EXTENSIONS OF THE HHT- METHOD TO
DIFFERENTIAL-ALGEBRAIC EQUA TIONS IN MECHANICS

LAURENT O. JAY AND DAN NEGRUT VY

Abstract.  We present second-order extensions of the Hilb er-Hughes-Taylor- (HHT- ) method
for systems of overdetermined di eren tial-algebraic equations (OD AEs) arising for example in me-
chanics. A detailed analysis of extensions of the HHT- method is given. In particular a local and
global error analysis is presented. Second order of convergence is theoretically demonstrated and
practically illustrated by numerical experiments. A new variable stepsizesformula is prop osed which
preserves the second order of the method.
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1. Intro duction. The Hilber-Hughes-Taylor- (HHT- ) method [6, 7] and its
generalizationssuch asthe generalized- method [3, 4] are widely usedin structural
and exible multib ody dynamics. This paper is concernedwith extending the HHT-
method to systemsof overdetermined di eren tial-algebraic equations (ODAES) with
index 3 constraints and their underlying index 2 constraints, e.g.,to systemsin me-
chanics having holonomic constraints. An extension of the HHT- method to index
2 DAEs, e.g.,to systemsin medanics with nonholonomic constraints, is briey dis-
cussedaswell. We have found extensionsof the HHT- method preservingits second
order of convergence. Our extensionsare indirect in the sensethat we make use of
the partitioned and additiv e structures of the ODAEs. Detailed mathematical proofs
of secondorder of corvergenceof extensionsof the HHT- method to the systems
of ODAEs consideredare given. A new variable stepsizesformula is proposedwhich
presenesthe secondorder of the method. Secondorder of convergenceof these ex-
tensionsis numerically illustrated on two test problems.

For DAEs global error estimatesgenerally do not follow directly from local error
estimates. The error propagation mecanism of a method for DAEs is usually more
complicated than for ordinary di erential equations(ODEs). In particular, for DAES
one cannot generally infer a global order of convergencedirectly from its local error
estimates, as an order reduction may occur due to error propagation [1]. Analysis of
the direct extensionof the HHT- method to linear DAEs wasperformedin [2]. It was
shaown that for semi-explicit index 3 linear DAESs the direct application of the HHT-
method is inconsistert and su ers from instabilities, but that it may still converge
when applied with constarnt stepsizes,similarly to BDF methods [1]. A rst order
extension of the HHT- method to holonomically constrained mechanical systems
was proposedin [12] and is basedon projecting the solution of the underlying ODEs
onto the constraints after eac step. In [11] the direct application of the HHT-
method to index 3 holonomically constrained medanical systemsis considered,but
no convergenceresult is given. The extensionsof the HHT- method that we presert
in this paper have secondorder of convergencewithout relying on underlying ODEs
and they also directly presene the underlying index 2 constraints.

This paper is organized as follows. In section 2 we describe the original HHT-
method for secondorder systemsof ODEs and we proposea new variable stepsizes
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formula preservingthe secondorder of the method. In section3 we presert extensions
of the HHT- method to systemsof ODAEs with index 3 constraints and underlying
index 2 constraints. In section4 we give a detailed analysisof extensionsof the HHT-
method to these systemsof ODAES. In particular, we show existenceand uniqueness
of the numerical solution, we analyzethe local error of the method, its stability with
respect to consistert perturbations in the initial values, and prove its global second
order of corvergence.In section5 we illustrate the secondorder of corvergenceof an
extendedHHT- method on two test problems. In section 6 we proposean extension
of the HHT- method for index 2 DAEs. A short conclusionis givenin section7.

