a reasonable approximation to capture the temperature distribution [15, 21, 25–27]. However, lack of the knowledge of the
actual total power in the design stage, simply evaluating the
heat generation rate at the heat sink temperature may lead
to large errors in the thermal simulation, as demonstrated
by case 3. Therefore, the self-consistent thermal model is
still a desirable tool to predict the electrothermal performance of QCLs without using the priori experimental results.

4 Conclusion
In summary, a self-consistent thermal model that couples
the heat generation in the active region extracted from EMC
simulation and a finite-difference solver for the nonlinear
heat diffusion equation is presented. In the model, the active region heat generation rate distribution is determined
based on the electron-optical phonon scattering processes
modeled by the EMC simulation of the electron transport.
The thermal model is capable of capturing the effect that the
nonuniform temperature distribution has on the heat generation in different stages in the active region, while it reduces the computation overhead of simultaneously simulating all the stages and of frequently updating the scattering tables. A GaAs/Al0.45 Ga0.55 As mid-IR QCL was investigated using the model, and a lattice temperature increase of over 150 K with respect to the heat-sink temperature was obtained from the simulation, indicating a severe self-heating effect in the active region, which is a possible reason that prevents the RT-cw operation of this device. The effect that the temperature dependences of thermal conductivity and the heat generation rate have on the
temperature distribution in the active region was studied.
The results show that nonlinearity of the heat generation
rate plays an important role in the accuracy of the calculated temperature, while the temperature-dependence of
thermal conductivity of the active region, despite relatively
weaker than the corresponding bulk materials, cannot be
neglected in a rigorous calculation. Finally, we justify the
thermal model of using the equivalent uniform heat source
extracted from the measured device total power. Comparing the simulation results obtained from such a model and
from our self-consistent thermal model, we conclude that the
equivalent uniform heat source model provides a reasonable
temperature estimation. However, without knowing the total
power a priori in the design stage, self-consistent modeling
is indispensable for predicting the thermal performance of
QCLs.
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