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SUMMARY

A mixed integer program (MIP) is the problem of maximizing a linear function
over linear constraints subject to integrality restrictions on some or all of the
variables. A rich class of real world problems can be modeled as MIPs, so many
advanced techniques have been developed for their solution. From a computational
standpoint, some of the most effective algorithms are linear programming based
branch and bound algorithms. It is these algorithms on which we will focus.

We study how to combine the power of linear programming based techniques
for solving MIP with the power of parallel computing. In a wide range of scientific
fields, the introduction of parallel computers consisting of many microprocessors
has made possible the solutions of problems impossible to consider solving on a
single processor. The field of Optimization should be no exception. This is a
computationally oriented thesis, in which we build two separate parallel optimiza-
tion codes. Each code solves a specific type of MIP and investigates issues related
to the parallelization of sophisticated solution techniques for this particular prob-
lem type. The most interesting parallelization issues occur when the processors
must communicate by message passing, so we focus our algorithm design for these

architectures.

XV



The core issue that must be addressed is how to deal with the globally useful
information that the algorithm generates. There is a tradeoff between complete
sharing of information between processors, requiring potentially significant over-
head, and little sharing of information, where potentially valuable information is
lost. We give a categorization of ways in which information might be shared, and
discuss the advantages and disadvantages of each. The manner in which infor-
mation is best shared depends in large part on the underlying importance of the
information. Therefore, we undertake a number of studies aimed at determining
the importance of the types of information used in advanced MIP solvers such as
pseudocosts and cutting planes. Our research showed that the proper initialization
of pseudocosts is extremely important for an effective algorithm, that averaging
pseudocost observations is only mildly effective, and that cutting planes generated
near the top of the branch and bound tree are the most important. Each of these
observations impacts the design of our parallel algorithm.

Armed with this knowledge, we developed PARINO, a powerful, flexible parallel
branch and cut system for solving general MIPs. Using PARINO, we are able
to verify our conjectures about how to best use pseudocost and cutting plane
information in a parallel branch and cut algorithm. Also, we suggest different
schemes for distributed active set management and node selection in a parallel
algorithm. Depth-first oriented search methods are very powerful in a distributed
setting.

The second code (PSP) is specialized to solve the Set Partitioning Problem

xXvi



(SPP). The SPP is a MIP with wide applicability in areas such as scheduling and
routing. A variety of techniques have been developed in order to exploit the prob-
lem structure of SPP resulting in the ability to solve much larger instances of SPP
than of MIP. Our implementation is carefully designed to exploit parallelism to
greatest advantage in advanced techniques like preprocessing and probing, primal
heuristics, and cut generation. In addition, a primal-dual subproblem algorithm
is used for solving the linear programming relaxation. This method outperforms
standard simplex algorithms, reduces memory requirements, and breaks the linear
programming solution process into natural phases from which we can exploit in-
formation to find good solutions on the various processors. Implications from the
probing operation are another type of globally useful information that are shared
among the processors. Combining these techniques allows us to obtain solutions to

extremely large and difficult problems in a reasonable amount of computing time.
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CHAPTER 1

Introduction

A mixed integer program (MIP) can be stated mathematically as follows:

Maximize zyrp = chl'j + Z CjT;
jer JEC

subject to Zaijwj + Z aijjr; ~ b 1=1,...m

Jel Jjec
li <xj<w jEN
fL‘jEZ g€l

r; €R jecC,

where ~ denotes one of <, >, or =, [ is the set of integer variables, C' is the set of
continuous variables, and N = [ U . The lower and upper bounds [; and u; may
take on the values of plus or minus infinity.

We refer to 3~ ;e cjz; as the objective function. A feasible solution is any vector
x that satisfies all of the constraints specifying MIP, and the feasible region is the
set of all feasible solutions. A feasible solution with the largest objective function

value is called the optimal solution.



Consider the optimization problem obtained by relaxing the integrality require-
ments on the variables of MIP. The resulting linear program, called the LP re-
laxation of MIP (RMIP), provides an upper bound on the value of the optimal

solution:

Maximize zpp = ch;r:j + E C;T;
Jel JjeC

subject to Zaij:z:j + Z aijjr; < b 1=1,...m

JEel jec
li<xj<wu jEN
r; €R jeCUL

In a “branch and bound” solution approach to MIP, the variables are system-
atically set to integral values, resulting in a number of linear programs. From the
solution of these linear programs an upper bound on the value of the optimal solu-
tion can be derived. Any feasible integral solution to the linear program provides
a lower bound on what the true optimum may be. In this way, a series of valid
upper and lower bounds on the true optimum value are obtained. The process is
complete when these two bounds are the same or their difference is less than some
prescribed tolerance.

The introduction of parallel computers consisting of many microprocessers has
made possible the solutions of problems impossible to consider solving on a single
processor. A few examples of such problems are computational fluid dynamics

problems (such as those arising in aerodynamics and weather prediction), image
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processing, pattern recognition, artificial intelligence, finite element modeling, and
search problems [72] [105]. The fastest computers existing in the world today are
parallel machines [33].

Branch and bound is a natural paradigm to map to a multi-processor computer,
since exploration of the search space consists of evaluating many independent por-
tions of the space corresponding to different sets of variables that are fixed at their
bounds.

Many advanced mathematical techniques have been developed that are able to
improve the upper and lower bounding procedures for each subproblem. Among
these techniques are logical preprocessing [110], pseudocosts [14], and cutting
planes [48] [57] [99]. When cutting planes are incorporated into the branch and
bound procedure, the resulting algorithm is called branch and cut [100]. These
techniques, in conjunction with faster and faster sequential machines, have made
possible the solution of integer programs a few years ago thought unsolvable.

A very important special case of MIP is the Set Partitioning Problem (SPP).
The SPP is the case of MIP where we have a;; € {0,1}Vi = 1,...,m, j € N,
b =1Vi=1,....m, C =0,1; =0 and u; =1 Vj € N, and the sense of each
constraint is =. A large number of real-life problems, including vehicle routing,
airline crew scheduling, and airline crew recovery can be formulated as SPPs, so
the problem has received a good deal of study [62] [5] [81]. Instances of practical
problems modeled in this way tend to be very large. Specialized logical processing,

cutting planes, and heuristics for this problem allow the solution of much larger



instances of SPPs than for general MIPs.

Even though the power and importance of using advanced mathematical tech-
niques to solve difficult instances of MIP is documented, the issues involved in
marrying these techniques to the parallel computer is not well studied. The aim of
this research is to show the viability of combining the advanced mathematical tech-
niques used in solving difficult integer programs and parallel computation. Many
issues will be discussed and tested, such as how work should be allocated among
the processors and how much information should be shared among the processors
depending on the problem type to be solved.

Because the parallel solution techniques we employ are quite different, MIP and
SPP are good prototypical problems on which to study the effects of combining par-
allel processing and optimization. Our solution approach to MIP can naturally be
broken into relatively large chunks of computation, which is called coarse-grained
parallelism. The algorithm for solving SPP is decomposed into smaller units of
computation, which is called fine-grained parallelism. From studying the effects
of combining optimization with these two fundamentally different types of paral-
lelism, we can gain insight as to how to parallelize other advanced optimization

techniques.

1.1 Literature Review

Since branch and bound is a natural idea to use on parallel computers, there is a

wealth of documentation on approaches and experiences with parallel branch and



bound, dating back to the 1970’s. In an historical note [103], Pruul, Nemhauser,
and Rushmeier report results of a simulated parallel branch and bound algorithm
for solving the traveling salesman problem. Given the vast amount of research done
on parallel branch and bound, there is surprisingly little that focuses specifically
on the general mixed integer program. For a survey of the body of work on parallel
branch and bound, the reader is referred to the article of Gendron and Crainic [46].

Boehning et al. [18] present an implementation of a simple linear programming
based branch and bound algorithm for solving MIP, but incorporate no “advanced”
techniques into the procedure. Ashford et al. [3] present a more sophisticated
branch and bound algorithm for a transputer network of up to eight nodes. Eck-
stein [37] [38] was among the first to write an industrial strength parallel branch
and bound code for general mixed integer programming. The main enhancements
he added over a naive implementation were reduced cost fixing, a primal heuristic,
and pseudocost based branching. Eckstein’s early work made use of many of the
advanced features of the particular architecture on which he was working. His later
work [40] has shown that these features are generally not necessary to obtain effec-
tive parallel algorithms. Laundy [80] has described the parallel implementation of
the XPRESS-MP commercial IP solver. A main emphasis of this work is to build
a fault-tolerant system — a system that works if some of the processors become
unavailable during the algorithm’s execution. In order to build fault-tolerance
into the system, the parallelization strategy used is somewhat simple. Experi-

mental results on a network of up to four workstations are reported. Hajian el



al. [56] describe a novel, multi-stage parellelization scheme for solving MIP. In
the first stage, all processors begin searching in (possibly overlapping) portions
of the search space. The second stage resembles the more “classical” branch and
bound approach. Limited results on a configuration of up to thirty workstations
are reported.

Cannon and Hoffman [22] were the first to report results of a parallel branch
and cut implementation. Their code performed nearly all of the advanced integer
programming techniques described in Section 2.1. Because parallel computing tools
were not as developed as today, Cannon and Hoffman resorted to operating system
constructs in order to perform many of the required parallelization tasks. They
report results on a small suite of problems on up to eight processor configurations.
Bixby et al. [15] use a parallel software platform called TreadMarks [68] in order to
parallelize the branch and cut algorithm. The use of packages such as TreadMarks
to build parallel software systems will be discussed in Chapter 3. A large number
of computational results are reported on a parallel system of eight workstations.
Homeister [63] gives a relatively simple implementation of the branch and cut
algorithm that does not rely on advanced operating system features or on outside
packages such as TreadMarks. Jiinger and Stormer [66] describe an implementation
of a parallel branch and cut for the traveling salesman problem. Their work is
distinctive, since a number of processors are dedicated to tasks such as performing
heuristics and managing the cutting planes in addition to processors exploring

the branch and bound search space. The computational results presented, on up



to 64 processors, indicate that parallelism is mildly effective in helping solving
the problems by branch and cut. Ralphs [104] describes a parallel branch and
cut implementation and uses this implementation to solve the capacitated vehicle
routing problem. Ladayni [76] extends the ideas described by Ralphs. The work
of Ralphs and Ladayni is geared for specific combinatorial problems, but many of
the ideas they develop are similar to ours for solving MIP in a general form.
Very little research has been done on parallelizing sophisticated algorithms for
the set partitioning problem. Smith and Thompson [112] present a parallel version
of the column subtraction method of Harche and Thompson [58], and Levine [82]
describes a parallel genetic algorithm approach in his thesis. However, the column
subtraction method and genetic algorithm for solving the set partitioning problem
are generally quite inferior to a branch and cut approach, like the one presented
by Hoffman and Padberg [62]. Being a branch-and-cut approach, the method of
Hoffman and Padberg could be parallelized by any of the branch and cut schemes

mentioned in this section. Qur parallelization approach is different.

1.2 Thesis Outline

In Chapter 2, we explain the advanced solution techniques we use in solving integer
programs. Techniques for solving both the general MIP and the SPP are described.

Chapter 3 gives an introduction to parallel computing. The two main categories
of parallel computers are explained, and we provide a justification for gearing our

algorithms towards one of these two architecture categories. The issues and ad-



vantages of designing an algorithm for this type of parallel computer are discussed.
The main question that must be addressed is how to handle information generated
by the processors. A categorization of ways in which information may be shared
among processors is given. Finally, we describe a software system on top of which
our algorithms are built.

In Chapter 4, we investigate issues relating specifically to parallel branch and
bound for solving MIP. First, basic search strategy concepts are presented and ana-
lyzed, including a computational study in a sequential environment from which we
draw conclusions on which to base our parallel implementation. The next sections
make some basic observations about performing the sequential search techniques
in parallel. From these observations, we describe general implementation schemes
for effective pseudocost usage and active set management in parallel branch and
bound. Next, we describe PARINO, our software package that implements our
parallel branch and bound scheme for solving MIP. Finally, a test suite of prob-
lems is introduced and computational results testing and comparing the concepts
presented are reported.

Chapter 5 deals with the issues in parallelizing a branch and cut algorithm. We
are mostly interested in how to effectively share cutting planes in a parallel branch
and cut algorithm. We begin with a study of the importance of cutting planes and
cut management issues in a sequential algorithm. Next, we describe a framework
for investigating many cut sharing schemes. We next show how the cut sharing

schemes are implemented in PARINO. Extensive computational results comparing



cut sharing schemes are presented.

In Chapter 6, we present a parallel linear programming based heuristic for
solving large scale set partitioning problems. The parallelization strategy for this
algorithm is quite different than for the branch and bound and branch and cut
algorithms. We discuss the computational and control issues that arise, and we
give computational results for our algorithm.

In the last chapter, we conclude with the main contributions of this thesis and

provide suggestions for future research.



CHAPTER 2

Integer Programming Preliminaries

2.1 Mixed Integer Programming

Since one of the goals of this research is to build an industrial strength mixed
integer optimizer using a parallel processing machine, we will briefly highlight the
main features of such a system. We assume that the reader is familiar with most
of these concepts and include a discussion here merely for self-containment. A full

treatment of these topics can be found in the text by Nemhauser and Wolsey [94].

2.1.1 Branch and Bound

The term “branch and bound” was originally coined by Little et al. [86] in their
study of such an algorithm to solve the traveling salesman problem. However, the
idea of using a branch and bound algorithm for integer programming using linear
programming relaxations was proposed somewhat earlier by Land and Doig [79].

The process involves keeping a list of linear programming problems obtained by

10



relaxing some or all of the integer requirements on the variables z;, 7 € 1. To
precisely define the algorithm, let us make a few definitions. We use the term
node or subproblem to denote the problem associated with a certain portion of the
feasible region of MIP. Define z7, to be a lower bound on the value of zp;7p. For a
node N', let z}; be an upper bound on the value that zj;7p can have in N'. The
list £ of problems that must still be solved is called the active set. Denote the
optimal solution by z*. Algorithm 2.1 is an LLP-based branch and bound algorithm
for solving MIP.

Algorithm 2.1 The Branch and Bound Algorithm

0. Initialize.
L =RMIP. z; = —oc0. z* = {).

1. Terminate?
Is £ = (7 If so, the solution x* is optimal.

2. Select.
Choose and delete a problem N* from L.

3. Evaluate.
Solve the LP relaxation of N*. If the problem is infeasible, go to step 1,
else let 2} » be its objective function value and z° be its solution.

4. Prune.
If 2t » < 21, go to step 1. If ' is fractional, go to step 5, else let 2z, = 2} o,
z* = z*, and delete from £ all problems with Z{ < zr. Go to step 1.

5. Divide.
Divide the feasible region of N* into a number of smaller feasible regions
NYUN2 .. N* such that U;?:ll\m = N'. For each j = 1,2,...,k, let
zil = 2% » and add the problem N%¥ to £. Go to 1.

This description makes it clear that there are various choices to be made during

11



the course of the algorithm. Namely, how do we select which node to evaluate,
and how do we divide the feasible region. A partial answer to these two questions

is now provided.

Problem Division

For MIP, the obvious way to divide the feasible region of N' is to choose a variable
7 that has fractional value a:; in the solution to the LP relaxation of N* and impose
the constraint z; < Ll’;J to define one subregion and z; > [mﬂ to define another
subregion. We call this branching on a variable dichotomy, or simply branching on
a variable.

If there are many fractional variables in the solution to the LP relaxation of

N, we must choose one variable to define the division. Because the effectiveness
of the branch and bound method strongly depends on how quickly the upper and
lower bounds converge, we would like to branch on a variable that will improve
these bounds. It seems difficult to select a branching variable that will affect
the lower bound. Doing this amounts to heuristically finding feasible solutions to
MIP and is very problem specific. However, there are ways to attempt to predict
which fractional variables will most improve the upper bound when required to be
integral. One of the most effective ways involves the use of pseudocosts [14] [44].
Pseudocosts work as follows: with each integer variable z;, we associate two
quantities P and Pf that attempt to measure the per unit decrease in objective

J

function value if we fix z; to its rounded down value and rounded up value, re-

12



spectively. Suppose that a:; = Lx” + f;, with f; > 0. Then by branching on z;,
we will estimate a decrease of D;_ = Pj_f; on the down branch of node 7 and a
decrease of D;* = Pf(l — f;) on the up branch of node 7. Bénichou et al. call the
values P;" and P;" down and up pseudocosts [14].

One way to obtain values for P;” and Pj'" is to simply observe the true degrada-

tion in objective function value. Let N~ and N'T denote the nodes for the down

and up branches of node N, then the pseudocosts are computed as

i— z i+ ¢
z — Z z — Z
P = LP LP P+ __ ~LP LP (21)

I f ! L—f
Driebeek [34] gave a method for determining lower bounds on the degradations by

implicitly performing one dual simplex pivot.

Node Selection

We now deal with the “select” portion of the branch and bound algorithm. When
we make a decision to branch, we are solely concerned with maximizing the change
in zt» between a node N* and its children. In selecting a node, our purpose
is twofold: to find good integer feasible solutions or to prove that no solution
better than our current one with value zj exists. Therefore, the quality of the
current solution value z;, and an estimate of the optimal solution zg are important
criteria in determining which node to select for evaluation. We will motivate and
describe various node selection rules in Section 4.3.2. Some node selection rules use
pseudocosts to calculate zg, so pseudocosts are important for both the branching

and node selection decisions of the branch and bound algorithm for MIP. For an
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in depth discussion of many search strategies for mixed integer programming, see

the paper by Linderoth and Savelsbergh [85].

2.1.2 Other Algorithmic Enhancements
Logical Preprocessing

Preprocessing and probing techniques for mixed integer programming are ways of
tightening the linear programming relaxation of MIP. Using these techniques, infea-
sible instances can be recognized, redundant constraints can be removed, variables’
bounds can be improved (variables may even be fixed), and matrix coefficients can
be improved. An extended discussion, including more advanced preprocessing and
probing techniques, can be found in the paper of Savelsbergh [110]. Preprocessing
and probing techniques play an especially crucial role in solving SPP, and we will

discuss the techniques more fully in Section 2.2.1.

Primal Heuristic

A primal heuristic is a procedure that attempts to generate a feasible integral
solution, and hence a valid lower bound. Many heuristics have been developed for
specific optimization problems [25] [47]. Indeed, we will discuss three “problem-
specific” heuristics in to solving SPP in Section 2.2.4.

Far fewer heuristics have been developed for solving MIP in a general form.

Notable exceptions include the pivot and complement heuristic of Balas and Martin

[10] and the OCTANE heuristic of Balas et al. [9]. One simple, yet effective
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heuristic is known as the diving heuristic. In the diving heuristic, some integer
variables are fixed and the linear program resolved. The fixing and resolving is
iterated until either the an integral solution is found or the linear program becomes

infeasible.

Reduced Cost Fixing

After the LP-relaxation of MIP is solved, the reduced costs of nonbasic binary
variables can be used to attempt to fix binary variables for the subtree rooted at
that node. Let ¢; be the reduced cost of a nonbasic binary variable z; and node
Nt If x; = l; and zj;P + ¢; < zz, then z; can be fixed to [; for all nodes in the
subtree rooted at N°. Likewise, if z; = u; and zip —¢; < 2z, then z; can be
fixed to u;. If node N* is the root node of the branch and bound tree, we call this

procedure global reduced cost fixing.

2.1.3 Cutting Planes

Aninequality 3.y m;jz; < o is called a valid inequalily if the inequality is satisfied
by all feasible solutions to MIP. For a given LP relaxation of MIP, there may exist
many valid inequalities that cut away portions of the feasible region of LLP without
cutting any portion of the feasible region of MIP. Adding these inequalities to the
LP relaxation provides a tighter upper bound on the value of zj;7p. Branch and
cut is the name for a systematic procedure for adding valid inequalities to tighten

the linear programming relaxation of a problem. Branch and cut has allowed the
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solution of many difficult MIP problems unsolvable by other techniques [29] [108]
7 162] [27]

Branch and cut is a simple extension to the basic branch and bound algorithm.
The sole difference in the two occurs at the evaluate stage. To evaluate a node
in branch and cut, we solve the linear programming relaxation of a given problem
and then look for valid inequalities that exclude the current linear programming
solution. The problem of finding such valid inequalities is called the separation
problem. The valid inequalities are added to the formulation and the linear program
resolved. Algorithm 2.2 is a generic branch and cut algorithm.

The strongest types of valid inequalities are called facet defining inequalities.
Many researchers have studied structures that are common to many instances of
MIP and discovered facet defining inequalities for these structures. In the following
paragraphs, we describe a few such special structures and their associated cutting
planes.