2. The HHT- metho d for second order systems of ODEs. Secondorder
systemsof ODEs y%°= f (t; y;y9) are equivalent to

(2.1) Y=z z°=a; a=f(ty;2):

In mechanics, y represerts generalized coordinates, z represens the corresponding
velocities, a represents the corresponding accelerations, f (t;y;z) = M F(t;y;2)
where M is the massmatrix and F(t;y;z) represens external forces. The HHT-

method for the systemof equations(2.1) canbe expressedasan implicit non-standard
one-stepmethod

(Y1:z1;a1) = n(Yo; Zo; @)

as follows [6, 7]

2
(2.23) Vi=yo+ hzo+ (L 2 )ao+ 2 a);
(2.2b) Z=20+ h((L  )a+ an);
(2.2¢) ar=(1+ )Hf(ty;y1;z)  f (to:Yo;20);

whereh is the stepsizeand t; := to+ h. For the HHT- method the coe cients ; ;
are chosenaccording to
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The free coe cient is a damping parameter. Notice that the notation for ag and
a; may be misleading. Thesevaluesare not really approximations of a(tg) and a(t1)
respectively, but of a(to+ h ) anda(ty;+ h ). Thecoecient = % is determined
sud that the method is of local order 2 in z whenag a(to + h ) = O(h?). When
a a(to+ h) = 0O(h), e.g.,whenag = a(tg) = f (to; Yo; Zo) the method is only of
local order 1 in z for the rst step, i.e., zz z(to+ h) = O(h?). However, in this
situation sincea; a(t; + h) = O(h?) the next step (y»; z»; a,) has nevertheless
an error estimate in z of the form z,  z(ty + h) = O(h®). The HHT- method is
thus self-correcting, explaining in part its global secondorder of convergenceeven
when aq is taken asag = f (to; Yo;20). The HHT- method is generally applied with
constart stepsizesin order to keepits secondorder of accuracy For ag(R) coming
from the previous step with stepsizef, by changing the stepsizefrom B to h 6 8, a;
is no more an approximation of local order 1 to a(t; + h), i.e., it doesnot satisfy
a; a(ty + h) = O(h?). Hence, without any modication the HHT- method
reducesto a rst order method for all variables. To reestablishglobal secondorder of
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cornvergencewhile still allowing stepsizechangesusing ag(B) from the previous step
taken with stepsizefl, one can replacethe de nition of ag for the current step by

(2.3) ao := f (to;Yo; Zo) + g(ao(ﬁ) f (to; Yo; 20)):

Simply taking ag := f (t1;y1;z1)+ (1 )f (to; Yo; zo) analogouslyto (2.2c) leadsto
the expressionz; = zg + h 1f (to;yo;20) + 3f (t1;y1;21) which correspondsto the
trap ezoidal rule which has no damping parameter and is thus not recommended
(except for the rst step [10]).

3. Extensions of the HHT- metho d to OD AEs. We considersemi-explicit
index 3 DAEs of the form

(3.1a) y'=z:

(3.1b) =a+rty; );
(3.1c) a=f(ty;2);
(3.1d) 0=g(t;y);

where we assumethat gy (t; y)r (t;y; ) is invertible in the region of interest. In me-
chanics (3.1d) represeris holonomic constraints,  represernts Lagrange multipliers,
andr(ty; )= M 'gj(ty) whereM isthe massmatrix and gy (t;y) repre-
sens reaction forcescoming from the constraints [1]. Di eren tiating (3.1d) oncewith
respect to t, we obtain additional constraints

(3.1e) 0=a(ty)+ gyt y)z:

The whole system of ODAEs (3.1) is of index 2. One more di erentiation of (3.1e)
with respectto t leadsto

(3.2) 0= gu(ty)+ 20y (Y)Z+ gyy(ty)(Z;2) + gyt Y)(F (G y;2) + r(ty; )):

We will not make a direct use of these additional constraints (3.2) in the numerical
scheme(3.4) below. Nevertheless,it will be usefulto considerthem in the analysis of
the method. From the constraints (3.2), one more di eren tiation givesan expression

for ©

(33) °=( @) * Gu + 30y 2+ 30yy(Z:2) + Gy (z:Z:2) + 3y (f + 1)
+ 30y (i + 1)+ gy(f+ fyz+ fo(f + 1)+ 1+ 1y2)

wherewe have not written explicitly the argumerts (t;y;z; ) for f;r;g;fy;ry; 0y, etc.

We propose a new generalization of the HHT- method for the system (3.1).
Although di erent in essenceur approac is reminiscert of the GGL/stabilized index
2 formulation [5]. Here, instead of arti cially introducing additional new algebraic
variablesin (3.1a), we considerdirectly the systemsof ODAEs (3.1). Given (Yo; Zo; @)
we de ne the extendedHHT- method for (3.1) as follows

h2 h2
(3.4a) Yy1=Yo+ hzo + - (1 2)ag+ 2 &)+ 7((1 b)Ro + bRy);

@4 m=mrh(@ et a)+ o (Re+Ry);
(34c)  ar=(1+ )f(ti;yi;za)  f (to:Yo;2o);
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whereb 6 1=2 is a free coe cien t,
(3.4d) Ro := r(to;Yo; o); Ri:= r(ty;y1; 1);

and o is not a value ( coming from the previous step, but o and 1 are locally
determined by the two setsof constraints

(3.4e) 0= g(t1;y1); 0= gi(ts;y1) + gy(t1;y1)za:

This determination of o and ; is an important point. The numerical solution
(y1; z1) thus satis es both constraints (3.1d)-(3.1e) at eat timestep. We proposethe
simple choiceb= 0. For b= 0and = 0 the method is an additive combination of
the 2-stagelLobatto IIIA and Lobatto 111B implicit Runge-Kutta coe cien ts, and is
known to be of secondorder for all variables [9] (note that it is not the combination
of Lobatto I1IA and Lobatto 111B coe cien ts given in [8] since for unconstrained
problemsthe HHT- method is simply equivalent to the trap ezoidalrule, the 2-stage
Lobatto I111A method). To makethe method lessimplicit, onecanreplaceR; in (3.4d)
by Ry := r(ty;@1; 1) where

(3.5) ¥1 = Yo + hzp:

Another possibility is to take b = 0 and to replace the expression(Rg + R1)=2 in
(3.4b) by the midpoint approximation

h +
Rl:2: r tO+ Euyo 2ylu 1=2

and alsowith y; replacedby (3.5). The results givenin this paper remain valid with
these simpli cations under someminor modi cations. In particular, secondorder of
global convergenceas shovn in Theorem 4.5 also holds.

4. Analysis of the extended HHT- metho d for OD AEs. First we showv
existenceand uniguenessof the numerical solution of the extended HHT- method
(3.4).

Theorem 4.1. Consider the overdetermined systemof DAEs (3.1) with initial
conditions (yo; zo; a0) = (yo(h); zo(h); ag(h)) depending on h and satisfying

9(to;Yo) = O(h®);  gi(to;Yo) + Gy (to;Yo)zo = O(h?); a a(to+ h) = O(h):

Then for O h ho there exists a unique solution (y1;z1;a1; o; 1) depending
on h to the system of equations (3.4) in a neightorhood of (yo;Zo;a0; o; o) Wher
o= o(h) satises
Ot (to; Yo) + 20y (to; Yo)Zo + Gyy(to; Yo)(Zo; Zo)
+ gy (to; Yo)(f (to;Yo: 20) + r(to;Yo; o)) = O(h):

Moreover, we havethe estimates

(4.1a) yi Yo=0O(h); z1 zp=0(h); a ap= O(h);
(4.1b) o 0=0(Mh);, 1 o= 0(h):
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Remark 4.2. Note that the numerical solution (y1;z1;a1; o; 1) is function-
nally independent of . The value o only indicates a solution branch to which the
numerical solution is close. Varying slightly o to o+ with a small perturbation

= 0o(1) doesnot changethe numerical solution (y1;z1;a1; o; 1).