Often MIP has rows that are of the form

Z a;r; <b, (2.2)

JjEB
where B C [ is the set of binary variables of MIP. Considering only (2.2), we have
a relaxation to MIP. Inequalities valid to a relaxation of the problem must also be
valid for the original problem. Thus, an important class of valid inequalities for
MIP can be derived from the set of feasible solutions to a 0-1 knapsack problem:

S ={ze{0,1}B1: 3 aja; <b}.
JjEB
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Algorithm 2.2 The Branch and Cut Algorithm

0.

Initialize.

L =MIP. z;, = —c0. 2* = ().

Terminate?

Is £ = (7 If so, the solution z* is optimal.

Select.

Choose and delete a problem N* from L.

Evaluate.

Solve the LP relaxation of N*. If the problem is infeasible, go to step 1,
else let 2%, be its objective function value and z° be its solution. Solve
the separation problem to find valid inequalities violated by z*. If no valid
inequalities are found, go to 4, else add the inequalities to the description
of N* and go to 3.

Prune.

If 2t » < 21, go to step 1. If ' is fractional, go to step 5, else let 2z, = 2} p,
z* = z', and delete from £ all problems with Z{ < zr. Go to step 1.
Divide.

Divide the feasible region of N* into a number of smaller feasible regions
NtUN®2 .. N* such that U;?:ll\m = N'. For each j = 1,2,...,k, let
z%} = 2} » and add the problem N to £. Go to 1.
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Many researchers have studied the underlying polyhedral structure and found
facets of S [6] [57] [119].

A set €' C B is called a cover if 3°,cca; > b. A cover C' is minimal if there
does not exist a k € C such that C'\ {k} is also a cover. Consider a partition of a
minimal cover C' into disjoint sets Cy and Cy with Cy # (). A facet-inducing lifted
cover inequality for S is given by

dowit Do eyt Dy SCH =14 )
JECY JjEB\C JEC J€Cs

The coefficients «; and ~v; are called lifting coefficients. The details of their
computation is beyond the scope of the thesis. The interested reader is referred to
the paper by Gu et al. [53] and to the book of Nemhauser and Wolsey [94].

Another important structure found or derived in many MIP problems is that
of a variable upper bounded single node flow model. We have a network on which
the flow along an arc is bounded if the arc is open, or the flow is zero if the arc is
closed. In addition, we have the restriction that the net flow out of a node in the
network is also bounded. This situation is described pictorially in Figure 2.1.

The flow model was first investigated by Padberg, Van Roy, and Wolsey [99],
and they found many classes of useful inequalities. These inequalities were used
by Van Roy and Wolsey [108] to solve very difficult instances of mixed integer
programs. Algebraically, we can model such a situation using the mixed integer
region

S ={(z,y) € R} x{0,1}": Z T — E r; <d, x; <mjy;, j € N},
JENT JjEN-—
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0 <z < myy;

Figure 2.1: Single Node Variable Upper Bound Flow Model.

where N = N*UN~ and n = |N]|.
A set C = CTUC™ is called a flow cover if Ct C Nt, C~ C N~ and
Yject mj — Y jec- my > d.
For any flow cover C, the inequality
dorit D (mi= N —y) <d+ Ym0 M+ Y @
ject jeCctt jeC— JjeEL— jEL——
where A = Y icoe mj— Y jec-mj—d, CTH ={5€ Ct :m; > A}, L= C(N-\C7)
and m; > Aforj € L=, and L™= = N\ (L~ UC7), is called a simple generalized
flow cover inequality and is valid for S.
Just as the case with knapsack cover inequalities, this inequality can be strength-
ened through a procedure known as lifting. When we do so, we obtain an inequality

called the lifted simple generalized flow cover inequality. The full details of obtain-

ing such an inequality are given by Gu et al. [52].
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Separation

Given a fractional solution z* to the solution of the LP relaxation at a node, the
separation problem for a class of inequalities is the problem of finding an inequality
of this class that is violated by z*. We will now briefly discuss the separation
problem for the classes of inequalities we have introduced as well as discuss lifting
violated inequalities.

Knapsack Covers Given a fractional point z*, the separation problem for cover
inequalities seeks a subset of the variables ' with 3",cca; > b and Y02} >
|C| — 1. Introduce a characteristic vector z € {0,1}?! to denote the variables in
the cover . We seek a z such that 3= ;cpajz; > band }cpaiz; > Xz — 1.

Through simple algebraic manipulation, the separation problem (KSP) becomes

¢ =min{d (1 —23)z| Y a;z; > b,z € {0, 11BN,

JjEB JjEB
If £ < 1, then the inequality 3 ;ccz; < [C'| — 1 cuts off the point z*. KSP is a
knapsack problem which is known to be NP-Complete [70]. Thus, we solve the
separation problem heuristically. The exact details of the heuristic procedure to
solve the separation problem and the computational of the lifting coefficients can
be found in Gu et al. [51]. The main point to be made is that since the separation
problem is solved heuristically, there may be cover inequalities that will cut off z*
but that are not found by our separation procedure.
Flow Covers
Nemhauser and Wolsey [94] show that the separation problem for generalized

flow cover inequalities is a nonlinear integer program — an extremely difficult prob-
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lem to solve from a computational point of view. They also suggest relaxing the

(difficult) true separation problem to

§ = max{} jen+ (2] — 1) + Xjen- 2355}
subject to dojeN+ A;Q5 — ) ieN- a;B3; >b

a e {0, 1}V g e {0, 1}V,

where a is the characteristic vector of the set C'* and 3 is the characteristic vector
of the set C7. If (X;ec+ aj — Xjec-a; —b)(§ — (Zjen- 25 — 1)) > 0, then there is
a violated generalized flow cover inequality. The relaxed separation problem is a
knapsack problem, so like in the case of knapsack covers, a heuristic procedure is
used for its solution. Since the separation procedure for flow cover inequalities is
to heuristically solve a relaxed version of the true separation problem, it is quite
likely that there are flow cover inequalities that cut off £* but that are not found
by the separation procedure. The full details of solving the lifting problem and
computing the lifting coefficients for flow cover inequalities can be found in the

work of Gu [50] and Gu et al. [52].

2.2 Set Partitioning Problem

We now turn our attention to the second problem under study, the Set Partitioning
Problem (SPP). SPP is the special case of MIP, where A € {0,1}"*" and

z € {0,1}". It is written formally as
min{c’z : Az =1,z € {0,1}"}.
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Balas and Padberg [11] give a survey of some applications and early solution meth-
ods. Hoffman and Padberg [62] give a branch and cut approach that is very suc-
cessful in solving airline crew scheduling SPPs. Borndorfer [19] gives a branch
and cut approach to solving SPPs arising from handicapped bus scheduling. A
heuristic combining ideas of Hoffman and Padberg with those of Wedelin is given
by Atamtiirk et al. [5].

Due to the wide practical applicability of the SPP, solving large, difficult SPPs
in a short amount of time is important. Our goal is to show how to exploit
parallelism in a linear programming based solution procedure for solving SPP. The
procedure is very similar to that presented by Atamtirk et al. [5]. In particular,
both of the procedures are heuristics. Thus, finding optimal solutions to the SPP
is not our goal, but rather to find provably good feasible solutions in a reasonable
amount of time.

In the remainder of this section, we will describe the components of the heuristic

procedure.

2.2.1 Preprocessing and Probing

A number of authors (in particular Borndorfer [19]) suggest simple methods for
identifying variables that may be fixed and rows that may be removed from the

problem. We perform three such preprocessing methods.



Duplicate Column Removal

In many applications, the way in which the columns of A are generated does not
ensure that they are unique. If duplicate columns exist, obviously we need keep
only the one with minimum cost. Because the number of columns is typically quite
large, performing a pairwise comparison of columns in order to find duplicates is
inefficient. Instead, a random hash function is used [71]. For each i = 1,...,m, let
u; be an an integer chosen uniformly from the interval [ 0, 2°%). The hash value
for each column A; j =1,...n is computed as
h(A]) = (E uiaij) mod 232.
i=1
If h(A;) = h(Ag) for two columns A;, Ax,j # k, then a pairwise comparison is

done to determine if columns A; and Ay are really duplicates.

Dominant Row Removal

For each row ¢ = 1,...,m, let T(:) = {j : a;;j = 1}. If T(1) C T(y) for two
rows i # j, we say that row ¢ dominates row j. If row ¢ dominates row j, then
row j is redundant to the formulation and can be removed. In addition, we may
set xp = 0 VE € T(3)\ T(2). In order to determine dominant rows, a pairwise
comparison is performed. Variables appearing in a row are stored in increasing
order of their indices so that non-dominance can be detected as early as possible

when comparing two rows.
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Probing

As mentioned in Section 2.1, probing is a general technique used in solving MIP.
Probing plays a crucial role in our heuristic for SPP so we will briefly describe it
here in the context of SPP. For SPP. probing is performed by tentatively setting
a variable to one and observing the logical implications. The logical implications

deduced from probing on variable z; take the form
zj=1=2,=00rz;=1=z;=1.

Many implications not immediately evident from the constraint matrix may be
deduced in this way — in fact, probing may lead to a logical contradiction resulting
in the fixing of variables. In Example 2.1, by probing on variable =1, we can deduce
that z; = 0 in all feasible solutions.

Probing is one of the main techniques used in constraint programming [116],
which is an effective method for solving tightly constrained scheduling problem:s.
Because obtaining a feasible solution to an instance to SPP can be a very difficult

problem, we would expect that probing is effective for SPP as well.

2.2.2 Solving the Linear Program

In order to solve the linear programming relaxation of the SPP, Hu and Johnson
describe a technique called the primal-dual subproblem simplex method [64]. For
problems with few rows and many columns (as is the case for our instances of

SPP), the primal-dual subproblem simplex method has been shown to be more
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1 + T9 + T4 = 1 (Rl)
T2 + T3 = 1 (RQ)

T + T3 + T4 = 1 (R?))

r1=1 = x3=0 by (R1)
= x3=1 by (R2)

= z;=0 by (R3)

e 1; may be fixed at 0

Example 2.1: Fixing Variables by Probing
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effective than the standard simplex method and the primal subproblem simplex
method (or SPRINT approach) developed by John Forrest and described by Anbil
el al. [2]. We now briefly discuss the primal-dual subproblem simplex method and
its application to the set partitioning problem.

Consider the linear programming relaxation (P) to SPP and its dual (D).

(P): min T (D): max 177

—~
w0
-

~—
o
S

I
—_

(s.t.) nTA < ¢

8
vV
o

We will solve a sequence of subproblems where only a subset of the columns
are considered. Let K C {1,2,...n} be the index set of columns considered in a
subproblem, and let Ag, ¢k, and zx be the restrictions of A, ¢, and =z to K. We
also use the notation ¢™ = ¢ — 77 A to denote the reduced costs with respect to a
dual solution .

A primal optimal solution to a subproblem, extended by adding 0 to the
columns not in the subproblem, is a primal feasible solution for (P). However,
a dual optimal solution for the subproblem is usually not feasible for (D). If it is
feasible for (D), then it is also optimal.

Let F(P) be the feasible solution set of (P) and F(D) be the set of feasible
solutions for (D). Given z € F(P), = € F(D), Algorithm 2.3 is a basic description
of the primal-dual subproblem simplex method. If € F(P) is not known, then a

two-phase approach using artificial variables is used [26]. In our applications, we
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have ¢ > 0, so m = 0 € F(D).

Algorithm 2.3 The Primal-Dual Subproblem Simplex Method
1. Letx € F(P), m € F(D). The initial set of columns K consists
both of F' ={j : z; > 0} and the |K| — |F| columns (not in F)
with smallest reduced costs ¢”.
2. Solve the subproblem min{ckzr : Agzgx =1, = > 0}. Call the

corresponding dual solution p.

3. If pe F(D), or n'1 = ckax then stop. The optimal solution
to (P) is zk.

4. Let ' = 0m + (1 — 0)p, for 0 < 0 < 1 such that 7'TA < ¢, and
7'T1 is maximized. In closed form,

"

6 = max{0, ——-}.

pef<o (ef —¢f)
5. Construct a new set of columns K’ consisting of the basic
columns of zx and the |K| — m (nonbasic) columns with the

smallest reduced costs ¢. Let 7 = ', K = K', and go to 2.

Hu and Johnson [64] discuss a number of techniques to improve the performance
of the algorithm. One algorithmic issue not covered in their discussion is the choice

of an appropriate size of |K|. We have found that a subproblem size of
| K| = min([2m + 0.025n,2000)

works well on a large majority of the problems, and we use this subproblem size

in our implementation.
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2.2.3 Cutting Planes

The set packing problem (PACK) is closely related to SPP and can be written as
min{c’z : Az <1,z € {0,1}"}.

Since PACK is a relaxation of SPP, valid inequalities for PACK can be used as valid
inequalities for SPP. A number of authors have studied the polyhedral structure
of PACK and derived classes of facet inducing inequalities for it [97] [96] [23].

An important concept for generating these inequalities is that of the conflict

graph CG, where V(CG) = {1,2,...,n} and
E(CG)={(1,7) € V: z; and z; cannot both be one in a feasible solution to SPP}.

A discussion of conflict graphs in a general context is given by Atamtiirk et al. [4].
For SPP, many edges e € F(CG) can be found by direct inspection of the matrix
A. In particular, if columns A; and Ay are not orthogonal, then (j,k) € E(CG).
Edges e € F(C@) are also found as implications during probing.

In our algorithm, we use two classes of valid inequalities that have been shown
to be effective in improving the linear programming relaxation of SPP. The first
class is the class of clique inequalities. Recall that a clique C' in a graph is a set of
nodes such that each pair of nodes is connected by an edge. If ¢ C V(CG) is a
clique in the conflict graph, then the clique inequality

ergl

jec
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is a valid inequality for PACK (and hence for SPP). Example 2.2 shows a fractional
solution to the linear programming relaxation of PACK and a clique inequality that

cuts off this fractional solution.

(a1
1 + 22 < 1
Ty + + 3 + z4 < 1
) Ty
o + x3 + x4 < 1
LLP Solution: :1:1::1;2:5532554:%
Z3

Clique inequality: @1 + 29 + x3+ x4 < 1

Example 2.2: A Clique Inequality

In its general form, the separation problem for clique inequalities is known to
be NP-Complete. Therefore, we use a simple greedy heuristic in order to identify
violated clique inequalities.

The second class of inequalities used in our algorithm is the odd-cycle inequal-

ities. If H C V(CG) is a cycle in the conflict graph and |H| is odd, then the

odd-cycle inequality
[H] -1

>z <
JEH
is valid for PACK and SPP.

Example 2.3 gives a fractional linear programming solution and an odd-cycle

inequality that cuts off this solution.
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1 + T3 < 1
z
+ 2 4+ 23 < 1
r3 + 14 < 1
) Is
g + w5 <1
Z1 + 25 < 1
LP Solution: T3 )

T1 =9 = XT3 = Tyg =Ty =

nO =

Clique inequality: @1 + xo + 23 + x4 + x5 < 2

Example 2.3: An Odd-Cycle Inequality

The separation problem for odd cycle inequalities is solvable in polynomial
time [23]. However, as pointed out by Hoffman and Padberg [62], the polynomial
time separation procedure is not computationally suitable for our problem. There-
fore, we separate for odd cycle inequalities using a slight variation of the limited
enumeration heuristic of Bixby and Lee [17].

For SPP, the size of the conflict graph can be very large, which may cause the
procedures for finding violated inequalities to be very time consuming. We im-
prove the efficiency of the separation procedures by considering only the subgraph
C'Gr of C'G induced by the fractional variables in a solution to the linear program-

ming relaxation. Specifically, given a fractional linear programming solution z, we
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construct CGp with vertex set V(CGr) ={j : 0 < Z; < 1} and edge set

and look for violated inequalities in C'Gp.
The clique inequalities are lifted by a simple exact procedure. For a clique
inequality with corresponding clique C', the lifting coefficient a; for j € F'is given

by

1, if(j,k) € E(CG)VYk:a, =1,

aj =
0, otherwise.

Note that aj could equal one because k € C or because the variable with index
k &€ F had already been lifted. In practice, even this simple procedure can be very
time consuming, so we decided to improve coefficients (or lift) only a fixed fraction
of the variables. The variables to lift are chosen in order of increasing reduced

cost.

2.2.4 Primal Heuristics

Obtaining provably good feasible integer solutions quickly is the goal of our heuris-
tic. For this purpose, three different heuristics for the set partitioning problem are
included as components of our heuristic.

Heuristic 1

The first heuristic is a slight modification of a dual based heuristic due to Fisher and

Kedia [41]. Given a feasible dual solution, a 3-opt procedure looks for an improved
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dual feasible solution by adjustments involving exactly three dual variables. Our
3-opt procedure has been randomized so that 3-exchanges which do not improve
the dual objective value are also performed with some probability.

Given a dual feasible solution 7 obtained from the randomized 3-opt procedure,
a primal feasible solution is computed by a simple greedy procedure. The choice of
variables to be one is made in a greedy fashion as suggested by Chvatal for the set
covering problem [25], with the modification that the variables are ordered by their
reduced costs instead of their cost coefficients. Note that (as we would expect),
there is no guarantee of obtaining a feasible solution in this manner. Indeed, since
the problem of simply finding a feasible solution to SPP is NP-Complete, none of

the heuristics we present is guaranteed to find a feasible solution.

Heuristic 11

The second heuristic is the Lagrangian dual cost perturbation heuristic of Wedelin
[118]. A Lagrangian relaxation of SPP is obtained by moving the equality con-

straints to the objective:

L(m) = 177+ min (c— 7TTA)1’.
ze{0,1}

The Lagrangian dual is

712%%(1 L(m).

For a reduced cost vector é* = ¢ — w7 A, if the Lagrangian dual has an optimal

solution (Z,7) such that # is feasible to SPP and ¢7 < 0 or ¢} > 0 for all j, then

Z is an optimal solution to SPP.



The Lagrangian dual is solved by an iterative coordinate search method. Let
A; denote the ith row of A, and let ¢; be the ith coordinate vector. Finding an
optimal step size in the ith coordinate direction from a dual solution 7 amounts
to solving the problem

max L(m + fe;).
geRr

Some simple manipulation shows that

L(m + 0e;) = 17 4£6+ min (" —0A)x

ze{0,1}

= 1T7+60+ Zmin((), cj — a;).

i=1

To find the optimal step size length, we look for 8 satisfying

0 J . _
%L(Tr + 062) =1+ jzngl %mm((),w]- — Haij) = 0.
For any 7, 0 0o
, 1 7,
— min(0,7; — fa;;) =
A {—1 it0> .

Therefore, if r~ and r* are the smallest and second smallest reduced costs of
variables with coefficient 1 in A;, then L(m + f¢;) is stationary for r= < 6 < r*.
Since L is a piecewise linear concave function, we can conclude that the stationary
point is indeed a maximum and 6 € [r~,r*] is an optimal step size.

The Lagrangian dual is solved by starting from an arbitrary = and moving in
each coordinate direction by an amount 6* = (r* +r7)/2. Hence, if T'(7) is the set

of variables appearing in row 7, we update cJ, 5 € T(z) by ¢} := ¢7 — 0.
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The solution of the Lagrangian dual by this method is unlikely to yield solutions
that have all ¢ # 0. Wedelin proposes a scheme for perturbing the vector ¢ in
such a way such that when the Lagrangian dual is solved, the resulting reduced

costs satisly either ¢J < 0 or ¢] > 0 for all j. Specifically,

7 A A R
G =9 g o) L5 o (2.3)
G- -~ +o g

K

v
<
+

where £ € [0,1] and § is a small constant.

The solution quality depends highly on the paremeter k, and it is difficult to
know beforehand what a suitable value of £ might be. Wedelin [118] discusses
the algorithm in full detail and gives an adaptive “sweep” strategy for choosing
appropriate values for the parameters k and §. We will discuss our implementation

of such a strategy in Section 6.3.2.

Heuristic II1.

The final heuristic is a primal based heuristic and is based on the observation that
the linear programming relaxations of small sized set partitioning problems often
have integer solutions or yield integer solutions with relatively little branching in
a branch and bound procedure. Ryan and Falkner [109] cite a result of Padberg
[98] and give some theoretical evidence to support this empirical observation. Our
heuristic is to choose a “suitable” subset of the columns of A and to solve the integer

program (with a suitable time limit) over these columns. Of course, choosing the
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columns is the most difficult part of this heuristic. Our strategy for performing

the column choice will be discussed in Section 6.3.1.

2.2.5 Reduced Cost Fixing

Variables may be fixed based on their reduced costs as discussed in Section 2.1.
When solving the SPP using a branch and cut approach, reduced cost fixing is
often an extremely powerful tool — allowing as many as 90% of the variables to
be fixed. However, obtaining a good feasible solution is critical in allowing a large
percentage of variables to be fixed by reduced cost.