Proof. The proof of this theorem can be made by application of the implicit
function theorem. We rst introducedirectly the de nition (3.4d) of Rp; R; into (3.4a)
and (3.4b). Then we also replace partially someexpressionsfor y; and z; explicitly
in (3.4e). Multiplying the two equations of (3.4e) by 2=h? and 1=h respectively, we
obtain the equivalent system of equations

h2
O=y1 Yo+ hzo+ > 1 2)ag+2 ar+ (1 br(to;yo; o)+ br(ti;yr; 1)

1 1
0=zz zp+h (1 Ja+ a+ Er(to;yo; o) + Er(tl;)/l; 1)
O=ay 1+ )f(ti;yi;z2) f (to;yo;20) ;

2 h2
0= nz9 t1; Yo+ hzo + > (I 2)ap+2 ap+ (1 Dbr(to;yo; o)+ br(te;ys; 1)

1
0= Hgt(tl;Yl)
1 1 1
+Egy(tl;yl) Zp+h (1 Ja+ ar+ ér(to;yo; o)+ Er(tl;)ﬁ; 1)

Replacing a; by its expression(3.4c¢) in the last two equationsand then expandingin
h around (to; Yo; Zo) we obtain

0= Zaltoi¥o) + (6 (toi o) + Gy (to;Yo)20)
+oy(toiyo) (1 2 )ao+ 2 f(to;yoizo) + (1 Dr(toiyo; o)+ br(to;yo; 1)
+ 0t (to; o) *+ 29ty (to; Yo)Zo + Gyy(to; Yo)(2o; 20) + O(h)
0= %(gt (to; o) + Gy (to;Y0)Z0) + Gr (to; Yo) + 29y (to; Yo)Zo + Gyy (to;Yo)(Zo; Z0)
+g,(t0iy0) (1 )ao+ f(oiyoiz) + 5r(toi¥oi o)+ rltoivo; 1) +O(h):
By using the hypothesesof the theorem all equations are satis ed at h = 0 by
(y1(0); 22(0);21(0); 0(0); 1(0)) := (Y0(0); 20(0); 2(0); 0(0); 0(0)):

The Jacobian at h = 0 of the above equations with respect to (y1;z1;a1; o; 1) is
given by

2 3
I 0 O o 0
o1 O o) 0

| o) 0
1 BMo bMo
iMo  3Mo

where Mg := gy(to; Yo)r (to;Yo; o) isinvertible. Since

1 BMo bMe _ (1 b
1

1 1
2Mo 2Mo 2

NI T
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the Jacobianat h = Oisinvertible provided b& 1=2. The conclusionand the estimates
(4.1) now follow by application of the implicit function theorem. O

We now considerlocal error estimates:

Theorem 4.3. Consider the overdetermined systemof DAEs (3.1) with initial
conditions (yo; Zo; @) at to satisfying

g(to;yo) = 0;  @i(to;Yo) + gy(to;Yo)zo= 0; a a(to+ h )= O(h);
and let ¢ be suchthat
Gt (to; Yo)+ 20y (to; Yo)Zo+ dyy (to; Yo)(Zo; Zo)+ Gy (to; Yo)(f (to; Yo; Zo)+ r (to; Yo: o)) = O

Then for 0 h hp the numerical solution (y1;z;;8;) at t; = tg + h to the system
of equations (3.4) satis es

(4.2) yi y(t1)=0(h®); z1 z(t) = O(h?); ar ats+ h)= O(h?);

whetre (y(t); z(t)) is the exact solution to (3.1) at t passingthrough (yo; zo) at to. If
in addition we assumethat

(4.3) a a(to+ h)=0(h?
then
(4.4) 71 z(t1) = O(h%):

Proof. The Taylor seriesof the exact solution (y(t); z(t)) at t; = to + h satises
2
V(1) = Yo+ hzo+ o (fo+ 1) + O 2(t) = 20+ N(fo + o) + O(h?);

where fo = f(to;Yo;20) and ro := r(to;Yo; o). We know from Theorem 4.1 that
o(h) o = O(h) and 1(h) o = O(h). For the numerical solution (y1;z;) we
have by direct application of the estimates(4.1) in the de nition (3.4a)-(3.4b)

2
V= Yo+ hzg+ o(fok 1)+ O 2= 20+ N(fo+ o) + O(R?):

Hence,we obtain y;  y(t1) = O(h®) and z;  z(t1) = O(h?). From (2.1) and (3.4c)
for a; we have

a(ty+ h)="fo+ L+ In(fio+ fygzo+ foo(fo+ ro)) + O(h?)
and
ap=fo+ (L+ )h(feg+ fygzo+ foo(fo+ o)) + O(h?):

A direct consequenceds the estimate a; a(ty + h ) = O(h?). It remainsto show
(4.4) when (4.3) holds. The condition ag  a(to+ h ) = O(h?) is equivalert to

ag=fo+ h (fro+ fygzo+ Fzo(fo+ ro)) + O(h?):

The Taylor seriesof z(t;) at tp satis es

2
z(t1) = zo+ h(fo+ro)+ h? fro+ fygZo+ f2o(fo+ To) + Mo+ rygZo+ 1 o § +0O(h?)
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where § correspondsto the expression(3.3) evaluated at (to;Yo; Zo; o). Since =
1=2 we get

1 1 h
> + a t+ > a; = fo+ E(fto"' fyoZo+ fzo(fo+ o)) + O(h?):

We also have
Ro=ro+ hr o $(0) + O(h?); Ri=Tro+ h(rig+ ryyzo+ 1 o 5(0)) + O(h?):

Putting all previous estimatestogether we obtain

2
Z1=2p + h(fo"‘ ro) + h? fto+ fy020+ fzo(f0+ ro) + I'tg

+ ryZo+ 1 o( §(0)+ 3(0)) + O(h%):

Thus, it remainsto shav that 3(0) + 9(0) = 3. This expressioncan be obtained
by expanding

@5) 0= = (@(tiyn) * g (triy)2)

around (to; Yo; Zo; o) into h-powersand then letting h ! 0. First, wewrite y; = yo+
with  := hzg+ h?=2(fg + rg) + O(h®) = O(h) and we expandin h and

G(to+ hiyo+ )=0o+ Guoh+ Gy, + % Ot oN* + 20y o + Gyyol( ) + o(h®);
g(to+ hiyot+ )=0gyo+ Gyoh+ Gy, + 2_2L Gty oh? + 20y yoh + Gyyyol 5 ) + O(h%):
Expanding (4.5) in h-powers, grouping the terms, and letting h! 0we nally obtain

0= 0t o + 30ty gZo + 3Gy y(Z0; 20) + Gyyyo(Zo;Zo; Zo) + 3Gy o(fo + ro)
+30yyo(Zoifo+ ro) + gyo(fio + fygzo+ f2o(fo+ o) + reo + ryy2o)
+ayof ol 0(0)+ $(0):
From (3.3) this leadsto the desiredresult 3(0)+ 9(0) = Jandthereforez; z(t;) =
o(h3). O
To analyzethe error propagation we intro duce the projectors

46) Qty: ):=r (ty: Noyty)r Gy ) 'gty); Pty )=1 Qty; ):
They have the properties

Qty; r (ty; )=r (ty; ); o (EY)QtY; ) = gy(ty);

Pty Ir (ty; )=0 gGY)PEy; )=0

Before proving global corvergence we needto study changesin the numerical solution
with respect to perturbations in consistert initial conditions:

Theorem 4.4. Consider (%;B;ax) (; b bg) at ty satisfying the constraints
(3.1d) and (3.1e). Let vy, =W W, zZx: =B B, a:= bk e, satisfying