A flowchart of the heuristic and a discussion of the specific control issues is

delayed until Section 6.3.1.
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CHAPTER 3

Parallel Computing Preliminaries

In this chapter, we describe the two main types of parallel computer architectures
and give our justifications for focusing our algorithms on one of the two architec-
tures. The next section in the chapter raises issues that must be addressed when
designing algorithms for this parallel architecture. We discuss how and why ben-
efits from parallelism might be attained, and we give a categorization of ways in
which information may be shared among processors and discuss the advantages
and disadvantages of each category. Finally, we describe a software system that

facilitates the development of our parallel algorithms.

3.1 Shared Memory versus Message Passing

Parallel computing architectures can vary widely, and there are a variety of param-
eters that can be used to help classify the architectures. We will be most concerned

about processor interconnections, or the way in which processors of the parallel
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computer exchange information. Loosely speaking, the two extreme alternatives
for processor interconnection are shared memory and message passing.

Just as the name suggests, one processor of a shared memory machine can
communicate with another by writing the information into a global shared memory
location and having the second processor read directly from that location. This
makes inter-processor communication very easy, but introduces problems having to
do with simultaneous access of a unique memory location by multiple processors.
The more processors the machine has, the bigger the problem, so shared memory
machines tend to have fewer processors than their message passing counterparts.

In a message passing architecture, each processor has its own local memory. For
this reason, this architecture is often given the name distributed memory. Proces-
sors are connected on a communication network and share information by passing
it through this network. The communication network connecting the processors
can be quite complicated, consisting of a complex mesh of interconnections all
connected by a special bus designed for the purpose, or it can be as simple as an
ethernet network to which all the processors are attached.

We choose to tailor our parallel algorithms to a machine with a distributed
memory architecture. We have chosen to not focus on the shared memory archi-
tecture for a variety of reasons.

The first of the reasons arises from the fact that a network of simple worksta-
tions connected by an ethernet can be conceptualized as a parallel, message passing

computer. This is a very economical way of having parallel processing capabilities,
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so building algorithms to take advantage of this parallelism is important. Second,
there are physical limits on the number of processors that can exist on shared
memory machines; hence, in the future, massively parallel machines will have a
distributed memory. Currently, there is a focus on combining shared memory and
message passing machines. Indeed, the world’s fastest computer (currently under
development) is a such a hybrid [88]. For these hybrid machines as well, message
passing 1s an issue.

The interconnection topology of the parallel computer also can be a large factor
in designing efficient algorithms. In some topologies, (for example the simple ring
network pictured in Figure 3.1) a message must make a number of point to point
hops in order to travel from the source processor to the destination processor. Our
main focus will be on machines that have no strong notion of such a processor
“neighborhood”. We will assume that the cost of communication between any
two processors is roughly the same. There are two reasons that we concentrate
on such architectures. First, even for machines where processors do have distinct
neighborhoods, advanced routing techniques have made the cost of communication
between any two processors roughly the same. Second, the network of workstations
on a common ethernet subnetwork has no notion of a processor neighborhood and

is likely where parallel optimization algorithms will find the most widespread use.
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Figure 3.1: A Ring-Connected Parallel Computer Topology

3.2 Advantages of Parallel Computing

In this section, we ask the question of what we hope to gain by parallel computing,
and introduce some challenges that must be overcome in order to achieve these

gains.

3.2.1 Concurrent Computing

The obvious way in which parallelism can be exploited is by performing portions
of the computing task concurrently. Breaking a problem into slices that can be
performed simultaneously is often not a trivial matter. If a problem can be decom-

posed, it is usually done in one of two ways. Either the data is divided among the
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processors, which is called domain decomposition or the program tasks themselves
are divided, which is called control decomposition or functional decomposition. See
Lewis and El-Rewini [83] or Foster [43] for more explanation of these parallel pro-
gramming methods.

In the domain decomposition approach to problem partitioning, we partition
the computation that is to be performed by associating each operation with the
data on which it operates. This partitioning yields a number of tasks, each com-
prising some data and a set of operations on that data. An operation may require
data from several tasks. In this case, communication is required to move data
between tasks and to synchronize the operations. The classic example of a do-
main decomposition method occurs in solving finite difference equations. In this
application, we have a mesh of points z;;, ¢ =1,...,n, 7 =1,...,n, and at each

iteration ¢ of the algorithm, for each point we must compute

t—1 t—1 t—1 t—1
ot = Timlg T i1 T i 1 T

(¥] 4

(3.1)

To parallelize this algorithm, different points in the mesh are assigned to different
processors, as depicted in Figure 3.2. Mesh points on the boundaries of the regions
assigned to different processors must share data in order to perform an iteration.
Thus, data transfer and synchronization between tasks is required.

In functional decomposition, the focus is on the computation that is to be
performed rather than on the data manipulated by the computation. The goal
is to divide the computation into disjoint tasks that can be executed in parallel.

If the data requirements of the divided tasks are also disjoint, then we have suc-
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Figure 3.2: An Assignment of Grid Points to Processors for Jacobi Iteration

cessfully parallelized the program. Usually there is at least some overlap in the
data requirements of the tasks, in which case communication will be needed. A
good example of where functional decomposition can be effective is in tree search
techniques, such as the branch and bound procedure.

Define T'(p), p > 1, to be the time required to solve a problem on p processors

and the speedup of the algorithm on this problem as

S(p) = 75—

Many algorithms do not readily break into pieces that may be parallelized. In
general, perhaps a fraction 3 of the algorithm is inherently serial. Ignoring com-

munication overhead, we would expect to require a time
1
T(p)=TM1)s+ ;T(l)(l — ) (3.2)
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to perform the algorithm on p processors. Substituting this expression into the
definition of speedup, gives us a limit on the speedup we can expect from an

algorithm:

p
Sip) < ————.

This expression is known as Amdahl’s Law [1]. Define the efficiency of the algo-

rithm as

We say an algorithm has a linear speedup if E(p) = 1 and a superlinear speedup
if E(p) > 1. An algorithm exhibits a speedup anomaly if for p1 < po, T(p1) <
T(p2). Superlinear speedup and speedup anomalies are not predicted by Amdahl’s
law, and we delay discussion of effects causing these occurrences until the next
section. Instead, we now focus on stumbling blocks to achieving linear or near
linear speedup.

Amdahl’s law states that if § is large then the speedup will be small. The
parameter (3 is difficult to quantify for many algorithms, but it might be thought of
as both the portion of the algorithm that cannot be divided into disjoint tasks and
a measure of the synchronization and communication required between tasks. An
example will make our point clear. Consider our domain decomposition example in
Figure 3.2. Suppose that computing zf; by equation (3.1) takes 1/3 of a time unit,
and suppose that exchanging the necessary values of ;L'fj between two processors
takes one time unit. Since processor 2 must share data with both processors 1 and

3, then the total time to share data takes 2 time units. Figure 3.3 shows a “task
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graph”, or order in which the various computing tasks must be performed, and

Figure 3.4 gives a Gantt chart of the processors’ utilization during one iteration of

the method.
Work 1 Work 2 Work 3
Figure 3.3: A Task Graph of One Jacobi Iteration
Processor 1 Processor 2 Processor 3
1 ‘Exchange 1—2‘ ‘Exchange 1—2‘
o) 2 [Exchange 2-3| |[Exchange 2-3
E
F o3
Work 3
4 Work 1 Work 2
5

Figure 3.4: A Gantt Chart of One Jacobi Iteration

For one iteration, we have T'(1) = 8 and 7'(3) = 5. Substituting into equation
(3.2) and solving for 3 yields # = 7/16. The contributions to # come from two

sources. First, a contribution of 2/5 comes from the fact that two of the five time
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units required to perform an iteration are spent in communicating necessary data
between processors. The remaining 3/80 of 3 stems from the fact that we were
unable to “perfectly” divide the work among the processors.

Note that we could have divided the work among the processors equally, but at
an increase in the number of mesh points for which data must have been shared.
This type of communication versus computation tradeoff will arise frequently in
our parallel algorithms.

In the early days of parallel computing, it was thought that Amdahl’s law would
limit the use and effectiveness of parallel computing. However, researchers today
rarely find that Amdahl’s law severely limits the ability to effectively parallelize a
computing task. If 3 is large, then we may wish to design a different algorithm. A
good example of how to overcome the limitation of Amdahl’s law is given in the

context of a non-computing task by Foster [43].

Assume that 999 of 1000 workers on an expressway construction project
are idle while a single worker completes a “sequential component” of the
project. We would not view this as an inherent attribute of the problem
to be solved, but as a failure in management. For example, if the time
required for a truck to pour concrete at a single point is a bottleneck,
we could argue that the road should be under construction at several
points simultaneously. Doing this would undoubtedly introduce some
inefficiency — for example, some trucks would have to travel further

to get to their point of work — but would allow the entire task to be
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finished more quickly.

The same types of issues arises when designing parallel optimization algorithms.
Suppose that in doing parallel branch and bound, we would like to to evaluate node
N that has the highest value of z{;. Consider a strategy where at each iteration
of the branch and bound algorithm, the p nodes with the highest values of 2}, are
evaluated, one by each of the p available processors. Then, the generated children
nodes are passed back to a master process, and the process is repeated. Performing
branch and bound in this way increases the amount of synchronization of the
algorithm, and increases the value of 3. This synchronization is not necessary
for the correctness of the algorithm. In fact, in order for the branch and cut
algorithm to be correct, we can use any valid bound information, cut information,
and pseudocost information. Because of this, we say that the parallel branch and
bound algorithm has weak synchronization requirements, and we hope to exploit
this fact to design effective parallel branch and bound algorithms. Mohan [92] and
Kumar at al. [74] showed that asynchronous implementations of branch and bound
algorithms can be significantly more efficient than synchronous implementations.

Another way to lessen the value of 3 is to increase the “grain” of computation.
For example, a processor could evaluate more than one node before passing the
generated children back to a master process. In different contexts, this has been
referred to as “scaling-up” the parallel algorithm [54] [83] [73] [113]. Care must be
taken when scaling-up a parallel algorithm for any computing task where the work

is determined in a dynamic fashion, such as is the case in the branch and bound
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algorithm. For example, we may evaluate more nodes when processors evaluate
multiple nodes in one iteration, which reduces the speedup. In general, we would
like to always exploit parallelism at the coarsest grain possible, while minimizing
the negative effects that increasing the unit of computation might have.

Gustafson et al. [55] were the first to demonstrate how to “beat” Amdahl’s
law by scaling-up the problem size to achieve near linear speedups. This basic
concept was formalized by Kumar and Rao [75], who introduced the concept of
the isoefficiency function. The isoefficiency function f(n,p) of a parallel algorithm
is the rate of growth of problem size (n) required to keep the efficiency of a parallel
algorithm constant as the number of processors (p) increases. For example, if
f(n,p) is an exponential function, the algorithm is poorly scalable since it will be
difficult to obtain good speedups on large numbers of processors unless the problem
size 1S enormous.

The optimization problems we study are NP-Complete, meaning that all known
algorithms require and amount of work exponential in the problem size in order
to find a solution in the wost case. Therefore, for a reasonable implementation,
a linear increase in the number of processors requires only a logarithmic increase
in the problem size in order to maintain the same efficiency. At first glance, the
sublinearity of the isoefficiency function seems to be a good thing, since it implies
that the procedures will consider, such as branch and bound, should scale well.
However, it also means that increasing the number of processors by a small (or

linear) amount will not lead to a similar growth in the size of the problem that we
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are able to solve.

In all the preceding discussion we have neglected the effects of communication
overhead in determining the speedup of parallel programs. Certainly, the overhead
of communication between two processors cannot help to improve the speedup.
(Note that the communication of “useful” information between processors can
produce speedup. We delay the discussion of these effects until Section 3.2.2).
The overhead required to pass a message can be broken into three parts. First
the message must be packed. Second, the message must be sent over the commu-
nication channel to the receiving process. Third, the message must be unpacked,
interpreted, and dispatched. The efficiency of the packing, sending, and unpack-
ing procedures depends on the message passing interface used and the underlying
computer hardware. The important point to make in our context is that the work
and time required to pass messages takes the place of other computing tasks which
might be more useful to the algorithm.

Regardless of the message passing library being used, to each message there is
appended a small amount of information pertaining to the source and destination
of the message, as well as other technical details. Because of this header, it is
generally more efficient to try to send a few large messages, rather than many
small messages.

The message passing libraries we consider have message queues to handle in-
coming and outgoing messages. The use of these queues adds an extra memory

copy instruction each time a message is to be sent. The message queues are pro-
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cessed in a first-in-first-out order.

3.2.2 Information Sharing
Motivation

The fact that information needs to be shared among processors is one of the com-
plications of parallel computing, but it can also be one of the major sources of
improved performance. In the parallel algorithms we study, information generated
at the various processors may be beneficial to the work occuring at other proces-
sors. Figure 3.5 of the search tree of a branch and bound procedure performed both
by one and two processors makes it clear how superlinear speedup can occur. Sup-
pose that zp;7p, which is found at node 9, is such that Z{]B <zumipVy=3,4,...,7.
Therefore, when zps7p is found, these nodes can be pruned. The left portion of
the figure shows a sequential branch and bound tree, where the numbers by the
nodes indicate in which order the nodes were searched. Assuming it takes one time
unit to evaluate each node, we require ten time units to complete the search. The
right portion of the figure shows a possible allocation of work to two processors
when the same problem is to be solved. In this case, since zp;7p is found earlier,
nodes N3, N* ... N7 are not searched, and we require only three time units to
solve the problem — a superlinear speedup. Nearly every author who has published
on parallelizing the branch and bound algorithm has reported on the existence of
superlinear speedup in their computational experiments [103] [37] [90].

A more disturbing consequence of the fact that information must be shared is
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Figure 3.5: Superlinear Speedup in Branch and Bound

when information is not shared intelligently, it is possible that a computing task
takes longer on a parallel machine than on a sequential machine. Some authors
have explained conditions under which these speedup anomolies occur [77] [32].

Finding feasible solutions earlier in the branch and bound process is not the
only way in which superlinear speedup can occur. Conceivably, any information
which could help improve the bounds earlier in a parallel algorithm than in a
sequential one could lead to superlinear speedup. In fact, the only way in which
superlinear speedup can occur is through information sharing.

TreadMarks [68] is a package that supports parallel computing by providing a
shared memory emulation. The user can program as if there is a common memory
space, and TreadMarks handles the message passing required in order to retrieve
the information. Bixby at al. [15] build a parallel MIP solver using TreadMarks.
TreadMarks, or any other general shared memory emulation system, cannot take
advantage of the particular information access patterns for the problem it is solving.

For optimization algorithms, we are likely to know which types of information are
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likely to be accessed by a processor, and through an intelligent implementation of
a parallel system, we can hope to achieve a much higher efficiency than with a

shared memory emulation system.

Goals

In order to share information on a distributed memory computer architecture, a
message must be passed, for which some overhead is incurred. In this section, we
state the goals of an information sharing system, and describe sharing paradigms
whereby one may achieve these goals. Trienekens and de Bruin also discuss issues
in information sharing for general parallel branch and bound algorithms [115].

The goals of an information sharing system are the following.

Goal 1. Maximize “useful” sharing of information.
Goal II. Minimize latency of access to information.
Goal III. Minimize the number of messages passed.

Goal IV. Minimize memory use and memory use imbalance.

The goals are stated (roughly) in their level of importance. In addition, these
goals should be accomplished in the least “disruptive” way possible. That is,
processors should be kept busy doing work necessary to solve the problem, not
simply sharing information. Throughout the thesis, we will continually refer back
to these goals when thinking about appropriate designs for our parallel algorithms.

Here we briefly describe the idea behind each goal.
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Certainly it 1s difficult to quantify what the “useful” sharing of information
mentioned in Goal 1 is; indeed, it is one of the purposes of this research to provide
a partial answer to this question in the case of the parallel optimization algorithms
we study.

The latency of an access to information, mentioned in Goal II, as the amount
of time spent waiting for the information. In certain cases, we will refer to the
time required to generate information as being latency as well. This is somewhat
different than the standard definition of latency [43] [65]. The definition that is
convenient to us is to define latency is the amount of time between when a request
for information is made and the information is available — either by generating the
information “from scratch” or by retrieving the information from a source.

We would like to achieve Goal III for two reasons: First, a large number of
messages will use a large amount of bandwidth — perhaps even flooding the com-
munication channel. Second, we would like to minimize the amount of processing
time spent packing and unpacking messages, which also will help us perform in-
formation sharing in the least “disruptive” way possible.

If a large amount of information is generated by an algorithm, we may wish to
distribute the information evenly over the available memory at many processors,
thus achieving Goal IV of our information sharing scheme. Distributing the mem-
ory over all processors will enable us to make fullest use of the resources at our
disposal and to potentially solve larger problems on a parallel machine than we

could on a single processor machine.
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It is easy to see that the goals are interrelated, and tradeoffs may be exploited
by varying the degrees to which each is satisfied. The weak synchronization require-
ments of our algorithms previously mentioned gives a great degree of flexibility in
meeting each of these goals.

We now introduce some information sharing strategies and state the degree to
which these strategies satisfy the various goals. Our discussion uses the following
abstract setting. Suppose there are a number of units of work that make up
our computing task. For these units of work to be accomplished, there exists
information that either may be distributed or must be distributed to the processors.
The processors perform units of work, and potentially generate new information
and new units of work. The distinction between information that may be shared
and information that must be shared is an important one, and will be discussed
later in the section.

The crucial question to be dealt with is how the information will be accessed.
We break the information access pattern into two broad categories. In the fetch
information sharing strategy, one processor specifically requests information from
another processor. In the prefetch information sharing strategy, information simply
appears at a processor, and the processor may access the information from its local
memory.

Another important point to make is that there need not be only one way in
which all types of information should be shared. The type of information sharing

should depend on
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e the “importance” of the information being shared,
o the speed and ease of generating the information locally, and
e the underlying computer architecture and network architecture.

Our research will find suitable information sharing schemes for the types of infor-

mation generated by our algorithms.

Fetch

The most basic fetch sharing mechanism is to designate one processor responsible
for keeping track of all the necessary information. The remaining processors are
responsible solely for performing units of work. We refer to this as the master-
worker information sharing paradigm. Since all information is available in one
memory address space, the master-worker strategy can be thought of as an attempt
to emulate the shared memory computer architecture. Thus, the master-worker
approach has many of the same advantages and disadvantages that shared memory
computer architectures have with their message passing counterparts.

The main advantage of the master-worker approach lies in the fact that there
exists a central repository for information. Thus, maximizing useful information
sharing (accomplishing Goal 1) is a relatively simple implementation detail.

The obvious drawback of the master-worker paradigm is that the master process
may become swamped with requests for information. If this happens, contention is

said to occur. Contention shows its negative effects in the ability of the information
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sharing system to meet Goal II. If the master has a large number of requests from
workers, then a worker may wait idle until all the requests are served. Another
drawback with the master-slave information sharing scheme occurs when there is
a large amount of information to be shared among the processors. In this case, a
significant imbalance in the memory usage occurs — Goal IV is not accomplished.
The memory imbalance may limit the ability of the parallel computer to perform
its required task.

In order to alleviate some of the drawbacks of the master-worker scheme, we
might consider having a designated number of “servers” of information. When a
processor requires information, it queries the appropriate server to retrieve it. This
can be thought of as a client-server approach to information sharing.

The advantage of the client-server approach is that by designating an appro-
priate number of information servers, we can alleviate some of the contention and
memory imbalance effects of the master-slave approach — helping us achieve Goals
IT and 1V to higher degrees.

However, the implementation of such approach is significantly more compli-
cated. Specifically, what is an “appropriate” number of servers for a given type
of information? Also, if there is more than one server for a specific type of in-
formation, in order to have an effective parallel algorithm, we may need schemes
to share information among the servers themselves. Each of these problems may
lessen the degree to which we are able to accomplish Goal I. A final drawback of

the client-server approach, but a very important one, is that using processors only
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to serve information to other processors may not be making use of the computing
resources to their fullest potential. The information sharing scheme is disrupting
the normal work of the algorithm. We may therefore wish to consider allowing
information servers to also perform units of work. In this case, requests for infor-
mation may not be served until after a unit of work is completed on the server

processor, leading to high latency — conflicting with Goal II.

Prefetch

In contrast to the fetch information sharing system, where a processor requests
information, the prefetch strategy distributes the information to the processors
where it can be retrieved locally.

The simplest prefetch sharing scheme is to broadcast the information to all pro-
cessors once it becomes available. We will refer to this device as a broadcast-prefetch
information sharing scheme. Advantages of the scheme are that the information is
always available to a processor and that there are no contention effects. Thus, we
can achieve Goals I and II. However, these goals are accomplished at the expense
of passing a large number of messages, so Goal III is not met. Also, storing (by
replicating) information on each processor may use a significant amount of memory
— contrary to Goal IV.