Yk = O(h);  z=0O(h);  a = O(h);
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andlet (@+1 ; B+1 ; 8k+1 ) and (Y1 ; Be+1 ; By+1 ) bethe correspnding HHT-  solutions
(3.4). Then we have
Pis1 Yikst =P Y+ hPe ze + (1=2  )h®P &
+O(hkpk ykk+ hszk Zk + h3k akk);
hPei1 Zken =hPx z+ (1 )h?Pye a
+O(h2kpk ykk+ hszk Zk + h3k akk);
h? a1 = O(h?kPy  ykk+ h%kP  zek+ h3k  ack);
Qk+1 Yk+1 = O(KPx+1  Yk+1 K);
Qu+1  Zk+1 = O(KPy+1  Yk+1 K+ KPys1  Zks1 K);
wher Py := P(ti;%: %), Pksr = P(tker ;81 8+1), and €; €q are such that
the constraints (3.2) are satis ed for (g; Bc; €k) and (@1 ; Be+1 ; Ck+1 ) respctively.
Proof. Let B, be such that the constraints (3.2) are satis ed for (¥; bx; bk) and
satisfying b, e = O(h). By Theorem 4.1 we have
W1 B = O(h); Bw1 B =O0(h); &+ e = O(h)
€w E=0(h); ©€u €= 0(h);
W1 = 0(h); B B =0(h); B Bk = O(h);
b be=0(h); Pux B = 0O(h):
Hence,we also have
Yee1 = O(h);  Zkea = O(h); &+ = O(h); ko = O(h); k1 = O(h);

where o = Po €, and 1 = Pyi €. Substracting (3.4abc) for

(W+1 s Be+1 5 B+1 ) from (3.4abc) for (@«+1 ; Be+1 ; Bk+1 ) and linearizing around (tg; ¥ ;
B; ax) we obtain

h2
(4.8a) yks1= Y+t h z+ 7((1 2) a+ 2 ak)

2
5 (T b(ryx Ye+rx ko) * B(ryker Yeer + Mk k1))

+0(h%k yck?+ h%k y1 K2+ h?k ok + h%k 1 ak?);
(4.8b) =z = z+h(2 ) a+ ak+1 )
h
+ 5 (ryx Yo+ rx kot Tyk+1  Yik+1 + 1k +1 k1)
+0O(hk yk?+ hk yes k2 + hk  (ok? + hk  1k?);

(4.8c) a1 =1+ )(fymer Yier + Fzr Zke1) (fyx Yo+ Tz z)
+O(k yk®+ k yrs K2+ k zk® + Kk zya1 K2):
=0k ykk+ k ykaak+ k zgk+ k zeeq K):

From
0= g(tks1;8+1); 0= O(tksr 1 B );
we obtain by linearization around (tk+1 ; ¥x+1)

(4.9) 0= 0yk+1 Yk+1 + O(k yk+1 kz):
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Introducing the expression(4.8a) for yx+1 we get
1
(4.10) > (1 Bgyk+1rk h® o+ bgualx+1h®
= Oyk+r Yt NOywe1 2
h2
+ ?((1 2 )Oyk+1 A+ 2 Oyk+l k1)
h2
+ ?((1 D)Oy:k+1Tyk Yk + BYk+1yk+r  Yie1)
+ O(h?k yck?+ k yks1 K2+ h%k  kok? + h2k  1K?):
From
0= gi(tk+r i Bcrs ) + Oy(ticrs ;1 )Bs1 s 0= Or(tes s @k+1 ) + Oy (tken  Brt ) Bt ;

we obtain by linearization around (tyx+1 ; ¥x+1 ; Bc+1 )

(4.11) 0=0Oyk+1 Yk+1 + Oyyk+1 (Be+1s Yi+1) + Oyk+1  Zk+l
+O(K Yo K2+ K Zan K2):

Intro ducing the expressionfor h  z,; from (4.8b) we get

1
(4.12) 5 kel h? w0+ G+l k1 h? 1
= hoyk+1  Ye+1 + NOyyi+1 (Besr s Y1) + NOyicsr 2z

+h?((1 )Oyk+1 At Oyk+1  8k+1)
h2
+ > (gy;k+1 lyik Ykt Oyik+1Myk+1 Yi+1 )

+ O(h?k yck?+ hk i1 k2 + hk zee1 K2+ h%k ok? + h2k  1k?);

Sinceby assumption0 = g(tk; ) and 0 = g(tk; @) we obtain by linearization around
(tk; %)