To lessen some of the negative effects with respect to communication of the
broadcast-prefetch scheme, we might consider having each processor collect and

hold information locally for a time before passing it to other processors. We call
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such a scheme a buffered-prefetch information sharing scheme. Analogous to the
relationship between the client-server and master-worker sharing schemes in fetch,
the degree to which some of the goals are met can be increased but at the price of
reducing the degree to which other goals are met. In particular, for the buffered-
prefetch scheme, we reduce the number of messages sent (helping achieve Goal
IIT). However, useful information may be sitting in buffers, and Goal I is satisfied
to a lesser degree.

Also, the complexity of the implementation of a buffered-prefetch scheme is
somewhat high. In particular, appropriate buffer sizes for the information must
be determined that balance the number of messages sent with the availability of
information at all the processors. An aim of the research is to examine this question
for our parallel optimization algorithms.

If we could somehow know on which processors information was likely to be
useful, we could simply pass the useful information to these processors. We call
such a scheme a selective-prefetch information sharing scheme. The advantage
of a selective-prefetch sharing scheme is obvious — information is shared with no
contention effects and with minimum number of messages. The disadvantage of a
selective-prefetch sharing scheme is being able to know precisely whether or not
sharing information will be useful and exactly which processors the information will
be useful. For the optimization algorithms we study, we will attempt to determine
whether or not one can develop selective-prefetch schemes.

These ideas of information sharing are not unlike ideas of prefetching or caching
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found in the fields of filesystems [93], databases [30], or multi-processor shared

memory computer architectures [111].

No information sharing

For some types of information, it may be possible for a processor to attempt
to generate the information itself, removing the need for the information to be
shared. The advantages of this scheme are obvious: no bandwidth or information
processing time is needed, and no contention effects or memory imbalances are
present when information is not shared. Thus, Goals III and IV are fulfilled.
However, obviously Goal I cannot be achieved, since no information is shared.
Minimizing the latency of access to information may or may not be accom-
plished by this scheme, depending on how quickly the information is locally gen-
erated as opposed to retrieved from its location under a sharing scheme. Another
point about not sharing information is that for certain types of information, a
processor may fail in generating useful information, even if such information exists

elsewhere in the system.

3.3 NAYLAK

We build our parallel optimization algorithms on top of NAYLAK. NAYLAK is a
software system for message passing that is based on an “entity-FSM” paradigm
written by K. Perumalla [102]. NAYLAK provides a higher software interface layer

above traditional process-based message passing systems. Traditionally, bulky pro-
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cesses (usually UNIX processes) are the units which communicate by exchanging
messages. In NAYLAK, an additional layer is added over this basic process-level
message-passing by introducing the concept of lighter units called entities. Fach
process consists of a set of entities, and message-passing is performed at the entity
level rather than process level. Thus, entities send messages to other entities, as
opposed to processes sending messages to other processes. Fntities can be created
and terminated dynamically. The mapping of entities to UNIX-level processes,
and the mapping of the processes to the parallel processors can be controlled at
runtime. Entities can create or terminate other entities dynamically.

Another feature lacking in traditional message-passing interfaces, such as PVM
[45], is that of context maintenance. If a given computation consists of several
stages, with some message-passing/synchronization occuring between the stages,
then either barriers or artificial message tags are used to realize the multi-stage
computation. In NAYLAK, the concept of a finite state machine (FSM) is sup-
ported to directly facilitate multi-stage computation. An FSM is an arbitrary
graph of states, where each state is a set of statements that are executed indivis-
ibly (atomically). Every FSM is associated with a single entity, called its owner.
An entity can have zero or more FSMs running for it. Each FSM is, in effect,
a thread of computation, and each FSM state is a unit of computation. FEach
FSM state dynamically designates its next state. Since FSM states are executed
indivisibly (atomically), no synchronization is required for access to common data

across FSM’s and FSM states. This is one of the main differentiating features
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Figure 3.6: NAYLAK System Architecture

from other systems that combine conventional message passing with threads; in
such threads-based systems, explicit synchronization primitives, such as mutexes
or semaphores, should be used to ensure the atomic nature of the most common
sequence of operations, whereas such operation is provided by default in this entity-
FSM architecture. This greatly eases the burden on the programmer, and helps
in a natural flow of control and data. FSM’s can be started, paused, resumed and
terminated dynamically. Figure 3.3 illustrates the NAYLAK system architecture.
Although abstractions usually entail overheads, the implementation of the
NAYLAK system has been carefully designed in order to minimize the overhead
imposed by the layering. As compared to the execution time of the majority

of the procedures in our optimization algorithms, the overhead incurred (mostly
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from extra memory-copying instructions) due to the NAYLAK runtime system is
small. The advantages in using NAYLAK — portability, ease of development, and
extendability — outweigh this overhead. NAYLAK is extremely useful for devel-
oping algorithms wherein the communication is inherently asynchronous and the
processes are conceptually multi-threaded.

NAYLAK provides another layer above the message passing library. Its treat-
ment of arriving messages is handled in a way very similar to that of PVM [45].
Since it is built on top of the message passing library, NAYLAK also handles the
interface with the message passing library itself. Currently, NAYLAK has been
ported to use either the PVM (3.3) message passing library [45], or the MPI (1.0)

message passing standard [59].
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CHAPTER 4

Parallel Branch and Bound

4.1 Introduction

In our version of the branch and bound algorithm for solving MIP, there are three

main types of information to share among the processors:
e lower bounds on the optimal solution value,
e nodes of the branch and bound tree, and
e pseudocosts.

In this chapter we examine approaches for sharing information in a branch and
bound method for solving mixed integer programming. We focus solely on search
issues, postponing the discussion of sharing cuts until Chapter 5. In the first sec-
tion, we describe how lower bound information is shared among the processors.

The next section is a comprehensive study of search strategies for mixed integer
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programming in a sequential environment. The study is not only interesting in its
own right, but allows us to make observations about how to perform and imple-
ment search strategies in a parallel algorithm as well. The next section discusses
issues relating to the use of pseudocosts in a parallel algorithm. We make observa-
tions about the relative importance of pseudocosts in a sequential versus a parallel
algorithm, survey previous work, and give a pseudocost implementation scheme
for the parallel algorithm. Next, we discuss effective node selection schemes in
a parallel branch and bound algorithm for solving MIP. We describe new node
selection schemes for parallel branch and bound algorithms that are based on em-
ulating sequential schemes. The next section is a diversion in order to explain
PARINO (PARallel INTeger Optimizer), the code allowing us to test our various
parallel branch and bound ideas. Finally, we discuss and perform appropriate

computational experiments to verify our intuition and draw conclusions.

4.2 Sharing Lower Bound Information

In branch and bound, the search tree can only be pruned if there exist valid lower
and upper bounds for each node of the tree. Hence, the bound information is
extremely important. When a valid lower bound is found by one processor, either by
a heuristic procedure or because the linear programming relaxation at a node was
feasible to MIP, we choose to broadcast this information to the other processors as
soon as possible. Since the global lower bound is just a scalar, the communication

cost for this broadcast is relatively small. This immediate broadcast of updated
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bound information is the same approach taken by other researchers [37] [22].

4.3 Search Strategies for Mixed Integer Program-
ming

4.3.1 Using Pseudocosts

As mention in Section 2.1, the use of pseudocosts is a well-known and effective
device that enables the branch and bound tree to be searched in an efficient manner.
However, the discussion in Section 2.1 left unanswered two important questions

about how to implement a pseudocost-based branching scheme:
e To what value should the pseudocosts be initialized?
e How should the pseudocosts be updated from one branch to the next?

The question of initialization is an important one. By the very nature of the
branch and bound process, the branching decisions made at the top of the tree
are the most crucial. As pointed out by Forrest et al. [42], if at the root node we
branch on a variable that has little or no effect on the LP solution at subsequent
nodes, we have essentially doubled the total amount of work required.

An obvious method for initialization is to simply let the pseudocosts for a
variable be the value of its objective function coefficient, since if a variable were
unrelated to the other variables in the problem, its pseudocost would be precisely

its objective function coefficient.
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Bénichou et al. [14] and Gauthier and Ribiere [44] experimented with explicitly
computing the pseudocosts of each variable and initializing the pseudocosts to
the computed values. Explictly computing the pseudocost for a variable involves
imposing the bounds that would be implied by the branching rule, solving the
resulting linear programs, and applying the formulas (2.1). The authors report that
initializing pseudocosts with an explicit computation can be effective in reducing
the number of nodes evaluated, but that the time spent computing these values
explicitly is quite significant. In fact, Gauthier and Ribiere conclude that the
computational effort is too significant compared to the benefit obtained. Even
though today’s situation may be slightly different, due to faster computers and
better LLP solvers, it clearly indicates that care has to be taken when pseudocosts
are explicitly computed for each variable.

Throughout the course of this section, we will be introducing experiments aimed
at establishing the effectiveness of different pseudocost utilization techniques for
mixed integer programming. The techniques under investigation were incorpo-
rated into the mixed integer optimizer MINTO (v2.0) [95]. MINTO is an integer
programming solver that uses many state-of-the-art solution techniques. These
features include preprocessing and probing, cut generation, and reduced cost fix-
ing. We have chosen to perform a majority of the testing on a suite of 14 problems
from the newest version of MIPLIB [16]: air0/, arki001, bell3a, bell5, gesa2, harp2,
[152lav, mod011, pp08a, qiu, qnetl, rgn, steingy, vpm2. The instances were chosen

more or less at random, but exhibit a wide range of problem characteristics. The
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characteristics of the instances on which we perform our pseudocost utilization
experiments are listed in Table 4.8 in Section 4.7.1. Unless otherwise noted, all ex-
periments for our study of sequential branch and bound search strategies were run
with the settings shown in Figure 4.1. Other characteristics about the experiments

will be mentioned as needed.

Figure 4.1: Characteristics of All Sequential Computational Experiments

o Code compiled with the IBM XLC compiler, optimization level -O2.

e Code run on an RS/6000 Model 590.

e (PU time limited to one hour.

e Memory limited to 100MB.

The first experiment is aimed at determining when to initialize pseudocosts.
There are two main alternatives. The pseudocosts for all integer variables could be
initialized at the outset of the computations, or each pseudocost could be initialized
the first time an integer variable is fractional in a solution at a node. For a branch
and bound computation, let f; denote the percentage of integer variables that
ever take on a fractional value in a linear programming relaxation at a node. Let
fnB denote the percentage of integer variables that are nonbasic at the root node,
but take on a fractional value in a linear programming relaxation to a different
node. (Recall that if an integer variable is nonbasic, then it is not fractional). We
define fyp = 0 if no integer variables are nonbasic at the root node. For our test

instances, Table 4.1 shows the value of f; and fyp.

65



Since for many instances, fr is relatively small, it makes little sense to initialize
the pseudocosts for all integer variables. We conjecture that if pseudocosts are go-
ing to be explicitly initialized, then they should be computed only for the fractional
variables as needed. The fact that fyp is small implies that if the pseudocosts for
the basic integer variables are initialized at the root node, then very little other
pseudocost initialization needs to be done. This observation will affect the design

of our parallel algorithm.

Table 4.1: Percentage of Fractional Integer Variables

Problem | f7 fns
air04 13.9 | 10.3
arki001 | 44.2 0.0
bell3a 56.3 0.0
bell5 96.6 0.0
gesa2 30.3 0.0
harp?2 20.7 | 175
1152lav | 20.1 | 16.4
mod011 | 83.3 0.0
qiu 100 0.0
qnet1 13.27 | 0.0
rgn 44.0 0.0
steindb | 100.0 | 100.0
vpm?2 49.4 0.0
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Yet another pseudocost initialization alternative, suggested by Eckstein [37],
keeps track of the average value of all pseudocosts for both the up and down
branches. For each variable that has yet to be arbitrated, the pseudocosts are set
to these average values. This method has the disadvantage that variables not yet
branched on are ranked in importance only by how fractional they are.

In the course of the solution process, the variable ; may be branched on many
times. How should the pseudocosts be updated from one branch to the next?
Bénichou et al. [14] state that the pseudocosts vary little throughout the branch
and bound tree, and suggest fixing P;” and Pj+ to the values observed the first
time when variable z; is branched on. Alternatively, as suggested in Forrest el al.
[42], one could also fix the pseudocosts to the values obtained from the last time
when z; was branched on. Forrest el al. [42] and Eckstein [37] suggest averaging
the values from all z; branches.

We performed an experiment to verify the observations of Bénichou et al. [14],
i.e., that the pseudocosts are relatively constant throughout the branch and bound
tree. Suppose the (either up or down) pseudocost P; is some linear function of the
number of times N; variable z; is branched on. We can express this relationship

as
P; = Bo+ B1N;.

For the suite of 14 problems from MIPLIB presented in Table 4.1, we explicitly
computed the regression coefficients 3y and 3y for each variable and direction on

which we chose to branch more than seven times. This gave us 693 variable-
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direction pairs. For these 693, zero was in the 95% confidence interval of the
regression coefficient 3; 673 times, which would imply there was statistical reason
to believe that the pseudocosts are constant throughout the branch and bound
tree for these variable-direction pairs. However, we also observed that from node
to node, pseudocosts can vary significantly. In Figure 4.2, we plot the observed
pseudocosts as a function of the number of times we branch on variable 219 in the
problem pp08a. Therefore, we believe that updating the pseudocosts by averaging

the observations should be the most effective.
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Figure 4.2: Observed Pseudocosts as a Function of Number of Branches

The issues of initialization of pseudocosts and updating of pseudocosts are

unrelated. Generally once a variable is branched on, the initial pseudocost value is

68



discarded and replaced by the true (observed) pseudocost. Therefore, we will deal
with the initialization and update issues separately.

We now describe an experiment that aims at establishing the best pseudocost
initialization method. Since determining the best initialization method is our goal
here, we have fixed the updating method in these runs to be the averaging sugges-
tion. We branch on the variable z; for which the sum of the estimated degradations
(as defined in Section 2.1.1) D;-_ + D;—+ is the largest. This choice will be discussed
in more detail in Section 4.3.1 As stated in Section 2.1, the main focus of choosing
a branching variable is to choose one that will most improve the upper bound of
the child nodes from the parent. By setting z;, to the value of the optimal solution
to the problem in our computational experiments, we minimize factors other than
branching that determine the size of the branch and bound tree. For example, the
node selection rule has no effect on the size of the branch and bound tree. Just for
completeness, we mention that we use the “best bound” node selection rule, where
at the Select portion of Algorithm 2.1, we choose to evaluate the active node with
the largest value of z{;. In our tables of computational results, the “Final Gap” is
computed as

max;eg 2y — 2L

Final Gap = \ (4.1)
<L

and an “XXX” in the solution time column signifies that the memory limit was
reached.
For many experiments, we will be including summary tables that rank the

performance of the techniques under investigation. We rank techniques related to
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branching methods using the following rules:

1. A method that proves the optimality of the solution is ranked higher than

one that does not.

Do

If two methods prove the optimality of the solution, the one with shorter

computation time is ranked higher.

3. If two methods do not prove the optimality of the solution, the one with

smaller final gap is ranked higher.
4. Ties are allowed.

Table A.1 in Appendix A shows the results of solving various problems using
four pseudocost initialization methods. A summary of the experiment is given in
Table 4.2. The pseudocosts were initialized with objective function coefficients, by
averaging observations, by explicitly computing them for all variables at the root

node, and explicitly computing them for the fractional variables only as needed.

Table 4.2: Summary of Pseudocost Initialization Experiment

Initialization Method | Avg. Ranking
Obj. Coef. 2.93
Averaged 3.07

Computed All 2.50

Computed Fractional 1.50

70



Examination of the results shows that explicitly computing initial pseudocosts
for fractional variables as needed is clearly the best method. This result is different
than the conclusion reached by Gauthier and Ribiere [44]. The faster simplex
algorithm and computers of today now make it possible to invest more effort into
the (often very important) initial branching decisions.

We conclude that a good pseudocost initialization strategy should allow for
initially computing pseudocosts explicitly, take care not to expend too much com-
putation time accomplishing this task, and allow for spending more time computing
explicit pseudocosts at the top of the branch and bound tree where branching de-
cisions are more crucial. After further experimentation, we adopted the following
pseudocost initialization strategy. Let T' be the maximum amount of time per
node we would like to spend to initialize pseudocosts for variables on which we
have yet to branch. In this time, we wish to gain useful branching information on
all fractional variables. We therefore impose a limit L. on the number of simplex
iterations used in solving the linear program necessary to compute one particular
pseudocost. Let 7 be an estimate of the number of simplex iterations performed

per unit time, obtained by

Number of iterations needed to solve the initial LP
Time to solve the initial LP

2
Il

Let n be the number of fractional variables in initial LP solution. Then we compute

L as
T
L==-" (4.2)
2n
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As we develop the branch and bound tree, if there is a fractional variable z;
upon which we have never branched, we perform [ simplex pivots after fixing
the bounds of this variable to |z;| and [z;] in order to explicitly determine the
pseudocosts.

Gauthier and Ribiere [44] also proposed a pseudocost initialization strategy
that uses a limited number of simplex iterations, but our approach is fundamentally
different. They purposely limit the number of simplex iterations to a small number,
while we set T to a large number hoping to be able to compute a “true” pseudocost.
The proposed pseudocost initialization method is also very similar to a technique
known as strong branching [28]. In strong branching, however, the pseudocosts for
a variable are reinitialized each time a branching decision for a fractional variable
is to be made.

We now turn our attention to the question of how to update the pseudocosts
from one branch to the next. As mentioned above, our initial experiments lead us
to believe that updating the pseudocosts by averaging the observations would be
the most computationally effective.

We empirically verified this conjecture by solving instances of MIPLIB where
the pseudocosts were updated in each of the three ways suggested. For these runs
we have initialized the pseudocosts by our strategy that explicitly computes them,
with a limit on the number of iterations used. As in our previous experiment, we
branch on the variable z; for which D;_ + D;-+ is the largest, set zz, to be the known

optimal solution to the problem, and we use the best bound node selection rule.



Table A.2 shows the full results of this experiment. For the pseudocost update
experiment, Table 4.3 shows the average ranking over all the instances of each

method.

Table 4.3: Summary of Pseudocost Update Experiment

Update Method | Avg. Ranking
First 2.43
Last 1.64
Average 1.43

From the results of the experiment we see that our intuition is correct. For the
most part, it seems to be best to average the degradations when branching on a
variable to determine its pseudocosts, and the overhead necessary to perform the
averaging does not outweigh its benefits.

For the remainder of this section, when we refer to pseudocost branching, this
will imply that we have used our strategy of explicitly computing the initial pseu-
docosts with a simplex iteration limit, and we update the pseudocosts by averaging

the observations.

Using Degradation Estimates

Once we have computed estimates or bounds on the degradation of the objective
function given that we branch on a specific variable, we still must decide how to

use this information to make our branching choice. Our goal is to maximize the
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difference in LP value of the relaxation from a parent to its children, but since there
are two children of each parent, there are different measures of change. Gauthier et
al. [44] suggest trying to maximize the sum of the degradation on both branches,

i.e. branch on the variable z;» with
j* = arg m,ax{Dj + D]_}
j

Bénichou et al. [14] and Beale [13] suggest instead to branch on the variable for
which the smaller of the two estimated degradations is as large as possible. That
is,

j* = argmax{min{ D}, D7 }}.
J

Eckstein [37] suggests combining these ideas by branching on the variable
j* = arg max{a; min{ D7, D7 } + ay max{D}, D }.} (4.3)

Note that we can maximize the sum of the degradation on both branches by letting
a1 = az = 1 in equation (4.3), and we can maximize the minimum degradation on
both branches by letting oy = 1, ay = 0.

Table 4.4 shows a summary of the effect of varying the parameters oy and a4 for
our MIPLIB test instances. The full results can be found in Table A.3. For these
runs, we have set zy, to be the known optimal solution to the problem and used
the best bound node selection rule. From this experiment, we draw the following

conclusions about using the degradation estimates to choose a branching variable:

e Both the up and down degradations should be considered.
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e The importance of a variable is more related to the smaller of the two degra-

dations.

e Using (aq,a2) = (2,1) in equation (4.3) appears to be a good choice.

Table 4.4: Summary of Degradation Use Experiment

(a1, a2) | Avg. Ranking
(1,0) 4.71
(10,1) 2.86
(2,1) 1.86
(1,1) 2.86
(1,2) 3.64
(1,10) 4.29

4.3.2 Node Selection

Here we provide a brief survey of node selection methods. We categorize the node
selection methods as static methods, estimate-based methods, and backtracking
methods. In addition, we introduce a new calculation on which to base estima-
tion methods, and we perform experiments to test the effectiveness of the various

methods.