(4.13) 0=gyx Yk+ Ok ykd):
Therefore, we can estimate the term gy.k+1 Yk in (4.10) by
Gyk+1 Yk = Gy Yk + O(hk yik) = O(hk yik+ k yik?):
We can also estimate the term gyx+1 zx in (4.10) and (4.12) by
Oyk+1  Zk = OykQx  zx + O(hk zck):
We alsohave in (4.10) and (4.12)
Oyk+1 & = Oy Qx a + O(hk akk); Oyk+1  ak+1 = Oyk+1 Qrer  Qksn:
For b6 1=2 and h su cien tly small the matrix

(I Dgyk+1rx bgk+1rk +1
Oyk+1 Ik Oyk+1 0k +1
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is invertible and has a bounded inverse. Therefore, from (4.10) and (4.12) we obtain
the following estimatesfor h?k ok and h?k 1k

(4.14a) h®k k=0 hk yk+ Kk yk®+ hk v k+ k s K2+ hkQy  zik
+ h%k zk+ hk zg1 k2 + h?kQy  axk + h3kPy  axk
+ h?kQy+1  axs1 K+ h%k  wok? + h%k  1K? ;

(4.14b) h’k 1 k=0 hk yck+ k yk?+ hk yea k+ Kk yee1 k2 + hkQy  zck
+ h?k zk+ hk zeg K2+ h?kQy ak + h3kPy  ack
+ h?kQys1  axs1 K+ h2k  wok? + h%k  1K?

Multiplying (4.8a) and (4.8b) from the left by Px+1 and hPy.1 respectively, using
PeeaF ik = O(h); Psr Ik 41 = O, we get

h2
(4.152)Px+1 Yk+1 = Pk Yk + hPe z + 7((1 2 )P ax+ 2 Pesr as1)

+0O(hk ykk+ h%k yis1 k+ h%k zek+ h®k agk+ h3k ok
+ h%k ykk?+ h%k yesr K2+ 2k gok? + h%k (1K?);
(4.15b) hPys1  zksr = WPz + h2((1 )Pk ax+ Pis1r  ae1)
+0(h%k yik+ h%k yis1 k+ h%k zek+ h%k agk+ h3k ok
+ h%k ykk?+ h%k yesr K2+ %k gok? + h%k (1k?):

Inserting the estimates(4.14) and (4.8c) into (4.15) we obtain

(4.16a) Pys1 Yie1 = Pk Y+ hPe ze+ (1=2  )h?P &

+0(hk yck+ h?k yi1 k+ h?k zek+ h?k zeaq k+ h3k agk);
(4.16b) hPys1  zksr = hPx ze + h?(1 )Pk a

+0(h%k ykk+ h%k yya1 k+ h%k zek+ h%k zeg k+ h3k agk):

From (4.9) we have
Quet Yksr = O(K yier K?):
Thus,

Y+t = Per Yot + Qrer Yke1 = Prer Yke1 + O(K e K2)
(4.17)  =Py1 Yisr + O(KPrs1 Yks1 K%) = Pisr Vier + O(hKPya1  Yis1 K):

Similarly, from (4.13) we have
(4.18) Yk = Pc Yk + O(hkPy  ykK):
From (4.11) we have
Q+1 Zksr = O(K Yk+1 K+ hk z41 K) = O(KPk+1  Yik+1 K+ hk Zic41 K):
Therefore,

Zk+1 = Prer Zker + Qo Zksr = Prar Zker + O(K yi+1 K+ hk Zi41 K)
(4.19) = Pk+1 Zksr + O(KPi+1  Yi+1 K+ hKPis1  Zk+1 K):
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Similarly, from 0= g (tk; ) + gy (tx; )b and 0= g (tx; %) + oy (ti; ) B We have
(4.20) = Py z + O(kpk ykk+ hkPy Zkk)Z

Taking into accourt the above estimates(4.17)-(4.18)-(4.19)-(4.20)into (4.16) nally
leadsto the desiredresult. O