Static Methods

A popular way to choose which subproblem to explore is to choose the one with

the largest value of z{;. There are theoretical reasons for making this choice, since
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for a fixed branching rule, selecting problems in this way minimizes the number
evaluated nodes before completing the search. This node selection rule is usually
called best first or best bound search.

At the other extreme is a selection rule called depth-first search. As the name
suggests, the solution space is searched in a depth-first manner.

Both these methods have inherent strengths and weaknesses. Best first search
will tend to minimize the number of nodes evaluated and at any point during the
search is attempting to improve the global upper bound on the problem. Therefore
best first search concentrates on proving that no solution better than the current
one exists. Memory requirements for searching the tree in a best first manner may
become prohibitive if good lower bounds are not found early, leading to relatively
little pruning of the tree. Also, the search tree tends to be explored in a breadth-
first fashion, so one linear program to be solved has little relation to the next —
leading to higher computation times.

Depth-first search overcomes both of these shortcomings of best first search. In
fact, searching the tree in a depth-first manner will tend to minimize the memory
requirements, and the changes in the linear program from one node to the next
are minimal — usually just changing one variable’s bound. Depth-first search has
another advantage over best first search in finding feasible solutions since feasible
solutions tend to be found deep in the search tree. Depth-first search was the
strategy proposed by Dakin [31] and Little et al. [86], primarily due to the small

memory capabilities of computers at that time. Despite its advantages, depth-first
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search can lead to extremely large search trees. This stems from the fact that we
may evaluate a good many nodes that would have been fathomed had a better
value of zz, been known. For larger problems, depth-first search has been shown to
be impractical [42]. However, this conclusion was made in the days before primal
heuristics were incorporated into most MIP codes, so depth-first search deserves

to be re-examined.

Estimate-based Methods

Neither best first search nor depth-first search make any intelligent attempt to
select nodes that may lead to improved integer feasible solutions. What would be
useful is some estimate of the value of the best feasible integer solution obtainable
from a given node of the branch and bound tree. The best projection criterion,
introduced by Hirst [61] and Mitra [91] and the best estimate criterion found in
Bénichou et al. [14] and Forrest et al. [42], are ways to incorporate this idea into a
node selection scheme. The best projection method and the best estimate method
differ in how they determine an estimate of the best solution obtainable from a
node N*. Given an estimate E*, they both select the node in the active set for
which this value is largest. Here we discuss only the best estimate criterion. For
the best estimate criterion,

E; =z, + Y _min(P] f;, PF(1— f;)). (4.4)

jeI

This estimate is logical since the pseudocost is an estimate of the rate of change

of the objective function value.
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The estimate of the best solution obtainable from a node given by (4.4) assumes
that we will always be able to round a fractional variable to the closest integer and
obtain a feasible integer solution, which is somewhat optimistic. A more realistic
estimate would be the following:

Ei=z, + > (fiPrg+ (1= f)PFH(1—q))

jEIf,<0.5
+ > (PT(L—g)+ (1= [)Pfa), (4.5)

JELf,>0.5
where g; i1s the “probability” that we will be able to round a fractional solution to
the closest integer and obtain a feasible integer solution. Note that if¢; =1V € I,
then (4.5) reduces to (4.4). Linderoth and Savelsbergh [85] give a suggestion for

computing g;.

Backtracking Methods

Define a superfluous node as a node N' that has z%, < 2*. Searching the tree in a
best first manner will ensure that no superfluous nodes are evaluated. If, however,
one can be assured that all (or most) of the superfluous nodes will be fathomed,
(which is the case if z, = 2*), the memory and speed advantages of depth-first
search make this method the most preferable. Various authors have proposed
strategies that attempt to go depth-first as much as possible while minimizing the
number of superfluous nodes evaluated [14] [20] [44] [28]. We call these types of
methods backtracking methods. Given some estimate Ey of the optimal objective

function value z*, the tree is searched in a depth-first fashion as long as 2}, > Ej.
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If 2t , < Ejy, then a node is selected by a different criterion such as best first or
best estimate. The methods differ in the manner in which they obtain Fy and in
which criterion they use when deciding to backtrack.

There is a tradeoff in how “aggressive” one wants to be when calculating an
estimate. If the estimate is too large, then the tree is searched in a best first or best
estimate fashion and none of the advantages of going depth-first is obtained. If the
estimate is too small, then the tree is searched in a more depth-first fashion and
many superfluous nodes may be evaluated. This point must be kept in mind when
selecting an estimation method on which to base a backtracking node selection

rule.

4.3.3 Branch Selection

Typical branching is based on a dichotomy that creates two new nodes for evalua-
tion. The node selection scheme must also answer the question of how to rank the
order of evaluation for these nodes. Schemes that prioritize the nodes based on an
estimate of the optimal solution obtainable from that node have a built-in answer
to this question, since distinct estimates are assigned to the newly created nodes.
For schemes that do not distinguish between the importance of the two newly cre-
ated nodes, such as depth-first, researchers have made the following suggestion.
Suppose that we have based the branching dichotomy on the variable z;», then we
select the down node first if f;* <1- f;* and the up node first otherwise [78]. If

estimates are not available, we will use this rule for selecting whether to evaluate
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the down or up child of a node.

4.3.4 Computational Results

We performed an experiment to compare many of the node selection rules we have
discussed. Each of the problems in Table 4.8 was solved using the node selection
methods detailed in Table 4.3. For a branching method, we used a hybrid pseudo-
cost method. The method is described in detail in Linderoth and Savelsbergh [85],
where it is denoted as branching method B6. All advanced features of MINTO
were used, which includes a diving heuristic that is invoked every ten nodes of the

branch and bound tree.

Node Selection Method | Description

N1 Best Bound.

N2 Depth-First.

N3 Best Estimate (normal pseudocost).

N4 Best Estimate (adjusted pseudocost).

N5 Backtrack. Best Estimate (normal pseudocost).
When backtracking, select node by best bound
criterion.

N6 Backtrack. Best Estimate (adjusted pseudocost).
When backtracking, select node by best bound
criterion.

Figure 4.3: Node Selection Rules Investigated
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Each of the node selection methods were tested for all the MIP instances in
Table 4.8. One exception was the instance arki001, which was excluded because
during the heuristic phase, we encounter a linear program which takes more than
one hour of CPU time to solve. This left us with 56 problems in the test suite.
Table A.4 shows the full results of this experiment, and Table 4.5 shows a summary
of the results. When ranking the performance of a node selection method on a given

instance, we use the following rules:

1. Methods are ranked first by the value of the best solution obtained.

2. If two methods find the same solution, the method with the lower provable

optimality gap is ranked higher.

3. If both methods find the same solution and optimality gap, they are ranked

according to computation time.

4. Ties are allowed.

In computing the rankings, instances where each node selection method was
able to prove the optimality of the solution and the difference between best and
worst methods’ computation times was less than 30 seconds were excluded. This
left us with 33 instances.

From the tables it is difficult to determine a clear winner among the node

selection methods, but we can make the following observations:

e Pseudocost-based node estimate methods or combining a pseudocost based

estimate method in backtracking seems to be the best idea for node selection.
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Table 4.5: Summary of Node Selection Method Experiment

Method Ranking Times No | Times Optimal | Computation
(Min, Avg, Max) | Sol'n Found | Sol’'n Found Time (sec.)
N1 (1, 3.24, 6) 2 8 68189
N2 (1, 4.18, 6) 3 80005
N3 (1, 2.97, 6) 2 11 66147
N4 (1, 3.00, 6) 1 67823
N5 (1, 3.36, 6) 1 66475
N6 (1, 3.42, 6) 1 68106

e There is no node selection method which clearly dominates the others (note
that almost all methods came in last at least once), so a sophisticated MIP
solver should allow many different options for selecting the next node to

evaluate.

e Even in the presence of a primal heuristic, depth-first search performs poorly

in practice.

4.4 Pseudocosts in Parallel Branch and Bound

In this section, we begin by making some observations about the relative im-
portance of sharing and initializing pseudocosts in a parallel algorithm for MIP.
We then describe our implementation scheme and survey pseudocost sharing ap-

proaches that others have taken.



4.4.1 Observations

One of the main conclusions of our experiments about the effective use of pseu-
docosts in a sequential setting was that the initialization of pseudocosts is very
important. Recall the observation of Forrest et al. [42] that for every “mistake”
that is made in choosing a branching variable, the amount of work required to
process the subtree rooted at that node doubles. This same rationale implies that
the initialization of pseudocosts in a parallel algorithm is more important than
in a sequential one. An example will make this point clear. Consider the partial
branch and bound tree shown in Figure 4.4.1. The order in which the nodes were
evaluated is indicated by the number next to the node. At node 1, variable xj,4
is branched on. Suppose that x4 is a poor choice of variable on which to branch
and that this poor branching choice was made because the pseudocosts are not
initialized explicitly. Subsequently, on processor 2, suppose that the variable zj,4
is fractional at node 5. If the pseudocost information indicating that x4 is a
poor variable to branch on is not shared among the processors, then it is likely
that zp,q will be branched on again at node 5. In general, we might make the
same “mistake” on all p processors. Thus, we conclude that if pseudocosts are not
shared, then good pseudocost initialization is more important for a parallel algo-
rithm than for a sequential one. Using the same reasoning, one can also conclude
that if pseudocosts are not initialized intelligently, then pseudocost sharing is more
important for a parallel algorithm than a sequential one.

If pseudocosts are shared among the processors, then (assuming the same
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Processor 1 Processor 2

Figure 4.4: A Branch and Bound Tree

branching order) a parallel branch and bound algorithm would need to make the
same number of branching decisions with uninitialized pseudocosts as would a se-
quential algorithm. Therefore, we conclude that if pseudocosts are shared among
the processors, then pseudocost initialization has equal importance for parallel and
sequential branch and bound algorithms.

Thus, regardless if pseudocosts are to be shared among the processors, we see
that pseudocost initialization can only be more important in a parallel branch
and bound algorithm than in a sequential algorithm. Since our experiments in
Section 4.3.1 showed that pseudocosts initialization was important for a sequen-
tial algorithm, we will only consider schemes where the pseudocosts are explicitly
initialized by the strategy presented in Section 4.3.1.

If we consider only schemes where the pseudocosts are explicitly computed as

needed, what can we hope to gain by sharing pseudocosts?
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e A reduction in the total time involved in initializing pseudocosts.

e A reduction in the number of nodes in the branch and bound tree (by making

more intelligent branching decisions).

Reducing the total time involved in initializing the pseudocosts can be seen
as an attempt to satisfy Goal II (reducing information latency) of an information
sharing scheme. If pseudocosts are not shared, then many of the processors may
need to perform the computations necessary to perform the pseudocost initializa-
tion. If the time required to initialize a pseudocost is sufficiently large, then we
may hope see some benefit in sharing the pseudocosts by reducing the amount of
time required to make a branching decision for a node.

On the other hand, it may be more beneficial for each processor to initialize
its own pseudocosts. This is because pseudocosts initialized at a node are in some
sense the “best” local information that the branch and bound algorithm can use
when deciding on a branching variable. In this case, not sharing pseudocosts
implies that the algorithm will explicitly initialize more pseudocosts, which could
result in a more effective algorithm. Of course, the sequential algorithm could
explicitly compute “local” pseudocosts whenever a branching decision is to be
made. This is akin to the idea of strong branching mentioned in Section 4.3.1.

Reducing the number of nodes in the branch and bound tree is striving to
achieve Goal I (maximizing useful sharing) of an information sharing scheme. In
our sequential study, aggregating the pseudocost measurements taken throughout

the branch and bound tree was shown to be mildly effective. When pseudocosts
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are initialized, then the sole benefit of sharing pseudocost information comes from
the averaging effect. One of the main conclusions of our sequential pseudocost
study was that the averaging of pseudocosts was only mildly effective. In a paral-
lel algorithm, the pseudocosts for a given variable can be collected and averaged
locally at a processor. Assuming that the marginal benefit of averaging pseu-
docost information decreases as the number of observations increases, then the
further pseudocost averaging benefit obtained by sharing the observations among
the processors decreases. In a distributed setting, sharing pseudocosts informa-
tion requires that messages be passed. We conjecture that the marginal benefit
obtained due to sharing of pseudocosts does not outweigh the overhead incurred
due to the message passing.

In Table 4.6 we summarize the conjectured importance of pseudocost initializa-
tion in a parallel algorithm depending on whether or not pseudocosts are shared.
In Table 4.7 we summarize the conjectured importance of pseudocost sharing in a
parallel algorithm depending on the pseudocost initialization scheme. The Relative
Importance mentioned in the heading is the importance of performing the action

in the parallel algorithm relative to a sequential algorithm.

Table 4.6: Relative Importance of Pseudocost Initialization

Pseudocosts Shared | Relative Importance of Initialization

No More important

Yes Equally important
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Table 4.7: Relative Importance of Pseudocost Sharing

Pseudocosts Initialized | Speed of Initialization | Relative Importance of Sharing
No (N/A) More important
Yes Fast Less important
Yes Slow More important

4.4.2 An Implementation Scheme
Initialization

Our implementation will explicitly initialize all pseudocosts. At the root node of
the branch and bound tree, it is likely that many integer variables have fractional
values in the LP relaxation. In fact, as shown in Table 4.1, in many cases all of
the variables that ever take on fractional values are fractional at the root node.
On a parallel computer, we have the opportunity to divide the work necessary
to explicitly compute the pseudocosts for these variables among the processors.
The natural way to divide the work is a domain decomposition approach, where
each processor is assigned a number of fractional variables. After computing the
pseudocosts assigned to it, each processor shares the information with the other
processors. We call this parallel pseudocost initialization. Parallel pseudocost ini-
tialization shares the pseudocosts information at the root node, so Table 4.7 tells us
about the importance of performing this technique. If pseudocosts take a long time

to initialize, then it is likely that parallel pseudocost initialization will be effective.
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If pseudocost initialization requires little effort, parallel pseudocost initialization
will likely be ineffective. A computational experiment presented in Section 4.7.2

is aimed at determining the effectiveness of parallel pseudocost initialization.

Sharing

In Section 4.4.1 we conjecture that pseudocost sharing might be beneficial in reduc-
ing the total time involved in initializing pseudocosts, and that pseudocost sharing
is unlikely to significantly reduce the number of nodes in the branch and bound
tree.

We wish to verify these conjectures experimentally, so we will discuss a scheme
for sharing pseudocosts. First, since the target architecture for which we are design-
ing the branch and bound algorithm does not have a large number of processors,
and the marginal benefit of pseudocost information is likely small, we assume that
dedicating a processor to act as a server of pseudocost information will be a waste
of resources — the processor would be more useful evaluating nodes than in serving
requests for pseudocost information. Therefore, we will consider a prefetch pseu-
docost sharing scheme. Further, a pseudocost is a small amount of information
that is generated very often during the algorithm, which implies that a buffered-
prefetch scheme would be most effective. The question as to an appropriate buffer
size that balances the number of messages passed against the benefits of sharing
will be examined.

The observations about the relative importance of pseudocost sharing and ini-
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tialization made in Tables 4.7 and 4.6 all implicitly assumed pseudocosts were
shared in an undelayed fashion. That is, once a pseudocost was computed, the
information was immediately made available to all other processors. If there is a
delay in the pseudocost information being made available to other processors, as
is definitely the case in a buffered-prefetch sharing scheme, then the observations
change somewhat.

For the observations of Table 4.6, the easiest way to see the effect of buffering
the pseudocosts is to consider no sharing as a buffered sharing scheme with infinite
buffer size and an undelayed sharing scheme as a buffered sharing scheme with
buffer size zero. The larger the buffer size, the more important explicit pseudocost
initialization becomes. Buffering the pseudocosts does not change the conclusion
that pseudocost initialization is extremely important for a parallel branch and
bound algorithm.

From the observations of Table 4.7, in cases where sharing pseudocosts is more
important — when pseudocosts are not initialized or when pseudocost initializa-
tion is slow — it is also more important to have small pseudocost buffer sizes. If
pseudocost initialization is fast, large pseudocost buffer sizes should be adequate.

A number of observations and conjectures about how to best share pseudocost
information have been made in this section. Computational experiments verifying
these observations are delayed until after we have cited previous work in this area

and more accurately detailed our implementation.
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4.4.3 Previous Work

The only published work on using pseudocosts in a parallel branch and bound algo-
rithm for solving MIP is that of Eckstein [37] [39]. In his work, Eckstein performs
a systematic study of the effects of sharing pseudocost information. He compares
a master-worker pseudocost sharing scheme, a client-server sharing scheme, and
a buffered-distributed pseudocost sharing scheme. Although unable to declare a
“winner” among the sharing methods, Eckstein concludes that the efficiency of the
branch and bound algorithm decreases as pseudocost storage become less central-
ized. Eckstein uses the averaging method in order to initialize the pseudocosts,
which was the least effective initialization scheme presented in Section 4.3. The
importance of pseudocost sharing may be quite different if a more effective ini-
tialization scheme is used. The observations summarized in Tables 4.7 are able to
explain the observed importance of pseudocost sharing in Eckstein’s experiments

[39], where pseudocosts are not initialized in an effective manner.

4.5 Node Selection in Parallel Branch and Bound

In this section, we will discuss issues related to the sharing of node information in
a parallel branch and bound algorithm for MIP. In so doing, we will also survey
approaches others have taken for performing the sharing. Sharing node information
is very closely related to the idea of active set management for a parallel branch

and bound algorithm. We must perform active set management in order to develop
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a node selection scheme for the parallel algorithm.

4.5.1 Observations

When solving some instances of MIP, the size of the active set can grow very
large. In order to allow as large an active set as possible (by making use of all
the physical memory at our disposal), we would like to distribute the unevaluated
nodes among all the processors. We consider achieving Goal IV (to minimize the
memory imbalance) to be the most important feature of a node sharing scheme
for parallel branch and bound. A distributed active set has the further advantage
that it will reduce contention effects at the processor acting as the node server, so
it also helps us achieve Goal II of an information sharing scheme.

Since there is no centralized location of the active set of nodes, information
about the various active sets must be shared among the processors. The first goal
of an information sharing scheme is to maximize the useful sharing of information.
What information about the active sets at the processors is likely to be useful?
Clearly, the most important piece of information about an active set at a processor
is whether or not it is empty. If a processor has no nodes to evaluate, we would
like to ensure that it receives nodes in a timely fashion; or, if no processors contain
nodes to evaluate, that the program stops and declares the incumbent solution
optimal. We refer to ideas concerning keeping a processor’s active set nonempty
as quantily balancing. Termination detection is the problem of determining when

all of the processors’ active sets are empty. Just as in a sequential algorithm, we

91



would like for all processors to be working on “non-superfluous” nodes or on nodes
that are likely to lead to an improved integer feasible solution. We refer to ideas

concerning keeping all processors working on “useful” nodes as quality balancing.

Quantity Balancing and Termination Detection

We would like some way to ensure that processors do not run out of work while
others have a large number of nodes to evaluate. The most obvious way to accom-
plish this task is to have an idle processor broadcast a message saying it requires
work. A suitable processor can then send a portion of its work to the idle processor.
An obvious extension of the “wait until empty” approach of quantity balancing
would be to not wait to fetch more nodes until completely running out of nodes
in a active set; instead, a threshold, k, could be used so that whenever the num-
ber of nodes in the active set drops below k, a request for more work could be
sent. The main drawback of this anticipative quantity balancing scheme is that
the complexity of the implementation needs to be increased for two reasons. First,
termination detection is more difficult. Secondly, the implementation must guard
against the phenomenon of thrashing. When the number of nodes in all of the
active sets are low, it may be the case that when a processor passes nodes in order
to satisfy another processors request, the donating processor also falls below the
node threshold k. In the extreme case, the nodes are simply passed back and forth

between two processors.
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Quality Balancing

We would like to ensure that each processor is doing useful work. One definition
of useful work in this context is the evaluation of a non-superflous node. By
definition, if we evaluate nodes in order of the best upper bound on that node,
we are always doing useful work. There are two points to make. First, since we
have distributed our active set among all the processors, it is not an easy task to
always ensure that a processor is working on the node with the best upper bound.
Second, as pointed out in Section 4.3, even in a sequential setting, there are a
variety of reasons why the best bound node selection rule is not always the most
computationally effective.

There is a reason to believe that node selection rules that have a depth-first
flavor are even more likely to outperform best first strategies in a parallel setting.
Some of the information generated by the branch and bound algorithm (pseudo-
costs and cuts) may be the most effective if used on nodes that are “close” to the
node for which the information was first generated. In Section 5.1.5 we will provide
some emperical evidence that this is indeed the case for cuts. By keeping a proces-
sor working on nodes that are local in the tree (say by searching in a depth-first
manner), then the information generated locally at a processor does not have to
be shared with other processors in order for it to be effective. Also, depth-first
search techniques fail miserably when the search gets “stuck” in an unrewarding
section of the search tree. By having many processors perform depth-first search in

parallel, it is unlikely that all processors will be searching in unrewarding sections
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of the tree.

4.5.2 An Implementation Scheme
Quantity Balancing and Termination Detection

Preliminary computational experience demonstrated that for nearly all MIP in-
stances, processors run out of work very infrequently compared to the total number
of nodes generated. Thus, the benefit obtained in developing an anticipative quan-
tity balancing scheme would not justify the increased implementation complexity.
Our implementation uses a naive quantity balancing and termination detection
scheme, which is implemented in the following manner. When the active set at a
processor becomes empty, the processor with the largest active set sends a portion
of its active set to the empty processor. Once the nodes are passed, we would like
for both processors to have a roughly equal amount of work. Note that this is not
equivalent to the processors having an equal number of nodes in their active sets.
Rather, we would like to balance the number of nodes stemming from the subtrees
rooted at the nodes in the active sets. Since the exact size of the remaining sub-
tree from a node is not known at the time nodes are to be passed, the amount of
work cannot be balanced exactly. If the nodes {N', N2 ..., N*¥} at the donating
processor are ordered so that z), > 2% > ... > 2, then nodes {N% N*, ... N*}
are passed to the requesting processor. We take k = [k/4| in our implementation.
We limit the number of nodes passed to a maximum of k for three reasons. First,

nodes N' with small values of z}; are more likely to be superflous, so we certainly
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do not want to pass them from processor to processor. Second, limiting k keeps
the size of the message passed small, and still we are able to roughly balance the
amount of work between the two processors. Third, small values of £ reduce the
following thrashing effect. If the same processor serves many requests for nodes,
and if k is too large, then by serving all the requests, its active set will become
small, in which case, it will soon be requesting nodes of its own.

From the preceding discussion, it is not clear how a processor knows that it
has the largest active set among all processors, so that it is to satisfy requests for
nodes from processors whose active sets are empty. To accomplish this, there is a
monitor of the branch and bound process. The monitor uses a simple “check-in”
mechanism, where at fixed time intervals, the size of the active set of each processor
is passed to the monitor. Requests for nodes are made to the monitor, who forwards
this message to the processor with the largest active set. The discussion of the
exact implementation of this monitor entity is delayed until Section 4.6.

The use of the check-in mechanism makes it a bit difficult to categorize our
quantity balancing scheme as one of our basic information sharing schemes de-
scribed in Chapter 3. Certainly it falls under the general category of a fetch shar-
ing scheme — when a processor runs out of work, it makes a request for more nodes
to evaluate. Since there are multiple servers of node information (each processor
has its own active set), then the quantity balance scheme is most like the client-
server information sharing scheme. The only difference from the basic client-server

scheme is that the server designated to serve a request for information is done in
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a selective fashion based on information that is known to a master, or monitor,

process.

Quality Balancing

We saw in Section 4.3.2 that there was no clear best rule for selecting nodes
in a sequential branch and bound algorithm for solving MIP. It seems unlikely
that there is a best strategy for choosing nodes in a parallel branch and bound
algorithm either. We would therefore like the flexibility to explore different node
selection strategies in a parallel environment. Nearly all of the prior work in quality
balancing of a distributed active set can be seen as an attempt to emulate the best
bound node selection rule. We have chosen to emulate four different sequential
search strategies in parallel: best bound, best estimate, a backtracking method,
and a modified depth-first method. Here we will briefly describe each and explain
how they are emulated.

The best bound node selection rule is emulated as follows. A weight function,
or quality, is calculated for the active set of each processor. We define the quality
of an active set to be the average of the largest m upper bound values of the nodes
in the active set. Let wpax be the maximum quality of an active set and let wpn
be the minimum quality of an active set. There is a quality imbalance between

two active sets when

Wmax — Wmin > A, (46)

wmax

where A is the quality tolerance. We correct the quality imbalance by swapping
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unevaluated nodes between the two. A simple “shuffling scheme” where every
other node from the first m in the two pools is swapped is used to balance the
quality of the pools. In order to collect the active set qualities and send messages
signaling that nodes should be exchanged, we use the same monitor process and
polling mechanism used for quantity balancing.

To emulate the best estimate node selection rule, an estimate of the best
solution obtainable z% from a node N' is computed by equation (4.5), where
g; = 0.8 Vj. Note that pseudocosts are required to make this calculation, so
sharing of pseudocost information in this case has some interaction with the shar-
ing of node information (or the parallel node selection scheme). Given that we
have computed the estimates 2%, the emulation of the best estimate node selection
rule works in a similar fashion to the best bound. We simply redefine the quality
of an active set to be in this case the average of the m largest estimate values 2%
for the nodes in the set.

The goal of a backtracking method is to evaluate nodes in a depth-first fashion
until the upper bound at a node falls below the estimate of the best optimal
solution. To emulate the backtracking node selection rule, the values zi; and 2%
are computed for each node N*. Let z2%(;) and 21%%(5) be the largest value of z};
and z; in the active set at processor j. Define 2z = max(zy, max; z2%%(5)) to be
the estimate of the optimal solution. By a check-in and broadcast mechanism, each
processor is made aware of zg and locally performs node selection by a backtracking

rule using the value zg. If 2**(j) < zg for some processor 7, then it is deemed that
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processor j has no “useful” nodes to evaluate and an exchange of nodes between
processors 1s made in a manner similar to that used in the best bound emulation
node selection rule.

The final node selection emulation scheme implemented is a modified depth-
first (or plunging) scheme, which works in the following manner. Given a node
to evaluate, depth-first moves are made until the node becomes infeasible or an
integer feasible solution is obtained. Then, the node with the highest value of 2},
is chosen to evaluate, and the process is repeated. Quality balancing is performed
like in the best bound emulation scheme.

Each of the quality balancing schemes we describe can be categorized as a
prefetch information sharing scheme — suitable nodes to evaluate simply appear
at a processor. By using a polling mechanism and a monitor process, we are able
to “intelligently” share the nodes among the processors, so we categorize each of
the node selection emulation schemes as a selective-prefetch information sharing

scheme.

4.5.3 Previous Work

In order to achieve a memory balance among the processors, our implementation
will distribute the active set of nodes over all the processors. Eckstein [37] also
cites the significant memory imbalance that occurs as a major drawback to the
centralized active set approach. In this section, we survey the approaches others

have taken to perform quantity and quality balancing with a distributed active set
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in a parallel branch and bound algorithm. The problems of quantity and quality
balancing are not unique to solving MIP in parallel, so we also mention ideas
springing from “generic” parallel branch and bound implementations.

Liiling and Monien [87] suggest assigning a weight function to the active set of
each processor and to attempt to balance the weight functions among processors.
Given a set of nodes N = {N', N2, ... N¥}, some weight functions they suggest

are

w(N) = k,

w(N) = m]ax{z{}}, and

k .
ey
=1

J

If N(j) is the active set of node at processor j, Liiling and Monien suggest keeping

g
=
[
|
g
=

(k) < A Vi, k.

In their work, they suggest a somewhat complex scheme for achieving this balance.
Note that the concept of quantity and quality balancing are both encompassed by
balancing a suitable weight function. In later work, Tschoke, Liling, and Monien
suggest that quality and quantity balancing should be performed separately [117].
The main difference between this scheme and our implementation scheme described
in Section 4.5.2 is the definition of the weight function for an active set. In the
case of MIP, it makes little sense to include nodes with low values of z{; in the

calculation of quality since these nodes may not be evaluated anyway.
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Dutt and Mahapatra [36] use an anticipative quantity balancing scheme in
solving the traveling salesman problem, but they do not report on the effectiveness
of this scheme in comparison to a nonanticipative quantity balancing scheme. In
order to describe their quality balancing scheme, we assume that the set of nodes
{N'(5), N*(j),..., N™(j)} at processor j are ordered such that z;;(j) < z%(j) <

. < 27(j). Processor i sends “a few good” mnodes to processor j if z} (i) >
25(7). The exact details of how many nodes are sent are omitted. Mahapatra and
Dutt [89] extend this quality balancing scheme and call it the quality equalizing
strategy. The quality equalizing strategy has been combined with a naive branch
and bound algorithm to solve some instances of MIPLIB on a parallel machine
with 128 processors [35].

Eckstein [37] has an interesting solution to the memory imbalance problem and
to some of the contention effects that occur from a master-worker node sharing
scheme. He uses tokens to effectively distribute the bulk of the active set. After a
worker creates a node, a small “token” of information is passed to the master. The
token contains the information z{;, the processor number that generated the node,
and the local memory address of the node at the generating processor. Using this
information, the master is able to allocate nodes to the workers. If a processor
becomes idle, it passes a message to the master. The master then determines the
processor location of a suitable node (say the node with the greatest value of z},)
to transfer to the idle processor. A message is sent to the processor where the

node is located in order to initiate the transfer. A similar token-based scheme was
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suggested by Rayward-Smith et al. [106].

One main drawback of the token approach is that it requires passing a large
number of messages, conflicting with Goal III of our information sharing scheme.
Eckstein’s code was designed for the special computer architecture of the CM-5
[114]. In the CM-5 architecture, two processors could communicate rapidly and
independently of all other processors. Further, Eckstein’s implementation of the
approach made use of a feature called active messages available on the CM-5.
In order to make sure nodes are passed in a timely fashion from one worker to
another, we would like to be able to interrupt the current work on the donating
processor and initiate transfer of the node immediately. Active messages allow us
to accomplish this.

A second version of Eckstein’s code [37] uses a more decentralized approach,
where quantity and quality balancing is performed by a simple randomized scheme
due to Karp and Zhang [67]. When a new node is generated, it is sent to the active
set of a randomly chosen processor. Karp and Zhang show that the expected
quality balance between processors should be good for such a scheme. In his
computational work, Eckstein found that the scheme is not particularly well suited
for quantity balancing in solving instances of MIP [37]. A further disadvantage of
such a scheme in our context is the large number of messages that are generated.
Again, such a scheme was suitable for the CM-5 computer architecture.

To improve the quantity balancing performance of the randomized strategy,

Eckstein [39] combined the scheme with a “rendezvous” algorithm, which was
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originally conceived of as a parallel storage allocation method [24] [60]. In the
rendezvous algorithm, a weight function similar to that suggested by Liling and

Monien is computed for the active set at each processor. At periodic time intervals,

the average weight function w = 327 w(N(7))/p of the active sets is computed.
Processors whose active set weight function falls a fraction o < 1 below w are
assigned work from processors whose weight functions are larger than fw, g > 1.
The assignment of nodes from donating processors to receiving processors is done
so that the new weight functions of all processors nearly satisfy aw < w(N;) < fw.
In order to compute the average weight function of the active sets, a broadcast-
reduction scheme that takes advantage of the communication abilities of the CM-5
was used.

Eckstein [40] also designed a code with greatly reduced communication require-
ments, making it more amenable to parallel computers not having the sophisticated
features of the CM-5. The quantity and quality balancing scheme is identical to
his previous work [39], but in order to compute w a polling mechanism is used in
place of the broadcast-reduction scheme. To collect the weight functions of the

active sets, a “monitor” process, which periodically queries the processors, is used.

4.6 The PARINO System

In this section, we describe PARINO (PARallel INteger Optimizer). PARINO uses
the entity-FSM structure of NAYLAK since the functionality required to solve MIP

can be mapped naturally to computational entities. The use of the entity-FSM
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architecture allows for easy extension of PARINO’s functionality, and allows us to
easily test and compare many of the ideas presented. Most features of the PARINO
system can be configured or fine tuned appropriately for optimal performance for
different computation and communication platforms.

We can conceptualize the parallel branch and bound algorithm as consisting of
a number of interacting entities. In this section, we define the entities we use in
PARINO, show how these entities interact with each other, show how to map the
entities to the processors, and describe how to implement our parallel branch and

bound algorithm with these entities.

4.6.1 PARINO Entities

The basic entities of PARINO are the primer, distributor, loader, worker and
logger. Each entity has a specific set of tasks and FSMs to perform these tasks.

The primer entity is responsible for initially creating all the entities, reading
the initial problem, preprocessing the problem, solving the initial LP relaxation,
and passing necessary startup information to the other entites. There is only one
FSM in the primer entity.

The distributor is responsible for the coordination of quantity balancing and
quality balancing across the distributed active sets. It is the “monitor” of the
branch and bound process. It has two FSM’s, one for quantity balancing and one
for quality balancing.

Each loader entity is responsible for the maintenance of the active set at each
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processor. Loaders act on commands from the distributor to achieve quantity
and quality balancing. The loader has an FSM to initialize the active set, an
FSM to request work, FSMs to send and receive work based on messages from the
distributor, and an FSM to calculate the current load and active set quality and
send this information to the distributor.

The duties of a worker are to request a node for computation from its loader,
evaluate the node, generate new nodes if necessary, and report results back to
the loader. The worker is also responsible for sending and receiving pseudocost
information. It has one FSM for performing these tasks.

Exactly one instance of the primer entity, logger entity, and distributor entity
type are created for a given run. All of these entities exist on a common processor.
On all other processors save for this “controlling” processor, one instance of the
loader entity and one instance of the worker entity are created.

Figure 4.5 shows a graphical description of the system. The dashed lines in the

figure depict the mapping of entities to processors.

PARINO’s Quantity Balancing

Initially, the first loader’s active set contains the root node, and the active sets of
the other loaders are empty. The distributor acts as the monitor process described
in Section 4.5.2 and keeps track of the current levels of loads and qualities of the
active sets at each loader. The loaders periodically send updates of their current

loads and qualities to the distributor. In order to avoid contention effects at the
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processor containing the distributor, and to make the implementation scalable,
the rate v of “check-ins” to the distributor is kept relatively constant regardless of
the number of processors. Namely, the loader sends updated quantity and quality
information to the distributor every p/v seconds, where p is the number of loaders.

Whenever a worker asks its loader for a node from the active set and the loader
finds its active set empty, the loader sends an out-of-work message to the dis-
tributor entity and waits for a response. The distributor then arranges for some
unevaluated nodes to be sent from an appropriately selected loader to this loader.
The distributor never actually sends or receives any nodes, it only directs the
loaders to exchange nodes appropriately. The quantity-balancing FSM of the dis-
tributor acts on out-of-work messages from the loaders. All out-of-work messages
are collected in a FIFO queue. Suppose the first request in the queue is from [;.
Let L; be the loader with the maximum load (based on the most recent informa-
tion available to the distributor). The distributor sends a message to L; asking
it to send part of its active set to L;, and waits for a response from L;. Loader
L; responds with a success status if and when it has successfully completed the
transfer of part of its active set to loader L;. If L; could not transfer any nodes at
all (which is possible if L; had just run out of work itself), it responds with a failure
status. If the response is success, then the distributor dequeues the out-of-work
request from L; from its queue, and sends the loader L; a success response. Loader
L; is at that point guaranteed to have a non-empty active set. The distributor’s

quantity-balancing FSM then moves on to process the next out-of-work message,
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if any, from other loaders. If the response from L; is that of failure, then the dis-
tributor does not dequeue the request of L;, but instead continues the preceding
steps all over again — this time using the updated information of the quantity levels
which were implied by the failure message. The distributor uses the same request
queue to detect termination of the parallel branch and bound search — termination

is detected if all the loaders are waiting on the queue.

Quality Balancing Mechanism

The quality-balancing FSM of the distributor continually checks if the qualities of
the active sets need to be balanced based on the particular node selection emulation
scheme. Recall that updates about the quality of each active set are arriving to
the distributor at the rate of 4 per second. Every p/y seconds, the distributor
checks to see if nodes must be swapped in order to balance the qualities of the
active sets. As discussed in Section 4.5.2, the criterion under which the decision to
swap nodes is to be made depends on the node selection emulation scheme being
used. For the best bound and best estimate node selection emulation methods,
when the inequality (4.6) is violated, the distributor sends messages to the loaders
with qualities wpax and wyi, directing them to exchange nodes.

The implementation of the backtracking emulation method requires a bit more
explanation. Along with the quality and quantity information passed to the dis-
tributor, each loader j passes an estimate of the best solution among the nodes in

its active set (22**(7)) and the best upper bound (z7**(7)). With this information,
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the distributor can compute zg = max(zr, max; zp**(j)). If zg has changed since

the last quality balancing step, the new value of zg is broadcast to the loaders,
so that depth-first moves can be made based on this new value. As described in
Section 4.5.2, if z[}*¥(j) < zg, the distributor directs loader k = arg max; z7**(y),

and loader j to swap nodes as in the best bound emulation scheme.

Pseudocost Update Mechanism

The task of handling the pseudocosts is done by the workers. Each worker has
a local pseudocost table that is used to make branching decisions. Pseudocosts
generated by the processor are continually averaged into the local table. If pseu-
docosts are to be shared among the processors, then each worker also has a table
(or buffer) containing the most recent pseudocost observations. When “enough”
pseudocosts are collected (the buffer is full), the pseudocosts in the buffer are
passed to the other workers, and the buffer is flushed. When worker ¢ receives
pseudocosts from worker 7, the pseudocosts are immediately averaged into worker
2’s local pseudocost table.

Parallel pseudocost initialization is handled as follows. When each worker is
initialized, it is passed (among other things) the problem formulation, the basis
of the solution to the linear programming relaxation of the root node of branch
and bound tree, and an iteration limit. The worker first loads the formulation
and 1nitial basis. Suppose that the fractional integer variables in the initial LP

solution are 1, x3,...,x;. Worker j computes the initial pseudocosts for variables
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T G=)/p| 41> T|(G=1)/p]+25 - - T 51/p] (i.e. the jth fraction of the fractional integer
variables). The initialized pseudocosts are immediately passed to the other work-
ers.

The parallel pseudocost initialization can be thought of as performing the “do-
main decomposition” approach to parallel programming, but there is no synchro-
nization that occurs at this step. If for some reason a worker does not receive
pseudocosts by the time it needs to make a branching decision, then the worker

will go ahead and compute the unknown pseudocosts itself.

4.6.2 PARINO Specifics

PARINO interacts with a linear programming solver through an objected oriented
class library LPSOLVER [84]. Currently, LPSOLVER is available for CPLEX versions
4 and 5 [28], but its object oriented design will allow for easy porting to other
linear programming solvers. PARINO is written in Ct+ and contains over 15,000
lines of code, not including NAYLAK and LPSOLVER. For the architectures on
which we test, PARINO has been compiled with the GNU gt+ compiler, version
2.8.1, with optimization level -03. For the large majority of our experiments, the
NAYLAK library (and hence PARINO) has been configured to use the the MPICH

implementation of the MPI 1.0.8 message passing interface standard [49].
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4.7 Computational Results

In this section, we perform a variety of experiments aimed at testing the imple-

mentation ideas for parallel branch and bound that we have described.

4.7.1 Preliminaries
Hardware

Our computational experiments on parallel architectures were performed on clus-
ters of Pentium II servers running Solaris x86 2.5.1. There were two cluster of
these machines at our disposal. The first cluster, called beetle, consists of 48
dual Pentium II 300 MHz servers, each with 512MB RAM. The beetle machines
are linked via Fast Ethernet to a Cisco 5500 network switch. The second cluster,
referred to as danish, consists of 16 Quad Pentium Pro 200 MHz servers, each
with 256 MB RAM. The danish machines are linked via Fast Ethernet to a Cisco
5505 network switch. When reporting the results of experiments, we will note on
which of these clusters the experiments were run.

Due to the large amount of time necessary to perform all the experiments
we require to fully test our ideas, obtaining dedicated access to a cluster was
impossible. However, the load on the clusters of machines was light enough so

that for each experiment, processors could be dedicated to running PARINO.
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Default Algorithm

Since there are many implementation choices to be made in the branch and bound
algorithm, comparing the performance of each of the possible combinations would
require too much effort. Instead, we will give choices for a “default” parallel
branch and bound algorithm that performs well and requires limited communica-
tion among the processors. Figure 4.6 describes the implementation choices of our

default algorithm.

e A diving primal heuristic is performed every 10 nodes of the branch
and bound tree.

e The best bound emulation node selection rule is used with parame-
ters A = 5% in the inequality (4.6) and a check-in rate (described in
Section 4.6.1) of v = 6.

o Lifted knapsack covers and lifted simple generalized flow cover inequal-
ities are added, but not shared among the processors.

e Pseudocost based branching is used, with explicit initialization of all
pseudocosts as described in Section 4.3.1. 7' in equation (4.2) is two
minutes.

e Pseudocosts are not shared among the processors, and parallel pseudo-

cost initialization is not performed.

Figure 4.6: Default PARINO Settings
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Test Suite

The problems on which we experiment are taken from MIPLIB 3.0 [16], which is
a public repository of mixed integer programming instances arising mostly from
real-world applications. Table 4.8 shows the size and number of integer variables
for the instances of MIPLIB. The heading “0/1” is the number of binary vari-
ables. The final two columns of Table 4.8 show the results of running the default
implementation of PARINO on the beetle cluster with one worker entity for a

maximum of one hour. The Final Gap is computed by equation (4.1).

Table 4.8: Statistics of All MIP Test Instances

Name Rows  Cols Integers 0/1 Continuous Sol Time Final Gap‘

10teams 230 2025 1800 ALL 225 3600 1.18%
air03 124 10757 10757 ALL 0 46 0%
air04 823 8904 8904 ALL 0 3600 1.10%
air05 426 7195 7195 ALL 0 3600 1.56%
arki001 1048 1388 538 415 850 3600 (N/A)
bell3a 123 133 71 39 62 411 0%
bell5 91 104 58 30 46 53 0%
blend2 274 353 264 231 89 406 0%
cap6000 2176 6000 6000 ALL 0 3600 (N/A)
danoint 664 521 56 ALL 465 3600 4.2%
demulti 290 548 75 ALL 473 32 0%
egout 98 141 55 ALL 86 1 0%
enigma 21 100 100 ALL 0 190 0%
fiber 363 1298 1254  ALL 44 20 0%
fixnet6 478 878 378 ALL 500 13 0%
flugpl 18 18 11 0 7 35 0%
gen 780 870 150 144 726 1 0%
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Name Rows  Cols Integers 0/1 Continuous Sol Time Final Gap
gesa?2 1392 1224 408 240 672 3600 0.42%
gesa2_o 1248 1224 720 336 504 3600 0.044%
gesad 1368 1152 384 216 768 126 0%
gesa3_o 1224 1152 672 336 480 131 0%
gt2 29 188 188 24 0 792 0%
harp2 112 2993 2993 ALL 0 3600 0.16%
khb05250 101 1350 24 ALL 1326 3 0%
1152]av 97 1989 1989 ALL 0 349 0%
Iseu 28 89 89 ALL 0 10 0%
misc03 96 160 159  ALL 1 12 0%
misc06 820 1808 112 ALL 1696 6 0%
misc07 212 260 259 ALL 1 3520 0%
mitre 2054 10724 10724 ALL 0 3600 (N/A)
mod008 6 319 319 ALL 0 55 0%
mod010 146 2655 2655 ALL 0 10 0%
mod011 4480 10958 96 ALL 0 3600 13.3%
modglob 291 422 98 ALL 0 3600 0.26%
p0033 16 33 33 ALL 0 1 0%
p0201 133 201 201 ALL 0 6 0%
p0282 241 282 282 ALL 0 9 0%
p0548 176 548 548 ALL 0 11 0%
p2756 755 2756 2756  ALL 0 108 0%
pkl 45 86 55 ALL 31 3600 54.9%
pp08a 136 240 64 ALL 176 3600 7.01%
pp08aCUTS 246 240 64 ALL 176 3600 7.27%
qiu 1192 840 48 ALL 792 3600 180.8%
qnetl 503 1541 1417 1288 124 41 0%
qnetl_o 456 1541 1417 1288 124 35 0%
regn 24 180 100 ALL 80 54 0%
rout 291 556 315 300 241 3600 4.63%
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Name Rows Cols Integers 0/1 Continuous Sol Time Final Gap‘

setlch 492 712 240 ALL 472 3600 (N/A)
seymour 4944 1372 1372 ALL 0 3600 (N/A)
stein27 118 27 27 ALL 0 65 0%
stein4h 331 45 45 ALL 0 2800 0%
vpml 234 378 168 ALL 210 3 0%
vpm?2 234 378 168 ALL 210 3600 0.86%

Many of the problem instances are “easy” in the sense that they take a very
short amount of time to solve by a sophisticated branch and cut algorithm. We

will focus our attention on the more difficult instances, where parallelism is likely

to be helpful.

Variance in Parallel Algorithms

Due to the asynchronous nature of the algorithm, the nondeterminism of running
times of various components of the algorithm, and the nondeterminism of the com-
munication times between processors, the order in which the nodes are searched
and the number of nodes searched can vary significantly when solving the same
problem instance. Other researchers have noticed the stochastic behavior of asyn-
chronous parallel branch and bound implementations [37] [32]. Because we were
unable to have dedicated access to the cluster for all the experiments, the network
traffic during the time of the experiment could potentially vary significantly, which
further increases the variance of the algorithm’s performance.

Tables 4.9 and 4.10 give an indication of the magnitude of the variance. Each of

the instances in this table was run seven times using the default version of PARINO
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on sixteen processors in the beetle cluster. The symbol o is used to denote the

standard deviation of either the number of nodes or the computing time.

Table 4.9: Run Variance for Solved Instances

Number of Nodes

Time (sec.)

Name Min Avg Max o Min Avg Max o
air04 5104 6927.3 8824 | 1385.80 || 2280.0 | 2941.7 | 3550.0 | 466.62
bell5 14186 | 16039.3 | 18552 | 1765.02 8.7 11.3 15.5 2.15
blend2 | 3305 4399.7 5378 | 672.587 || 19.5 22.5 28.3 2.92
gesa2_o || 89659 | 105707.4 | 128211 | 14121.1 || 505.0 | 637.1 | 792.0 | 96.47
1152lav || 1717 3015.6 3993 | 852.418 || 28.1 36.6 44.2 5.69
misc07 || 51307 | 53670.1 | 57779 | 2319.60 || 152.0 | 162.3 | 173.0 | 7.61
p2756 1167 1286.7 1596 | 149.853 || 50.0 59.0 72.3 7.90
steind5 || 104423 | 109071.7 | 112926 | 2898.93 || 131.0 | 135.6 | 141.0 | 4.28
vpm2 || 98854 | 106135.6 | 126030 | 9929.89 || 151.0 | 165.4 | 198.0 | 16.52

For the remaining experiments, a concerted effort was made to run each instance

multiple times to reduce the effect of this variance. We would like to ensure that

the variations we observe between different strategies come from differences in the

schemes themselves, rather than from randomness in the algorithm.

Before presenting the computational results, it is appropriate to give a brief

warning. When comparing computational strategies in the branch and bound

algorithm, it is in general difficult to draw conclusions about the relative perfor-

mance of various strategies — what works well on one instance may not work well
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Table 4.10: Run Variance for Unsolved Instances

Number of Nodes Final Gap (%)
Name || Min Avg Max o Min | Avg | Max | o
pp08a || 957733 | 1143938.8 | 1236064 | 103536. || 2.18 | 3.06 | 3.98 | 0.61
rout 69438 | 90476.4 | 106012 | 11704.1 || 2.72 | 4.06 | 4.61 | 0.66

on another. Due to the randomness introduced by an asynchronous implementa-
tion, this problem is only compounded when trying to compare parallel branch
and bound algorithms, which is why we often rely on intuition generated from
sequential studies or on some underlying theory in order to search for trends and

rationalize the choices we make in our implementation.

Speedup of the Default Algorithm

To show that the default algorithm performs reasonably well, ten instances from
Table 4.8 were solved to optimality on 2, 4, 8, 16, and 32 processors in the beetle
cluster. Each of the instances was solved three times. Table 4.11 shows the average
number of nodes and average time required to solve each instance. The column
heading p stands for the number of processors, N denotes the average number of
nodes required, and 7' is the average solution time in seconds. If N(p) is the average
number of nodes required on p processors, then A % = 100(N (p) — N(2))/N(2).
The minimum size of a configuration is p = 2, which means there is one processor

evaluating nodes. The definitions of speedup and efficiency from Chapter 3 do
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instance on one processor. Instead, we compute a relative efficiency

Table 4.11: Speedup of the Default Algorithm

not directly apply, since we have no value for T'(1), the time required to solve the

(4.7)

Name | p N o A% T o E
vpm2 | 2 || 117977.0 | 0.00 0.00 4696.7 5.77 | 1.0000
vpm2 | 4 || 137499.0 | 4904.02 | 16.55 | 1520.0 | 43.59 | 1.0300
vpm2 | 8 || 113963.0 | 8477.78 | -3.40 421.0 61.51 | 1.5937
vpm2 | 16 || 117569.7 | 8691.88 | -0.35 195.3 25.15 | 1.6030
vpm2 | 32 || 125106.0 | 8632.14 | 6.04 106.2 7.52 1.4271
misc07 | 2 || 57849.0 0.00 0.00 2876.7 | 20.82 | 1.0000
misc07 | 4 || 59773.7 | 4530.15 | 3.33 949.3 53.72 | 1.0101
misc07 | 8 || 61594.7 | 1761.12 | 6.47 423.0 18.00 | 0.9715
misc07 | 16 || 55644.0 | 3272.25 | -3.81 175.3 12.86 | 1.0938
misc07 | 32 || 50104.3 | 2053.73 | -13.39 81.2 3.56 1.1428
steindb | 2 | 110587.0 | 0.00 0.00 2373.3 5.77 | 1.0000
steindb | 4 || 107981.0 | 2809.62 | -2.36 632.7 20.84 | 1.2504
steindb | 8 || 109022.3 | 1159.91 | -1.41 280.3 6.11 1.2094
steindb | 16 || 110098.7 | 3949.72 | -0.44 144.3 2.08 1.0962
steind | 32 || 105751.3 | 396.42 | -4.37 80.8 5.98 | 0.9475
air04 | 2 4551.0 0.00 0.00 || 38766.7 | 208.17 | 1.0000
air04 | 4 8666.3 | 1094.51 | 90.43 || 17466.7 | 3450.12 | 0.7398
air04 | 8 7714.7 | 1112.75 | 69.52 || 6020.0 | 849.23 | 0.9199
air04 | 16 || 7089.0 | 1073.70 | 55.77 || 2733.3 | 298.38 | 0.9455
air04 | 32 || 12813.0 | 3129.32 | 181.54 || 2946.7 | 654.24 | 0.4244
gesa2 o | 2 | 71563.0 0.00 0.00 6260.0 | 10.00 | 1.0000
gesa2_0 | 4 | 94465.3 | 4932.39 | 32.00 || 2750.0 | 113.58 | 0.7588
gesa2_o | 8 || 130806.0 | 4623.46 | 82.78 1713.3 41.63 | 0.5220
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Name | p N o A% T o E
gesa2_ o | 16 || 110006.7 | 15558.37 53.72 699.0 | 81.73 | 0.5970
gesa2_o | 32 || 141181.3 5213.85 97.28 499.3 | 31.21 | 0.4044
blend2 | 2 4477.0 0.00 0.00 339.3 | 1.15 | 1.0000
blend2 | 4 3083.0 272.94 -54.09 51.8 4.60 3.2723
blend2 | 8 2249.0 173.95 -66.51 19.2 1.34 3.7971
blend2 | 16 4046.5 60.10 -39.74 20.8 0.78 | 1.6353
blend2 | 32 5721.0 876.36 27.79 30.6 4.32 | 0.3573
1152lav | 2 1711.0 0.00 0.00 291.0 | 2.00 | 1.0000
1152lav | 4 2022.0 59.40 -21.22 80.2 0.92 1.8131
1152lav | 8 1886.0 1537.25 -26.51 39.8 | 20.93 | 1.5668
1152lav | 16 1986.5 256.68 -22.60 35.8 4.17 0.8140
1152]lav | 32 1725.7 560.82 0.86 315 2.78 | 0.2983
p2756 | 2 141.0 0.00 0.00 91.0 0.21 1.0000
p2756 | 4 265.7 16.77 88.42 46.2 0.66 | 0.6568
p2756 | 8 814.0 29.14 477.30 58.1 3.63 | 0.2237
p2756 | 16 1512.7 83.72 972.81 60.0 5.95 | 0.1011
p2756 | 32 2644.3 213.97 1775.41 84.2 1.19 0.0349
bell5 | 2 9821.0 0.00 0.00 41.8 0.26 | 1.0000
bell5 4 15206.0 1404.31 3.22 22.7 0.85 0.9207
bells | 8 | 100056.5 | 122262.30 | 579.20 70.3 | 84.43 | 0.1274
bells | 16 || 73746.5 85755.79 400.60 33.9 | 32.39 |0.1233
bell5 | 32 || 1815893.3 | 3095418.10 | 18389.90 || 618.7 | 1023.04 | 0.0022

In most cases the default algorithm performs well, and we even see many cases
where “superlinear speedup” of E > 1 is achieved. A notable exception is the
instance bell5. Note that the standard deviation of the measures of performance
for bellh are also very high; the number of nodes required to prove optimality were
23,966, 33,544, and 5,390,170. Solving bell5 requires an enormous number of nodes
if a bad search strategy is used. Table A.4 shows that only three of the sequential

node selection techniques were able to solve the problem. In the case where over 5
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million nodes were required to solve the problem, the quality balancing procedure
did not ensure that the best bound node selection rule was emulated “well-enough,”
and the search order did not happen to find the optimal solution until after a large
number of nodes were evaluated. This is a (somewhat-extreme) example of how
much the behavior of a parallel branch and bound algorithm can vary, and it gives

motivation to study how to perform parallel search effectively.

4.7.2 Pseudocosts

For our pseudocost experiments, we have chosen to perform testing on the instances
bell3a, gesa2 o, misc07, p2756, steinh, vpm?2, air04, air0y, mod011, pp08a, rout.
These instances constitute a good blend of small and large problems. All exper-
iments in Section 4.7.2 were run on 16 processors of the danish cluster. Each
instance/setting combination was run three times in order to reduce the chances

of randomness skewing the results.

The Effect of Pseudocost Buffer Size

We first performed an experiment aimed at determining the effect of varying the
pseudocost buffer size. For each of the instances in our test suite, pseudocosts were
shared in a buffered-distributed manner with buffer sizes of 1, 25, 100, 1000, and
0o. A buffer size of 1 is the broadcast-prefetch sharing scheme, and a buffer size of
oo means that pseudocosts are not shared among the processors. Tables B.1, B.2,
and B.3 list the full numerical results for the experiment.

In order to best interpret the results, we divide the instances in our test suite

into two classes depending on the length of time required to solve the initial linear
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programming relaxation. The time to solve the initial linear programming relax-
ation is a good indicator of both how quickly a node of the branch and bound
tree can be evaluated and how quickly pseudocosts can be explicitly initialized.
The first class consists of the instances bell3a, misc07, steinfs, vpm2, pp08a, and
routl for which the initial linear programming relaxation takes less than 200 mil-
liseconds to solve. The second class consists of the remaining instances, for which
more than 200 milliseconds are required to solve the initial linear programming
relaxation. Table 4.12 shows the average ranking of the performance of PARINO
using different pseudocost buffer sizes on the two classes of instances. The ranking

method presented in Section 4.3.2 is used to rate the performance.

Table 4.12: Summary of Pseudocost Buffersize Experiment

Average Ranking

Buffer Size | Class I | Class 11
1 4.17 2.60
25 3.33 2.00
100 2.83 2.20
1000 2.50 4.00
00 1.67 4.20

Clearly for instances in class I, there is no need to share pseudocost information
between processors — the overhead for performing the sharing it too great. For the
instances in class I, some positive effects of sharing can be seen. The relative
unimportance of sharing pseudocost information is different than the observation

of Eckstein [39]. However, Eckstein does not explicitly initialize pseudocosts, so
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our observations in Table 4.7 tells us that indeed sharing pseudocosts should be

very important in this case.

Parallel Pseudocost Initialization

We saw in the last section that there clearly is some benefit of sharing pseudocosts
when solving large problems. Can parallel pseudocost initialization lessen this
effect, so that pseudocosts do not need to be shared? Recall the conclusion drawn
from Table 4.1 that if an integer variable is nonbasic at the root node, then it
rarely takes on a fractional value in a solution at any point of the branch and
bound tree. This implies that explicitly initializing the pseudocosts may need to
be done only at the root node and that a parallel initialization scheme may be
very effective. Tables B.4, B.5, and B.6 show the results of parallel pseudocost
initialization when compared to a scheme where the pseudocosts are not shared,
and a scheme where the pseudocosts are not initialized in parallel, but are shared
in a buffered-distributed manner with buffer size 1.

Again, the difference in performance between the methods is not large. For the
instances requiring a large amount of time to explicitly initialize pseudocosts (air0/
and air05), there is some positive benefit of initializing the pseudocosts in parallel.
However, it appears that for these instances, it also makes sense to share pseudocost
information among the processors. The positive benefit of the sharing comes from
avoiding the duplicate work of initialization at non-root nodes. We conclude that
the best pseudocost sharing scheme for large instances combines parallel pseudocost
initialization with a broadcast of pseudocost initialization information. From the
results summarized in Table 4.1, we expect the number of broadcasts of pseudocost

initialization information to be small.
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This concludes our experiments with pseudocosts. From the results of this
chapter, we make the following recommendation about pseudocost use in a parallel

branch and bound algorithm.

e Pseudocosts should be explictly initialized.

o If the solution time of the initial linear programming relaxation is small,
then there is no need to initialize the pseudocosts in parallel or share the

pseudocosts.

o If the solution time of the initial linear programming relaxation is large,
then initialize the pseudocosts in parallel. Whenever a pseudocost is ex-
plicitly initialized in the branch and bound tree, broadcast the initialization

information.

4.7.3 Active Set Management

In this section, we test the effectiveness of the various node selection emula-
tion schemes introduced in Section 4.5. The methods under investigation are a
best bound emulation method, a best estimate emulation method, a backtracking
method, and a plunging method. Preliminary computational testing showed that
A = 5% in Equation (4.6) was an appropriate choice for the quality tolerance, so
we use this value in both the best bound and best estimate emulation schemes.
On both eight and sixteen processors of the danish cluster, each of the node
selection emulation schemes was used to solve the instances air04, air0s, bells,
gesaZ_o, misc07, p2756, qiu, roul, setlch, and vpm2 three times. The full results
of the experiment are listed in Tables B.7 and B.8. In these tables, we report the
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average number of nodes and the average percentage gap (zopr—21)/20pr between
the best solution found by the algorithm z;, and the optimal solution zppr. We also
report the average provable optimality gap (from Equation (4.1)) and the average
solution time. Table 4.13 shows the averange ranking of the different schemes using

the ranking scheme presented in Section 4.3.2.

Table 4.13: Average Performance Ranking of Node Selection Schemes

Selection Avg. Rank | Avg. Rank
Scheme 8 Proc. 16 Proc.
Best Bound 2.5 2.7
Best Estimate 2.6 1.9
Backtracking 2.6 2.4
Plunging 2.5 3.1

We make two observations about Table 4.13. First, the plunging method begins
to perform worse as the number of processors increases, but the backtracking
method does not suffer from a similar performance degradation. From this, we
conclude that depth-first search methods can provide effective and scalable search
techniques in a parallel algorithm if used intelligently. A second observation is the
improved performance of the best estimate method as the number of processors
increases. Finding good feasible solutions early in the branch and bound procedure
means that the burden of trying to ensure that processors are working on “non-
superflous” nodes is lessened, and parallelism can have a large benefit. From the
results of this experiment, we conjecture that a backtracking method that selects
the node with the best estimate value when backtracking should be a very effective
node selection technique to emulate in a parallel environment.

To present other summary statistics, we break the instances up into two classes.
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The first class consists of instances solved to proven optimality in all cases in less
than one hour: bell5, gesa2_o0, misc07, p2756, and vpm2. Table 4.14 shows the
total number of nodes (NN) and the total time (T') required to solve all instances

in the first class.

Table 4.14: Summary Statistics for Node Selection Methods Experiment — Solved

Instances

8 Proc. 16 Proc.
Selection Scheme NN T NN T
Best Bound 937161 | 9515.9 || 826197 | 4669.2
Best Estimate 798019 | 6878.2 || 884777 | 3817.8
Backtracking 1049192 | 8811.5 || 1753242 | 5123.9
Plunging 982346 | 9151.2 || 3983495 | 6579.3

The best estimate estimate node selection rule seems to be the “winner” in
terms of the total time on these problems. A significant portion of the difference
in the best estimate method with the other methods in terms of time is due to
the performance on the instance gesa2_0. As mentioned in Section 4.7.1, depth-
first search type node selection rules perform very badly on the instance bell5. To
some extent, this accounts for the large number of extra nodes evaluated by the
backtracking and plunging methods — especially on 16 processors.

The second class consists of problems not always solved to proven optimality
in less than one hour: air04, air05, qiu, rout, and setich. Table 4.15 shows the
total number of nodes evaluated and the number of cases in which the instance

was solved to proven optimality for the problems in the second class.
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Table 4.15: Summary Statistics for Node Selection Methods Experiment — In-

stances Sometimes Solved

8 Proc. 16 Proc.
Selection Scheme NN # Solved NN # Solved
Best Bound 900895 2 1811278 5
Best Estimate 998168 3 1933281 7
Backtracking 1344186 3 2552630 7
Plunging 1336534 5 2641998 6

The best estimate and backtracking methods seem to be performing the best.
One surprising result is that the best estimate node selection method is able to
find the optimal solution to rout and prove it optimal in less than one hour. This
is a very difficult MIP instance, either unsolvable or requiring many hours to find
the solution on sophisticated MIP solvers such as MIPO [101] or be-opt [27].

This concludes our experiments on node selection techniques for a parallel
branch and bound algorithm. Based on the discussion and results of this chapter,

we make the following suggestions.

e A combination of backtracking with best estimate techniques appears to be

a good parallel node selection method.

e No one node selection emulation technique dominates the performance, so
a sophisticated solver should allow a wide range of different node selection

strategies.
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CHAPTER 5

Parallel Branch and Cut

Branch and bound alone is not enough to solve many large MIP instances. The
LP relaxation to MIP must be systematically strengthened by introducing cuts.
Parallel branch and cut can offer advantages over its sequential counterpart. In
this chapter, we deal with the question of how to effectively share cuts in a parallel
branch and cut system. The first section will be a study of cutting planes in a
sequential environment. The second section will discuss issues related to sharing
cuts among the processors in a parallel algorithm and will provide a framework for
experimenting with various cut sharing schemes. The next section describes the
implementation of our cut sharing schemes in PARINO. Finally, extensive compu-
tational experiments comparing cut sharing schemes are performed and computa-

tional results are reported.

5.1 Effectively Using Cuts

The effective management of cutting planes in the branch and cut algorithm has
been the subject of very little research. Balas et al. [8] do a thorough examina-

tion of the computational issues arising when incorporating disjunctive cuts into
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a branch and cut algorithm, and Bauer et al. [12] perform a limited study of cut
management in the context of a branch and cut approach to solving a specific com-
binatorial problem — the cardinality constrained circuit problem. For a branch and
cut algorithm based on lifted cover inequalities, the author is aware of no published
research on effective cut handling strategies. The thesis of Gu [50] mentions issues
related to cut management but does not offer any guidelines about implementing
a cut management strategy. For some problem instances, a significant number of
lifted cover inequalities are found, and a number of computational issues arise that

should be addressed. A few of these issues are

e Should cuts be generated at every node of the search tree?

e When generating cuts for a node, should the separation procedure be re-

peated as long as it is successful?
e Should all the generated cuts for a given fractional LLP point be used?

e Should weak cuts be deleted from the active linear programming formulation,

and if yes, then how often?

An even more important issue, that is at the heart of any cut management
scheme, is how to measure the importance of a cut with respect to the overall
effectiveness of the algorithm. In this section, we hope to provide some insight in
what makes a cut important as well as answers to the more practical computational
issues raised above. We will do so on the basis of several computational experiments
with lifted knapsack and flow cover inequalities.

Given the large number of choices that have to be made when designing a

cut management scheme, we have again chosen the approach of defining a suit-
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able “default” strategy, and investigating the effects of varying from this strategy.

Figure 5.1 lists the features of our default cut management strategy.

o Cuts are generated at every 10 nodes of the search tree.

o We stop generating cuts at a node if the percentage change in the ob-
jective function value over the last three solutions to the linear program
is less than 0.2% at the root node and 0.5% at every other node.

e At most 20 inequalities that cut off the current fractional solution are
added to the linear program at one time. The cuts added are the ones
for which (b — aTz*)/b is the largest.

o Cuts are deleted from the linear programming formulation if the dual

variable associated with the cut has been 0 in 50 consecutive solutions

to the linear programming relaxation.

Figure 5.1: Default Cutting Plane Strategy for Sequential Experiments

Ten instances from Table 4.8 for which knapsack and flow cover inequalities
are found were used as our test set. Table 5.1 shows the instances in our test set,
as well as the number and type of inequalities added during the solution by the
default branch and cut algorithm. All experiments in this section were performed

with the sequential mixed integer programming package MINTO (v3.0) [95].

5.1.1 How Often to Generate Cuts

The first experiment is aimed at determining an appropriate balance between cut-
ting and branching. In this experiment, cuts are generated at the root node of

the branch and bound tree, and every k nodes thereafter. If Kk = oo, then cuts
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Table 5.1: Instances Used for Sequential Cut Strategy Study

Name | Knapsack Covers | Flow Covers
blend2 382 183
cap6000 1436 0

fiber 88 148

harp2 2978
1152lav 23

mitre 4423
mod011 0 130
modglob 0 359

p2756 772 0

vpm?2 19 90

are generated at the root node only, and the procedure is sometimes called cut
and branch. Balas et al. [8] call k the skip factor. Each of the instances in Ta-
ble 5.1 was solved using various values of k. Table 5.2 shows a summary of this
experiment. All cut strategy settings except for at which nodes cuts are generated
are as described in Figure 5.1. The method used to rank the performance on an
instance is the ranking method presented in Section 4.3.4. The full results of the
experiment are presented in Table C.1 in Appendix C.

From Table 5.2, we see the tradeoff between cutting and branching — more cuts
lead to fewer nodes. However, adding cuts at every node of the branch and bound
tree may not be the most computationally efficient strategy. The ramifications of
this observation for a parallel branch and cut algorithm will be discussed in more

detail in Section 5.2.

129



Table 5.2: Summary of Skip Factor Experiment

k | Average Ranking || Total Cuts | Total Nodes
3.3 34825 62824
5 3.6 18391 83783
10 3.4 12500 85420
100 2.7 6307 107572
1000 3.8 5167 98604
00 3.2 5019 119040

5.1.2 Tailing Off

The change in the value of the objective function of the LP relaxation has a
tendency to decrease as the number of rounds of cut generation increases at a
node in the search tree. This is known as the tailing-off effect. If the change in
the value of the objective function from one round of cut generation to the next
becomes “too small”, we may decide to branch rather than to generate additional
cuts, since it appears that spending more time on cut generation is not worthwhile
at the moment. If the change in the value of the objective function is less than a%
over the last two rounds of cut generation, we say tailing-off has occurred, and no
more cutting planes will be added at the current node.

Table C.3 in Appendix C shows the results of an experiment designed to show
the effect of varying a. For the instances in our test suite, the tailing off percent-
age seems to have little effect on the overall performance of our branch and cut

algorithm.
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5.1.3 The Number of Cuts Per Round

For each relaxation of the problem that gives rise to a structure from which we can
derive valid inequalities, there is a separation problem to be solved. For example,
we can find violated knapsack cover inequalities from each row of the matrix having
the form }~;cp a;xz; < b. Solving all these separation problems is called a round of
cut generation. In a round of cut generation, many different inequalities cutting
off the same fractional point z* may be found. To conserve memory and to speed
up the solution of the active linear program, it may be more efficient to add only
a subset of the generated violated inequalities, for example the A “best” cuts.
We have used the relative violation (b — a’2*)/b from the LP solution z* to the
hyperplane a2z = b defining a cut as the measure of quality of a cut. If b = 0,
then we use the absolute violation b — a”z* as the measure of quality.

Table C.2 in Appendix C shows the results of an experiment where for each
instance in Table 5.1 we added at most A = 1,10, 20, 50, and all violated inequalities
found by the separation problems to the linear programming relaxation. Cut
strategy decisions except for the number of cuts to add per round were as shown
in Figure 5.1. The choice of A = 1 was generally inferior to the other choices of
A, however it is very difficult to determine any other trends. The results of this
experiment show that the issue of the number of cuts to add per round is not an

extremely important one for building a branch and cut algorithm based on lifted

cover inequalities.
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5.1.4 Deleting Cuts from the Active Formulation

If the dual variable associated with a cut has value zero in the solution to a linear
programming relaxation, then the removal of this cut would not worsen the ob-
jective function, and the cut is deemed useless for this particular linear program.
We would like to have very few useless cuts in our linear programming relaxation,
since their inclusion will slow down the linear programming procedure. For each
cut, we keep a counter of the number of consecutive rounds for which it has been
useless. Cuts that have been useless for the last n rounds are removed. Removed
cuts are not deleted entirely, but instead placed in a cut pool. If inequalities in the
cut pool are violated by fractional solutions at subsequent nodes, they are returned
to the linear programming formulation.

Table C.4 gives the results of an experiment aimed at determining the effect
of varying n for the instances in our test suite. Except for the removal of use-
less inequalities, all other cut strategy decisions are made as listed in Figure 5.1.

Table 5.3 gives a summary of the experiment.

Table 5.3: Summary of Weak Cut Deletion Experiment

n | Average Ranking
1 1.4

25 2.3

50 2.5

100 3.1

o0 3.4

The first conclusion that can be drawn from the results summarized in Table 5.3
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experiment is that deleting cuts regularly from the linear programming relaxation is
quite important. A closer look at the instance by instance performance in Table C.4
reveals behavior that seems to defy intuition. In general, we would expect that
instances solved with small values of  would require more nodes than instances
solved with large values of 1. Also, the smaller the value of 1 the faster the linear
programs should presumably solve. The aim of this experiment was to attempt to
quantify the tradeoff and determine an acceptable level of n. For many instances,
such as mod011, harp2, and vpm2, with n = 1 either fewer nodes were needed to
prove optimality or the final gap was smaller in the same amount of computing
time. Close inspection of the output showed that good feasible solutions were found
more quickly by MINTO’s primal heuristic when = 1. Thus, we conclude that
it is important to delete cuts from the linear programming relaxation regularly for

two reasons:

e The linear programs solve faster and

e diving heuristics are more likely to find good feasible solutions.

5.1.5 The Importance of a Cutting Plane

When a cutting plane is generated, is it possible to know whether or not this
inequality will be violated at other nodes of the branch and bound tree? Two
statistics which seem like reasonable indicators of the likelihood of a cutting plane
being “important” are the depth D in the branch and bound tree at which the
cutting plane was generated and the distance d by which the cutting plane e’z < b

cuts off the current fractional solution z*:

alz* — b

d= =

a’a
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In order to test if these statistics truly are meaningful, we conducted an experi-
ment on the instances demulti, dsbmip, fiber, gesa3, [152lav, lseu, mod011, modglob,
p0282, p0548, p2756, pp08a, rout, setich, vpm2. At each node of the branch and
bound tree, all the cutting planes generated up until that time were removed. The
linear program was resolved, resulting in a solution z, and the cutting planes were
checked to see if they cut off . For each cut we computed ~, the percentage of
nodes in the branch and bound tree after the node in which it was generated for
which the cut was violated.

Figure 5.2 shows two scatter plots of v against d for all cuts generated for the
instances in Table 5.1. The second scatter plot in the figure focuses on a subrange
of d.

By inspection of Figure 5.2, it appears that there is little relationship between
~ and d. In order to statistically verify this observation, the regression coefficient
(1 in the expression v = 31d + 3y was computed for each instance. Table 5.4 shows
the value of 3 and the estimate of the standard deviation of (3; for each instance.
For seven of the fifteen instances 3, is negative. Our intuition is that v and d are
positively correlated, but the results of this experiment do not seem to support
this notion. We thus conclude that the original distance by which an inequality
cuts off a fractional solution is not a reliable indicator of the likelihood that the
inequality will be violated at other nodes.

Figure 5.3 is a scatter plot of v against D for all cuts generated for the instances
in our test suite. There appears to be a downward trend in Figure 5.3, which
coincides with our intuition that cuts generated near the top of the branch and
bound tree are more useful than others. We statistically verified this conjecture

by computing the regression coefficient 3; in the expression v = 31D + 3y as was
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Figure 5.2: Relationship Between v and d for Test Instances
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Table 5.4: Relationship Between v and d — Estimate of 3,

and its Variance

Name | # Cuts e a(6)
dcmulti 21 -23.21 47.56
dsbmip 5 -33012.15 | 51064.65

fiber 236 267.53 84.55

gesad 117 -33.85 42.74
1152]lav 49 55.10 25.29

Iseu 218 -19.65 61.81
mod011 111 -10623.42 | 28372.07
modglob 456 -67.90 60.01

p0282 300 39.09 11.54
p0548 196 63.50 32.75
p2756 467 102.59 20.87
pp08a 143 500.52 116.37

rout 1075 78.66 47.70
setlch 262 -3.07 70.17

vpm?2 131 240.87 39.00
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done for d. The results are shown in Table 5.5.
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Figure 5.3: Relationship Between v and D for Test Instances

In every case, 1 is negative, as we would expect. The smaller the depth in
the branch and bound tree at which the cut was generated, the more likely it is
to be violated by a large percentage of nodes. Why are cutting planes generated
near the top of the branch and bound tree more useful than others? One potential
explanation of this phenomenon is that the nodes near the top of the branch and
bound tree have a larger number of descendant nodes. If this is true, then the
usefulness of a cut generated at node N* at the node N7 depends on whether or
not N' is an ancestor of N’. For a cut, consider the numbers 4 and +,,, which are
the percentage of descendant nodes for which the cut is violated and the percentage
of non-descendant nodes for which the cut is violated, respectively. We conjecture

that for a given cut v4 > 7,. Figure 5.4 shows the percentage of time v4 > 7, as
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Table 5.5: Relationship Between v and D — Estimate of 3; and its Variance

Name | # Cuts 51 o(f1)
dcmulti 21 -0.39 0.31
dsbmip 5 -0.30 0.65

fiber 236 -5.68 0.83

gesad 117 -1.00 0.56
1152lav 49 -0.0097 | 0.034

Iseu 218 -2.00 0.25
mod011 111 -1.66 0.35
modglob 456 -2.95 0.37

p0282 300 -0.52 0.18
p0548 196 -2.11 0.33
p2756 467 -2.19 0.14
pp08a 143 -4.14 0.35

rout 1075 -0.26 0.05

vpm2 131 -1.36 0.24
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a function of the the generation depth D of the cut. Clearly, cuts generated are

most useful at descendant nodes.

0.9

0.8 Cuts More Useful at Descendants ——

Cuts Less Useful at Descendants -----
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Figure 5.4: The Percentage of Time in Which Cuts Are More Useful at Descendant

Nodes and Nondescendant Nodes as a Function of D

From this experiment, two conclusions are drawn. First, cutting planes are
more likely to be useful at descendants of the node at which the cut was generated.
Second, this relationship depends little on the depth in the tree at which the cut
was generated. Nodes near the top of the branch and bound tree are likely to have
the most descendants, so cuts generated at these nodes are likely to be the most

useful.
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5.2 Issues in Cut Sharing

Just as is the case in sharing pseudocost information, the performance of the branch
and cut algorithm can be improved by sharing cuts in one of two ways. First, the
number of nodes evaluated could be reduced. Second, the time required to process
a node could be reduced.

There are two possible reasons why sharing cuts among the processors could
reduce the number of nodes in the branch and bound tree. First, since cuts gen-
erated at different processors are generated for different LP solutions occurring at
possibly distant locations in the branch and bound tree, sharing cuts among the
processors may have the effect of building a “complementary” set of cuts to tighten
the linear programming relaxation. Second, cut separation is a heuristic procedure.
Therefore, an inequality found at one processor may cut off the fractional solution
at another processor, even if the separation routines there fail to find a cutting
plane. Both of these ways in which the number of nodes might be reduced fall
under the category of achieving Goal I of an information sharing scheme.

By sharing cuts, we also might reduce the total time required to process a
node. Specifically, for cutting planes that require a significant amount of time to
generate, we could hope to use communication to eliminate the need to generate
these “expensive” cuts at many processors. By sharing cuts in this matter, we
meet Goal II of an information sharing scheme.

We wish to improve our chances of accomplishing Goals I and II while minimiz-
ing the sacrifice made in achieving the other goals. We would like to accomplish
useful sharing of cuts while minimizing the number of messages passed, balancing

the memory requirements of the processors, and doing this in a way that does not
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consume a large number of CPU cycles that could better be spent evaluating nodes
of the branch and bound tree.
In the next sections, we describe a framework in which to test ideas for the

sharing of cuts in a parallel branch and cut algorithm.

5.2.1 Cut Pools

Our framework for cut sharing consists of a number of cut pools located on various
processors. Each of these cut pools serves a distinct purpose and has a set of algo-
rithms that operate on it. On each processor F;, there are three pools — loadset;,
cutcache;, and prefetchpool;. In addition, another pool, called the serverpool, is
maintained by a special process Ps. We now briefly describe the functionality and

rationale behind each pool.

Loadset;

Loadset; consists of all cuts loaded into the LP solver’s memory at processor F;.

We would like to be able to incorporate as many useful cuts into the LLP as possible.

Cutcache;

The main purpose of cutcache; is to serve as a cache for cuts that once appeared
in loadset; and have been removed. We have seen in our sequential study that
deleting unnecessary cuts from the linear program and storing them in a cut pool
is very useful for the sequential algorithm, and there is no reason to believe that
the situation would be different in a parallel environment.

In fact, in a parallel algorithm, the passing of nodes due to quality balancing
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increases the likelihood of jumping from one region of the search tree to another.
As shown by the experiment of Section 5.1.5, cuts are more likely to be useful
if used in the region in which they were generated. Therefore, we presume that
more cuts will be removed from the the active set in a parallel algorithm than in a

sequential one, so having cutcache; available to store these cuts is very important.

Prefetchpool;

Prefetchpool; consists of cuts generated at a processor P;, j # ¢ that were passed
to processor P;. It is not guaranteed that the cuts in prefetchpool; will ever be

added to loadset;.

Serverpool

The serverpool holds cuts that are generated at the various processors and can be

queried by processors to find violated cuts.

Figure 5.2.1 is a schematic of the various cut pools and how cuts might be
passed among the pools. The dashed arrows in the figure indicate that cuts may be
passed between the processors depending on the type of cut sharing scheme being
implemented. Clearly, a wide variety of schemes can be employed by using these
cut pools. If more than one cut pool is to be used by a cut sharing scheme, then
the pools are searched in the following order: cutcache;, prefetchpool;, serverpool.
Cuts from at most one pool are returned from a search. A more detailed discussion

of cut sharing using the pools is delayed until Section 5.2.3.
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Figure 5.5: Cut Pools

5.2.2 Algorithmic Issues

There are three basic operations that must be performed on each cut pool. First,
a cut can be added to a cut pool. Second, given a fractional LP solution, we need
to be able to identify whether or not a pool contains violated cuts. Third, the size
of the cut pool must be controlled. We call these operations add, match, and purge

respectively. In some cases the operations are different for different cut pools.

Add

A cut is added to loadset; through a call to the linear programming library. For
all other types of cut pools, a cut is added to the pool by simply adding it to the
data structure holding the inequalities. We would like to avoid adding duplicate

inequalities to the linear programming relaxation. If duplicate inequalities are
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added, the resulting linear programming relaxation becomes both degenerate and
ill-conditioned.

Since cuts are returned from at most one pool in a round of cut generation,
one way to ensure that duplicate cuts are never added to loadset; is to ensure
that duplicate cuts are never added to prefetchpool; or serverpool. To efficiently
identify duplicate cuts, a hashing scheme is used. When a cut is generated, a hash
value for the cut is computed using a multiplicative hash function [71]. Before a cut
is added to prefetchpool; or serverpool, its hash value is compared to the existing
cuts in the pool. Since the addition of cuts is not required for the correctness of
the algorithm, checking if two cuts with equal hash values are indeed duplicates
is not done — they are assumed to be duplicates. This is not necessarily true, in
which case a possibly useful cut is discarded. However, the implementation is far
more efficient, particularly in cut sharing schemes where many duplicates cuts are

generated.

Match

Clearly, there is no need to find a violated inequality in loadset;. Finding vio-
lated inequalities in the other pools amounts to evaluating each inequality at the
given fractional linear programming solution and determining whether or not the
inequality is satisfied. Matching the violated inequalities quickly could help us
achieve Goal Il in our cut sharing system. Making the match operation efficient
is particularily important for serverpool, since serverpool serves many match re-
quests, and a processor waits idle until a response to a match request is received.

The matching operation may be made efficient by designing an efficient algo-

rithm to find violated inequalities and by keeping the size of the cut pool small.
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Keeping only “necessary” cuts in a cut pool is done by the purge operation, and
we will discuss purging in the next section.

One idea for speeding up the match operation is to keep the cuts ordered so that
inequalities likely to be violated are first in the list. From our study in Section 5.1.5,
we saw that cuts generated near the top of the branch and bound tree were more
likely to be violated by subsequent nodes. A logical data structure for storing the
cuts in a pool is to have a list of ordered “buckets” — one for each cut generation
depth D. Searching for violated inequalities in order from the lowest bucket to
highest bucket has two positive (and related) effects. First, the match operation
time is reduced. Second, if a limited number of cuts are desired, performing the
match in this way returns the “best” cuts from the pool. Note that the buckets
need not be defined in terms of the 