Global convergenceof the HHT- method (3.4) can now be proved:

Theorem 4.5. Consider the overdetermined systemof DAEs (3.1) with initial
conditions (yo; Zo) at to and ag satisfying

g(to;Yo) = 0;  @i(tosyo) + 9y(to;Y0)zo = 0; a a(to+ h) = O(h):

Then the HHT-  solution (yn;zn;an) to the system of equations (3.4) satis es for
0O h hgandt, to=nh Const

Yo Y(ta) = O(hz); zy  z(tn) = O(hz); an alty+ h)= O(hz) (n 1)
where (y(t); z(t)) is the exact solution to (3.1) at t passingthrough (yo; zo) at to and

a(t) is given by (3.1c).
Proof. We consider two neighboring HHT-  approximations (y¢*;z£*; a! )= .,

(e hz Yaft Moy, with ke = 1;:::;n and we denotetheir dierence by yy =
ooyt o= 70t aci=at aft ' Weassumethat  yy = O(h),

zx = O(h), ax = O(h). These assumptionscan be justied by induction, see

belowv. For k = ki, Vyk,; z,; ak are just the local error (4.2) of the HHT-

method (3.4) with (y£;z!) being the exact solution passingthrough (yf! 1;z¢' 1)

and (yf! iz Yaft ') being the HHT-  numerical approximation from the same

point. The HHT- approximations satisfy the constraints (3.1d)-(3.1e) and we get by
application of Theorem4.4for k = ky;:::;n 1

Peri Yie1 =Pk Yo+ hPe ze + (1=2 ) h?P¢ &
+O(hkPk ykk+ thPk zZk + hskPk ack + hstk akk);
Pesr Zk+1 =Pk z«+ (1 )hPy a
+O(hkPk ykk+ hkP, zxk + hszk ak + hszk akk);
hPis1  aker = O(hKPx  ykk + hkPy  zk + h?kPy  ack + h?kQy  akk);
hQust  axes = O(hKPe  yick + hkPy  zek + h2kPy  axk + h2kQy  ayk):

Taking a norm of these expressiondeadsto the estimates

3 2
KPr+1  Yis1 K kPy  yik

KPy+1  Zk+1 k kPy  zck
hkPy+1  ak+1 K hkPy agk
hkQk+1 ak+1 K hkQk akk
with matrix
2 ) ] 3
1+ 0(h) h+0(h?) hil j+0(h?) O(h?)
M O(h) 1+ O(h) il j+ O(h) O(h)

o(h) o(h) o(h) o(h)
o(h) o(h) o(h) o(h)
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De ning the matrix

2 3
10 0 0
—fgo1j1 jo é
T= g 00 1 0>’
00 0 1
we can rst transform the matrix M by a similarity transformation to the form
2 3
1+ 0(h) h+0O(h?) h(: j j1 )+ 0O(h?) O(h?
=T iyT = O(h) 1+ O(h) O(h) O(h) 7.
N=T MT=2 o) o(h) o(h) ofh) 5°
O(h) O(h) O(h) O(h)

For the matrix N thereis a rst linear invariant subspaceVi;, R* assaiated to the

two eigervalues 1 = 1+ O(h) and , = 1+ O(h). This subspaceV;; is of the form

V12 = span(e; + O(h); e;+ O(h)) wheree; := (1;0;0;0)" 2 R* ande, := (0;1;0;0)" 2

R4. For the matrix N there is also a secondlinear invariant subspaceVz, R4

assciated to the two eigervalues 3 = 0+ O(h) and 4 = 0+ O(h). This subspace
Va4 is of the form Va4 = span(es + O(h);e; + O(h)) where es := (0;0;1;0)" 2 R*

and e; := (0;0;0;1)" 2 R*. Therefore, there is a transformation V = | + O(h) with

inverseV 1 =1+ O(h) such that NV = VB with B block-diagonal, i.e.,

3

1+ O(h)  O(h) 0 0

. _ O(h) 1+ O(h) 0 0 )
5= v v = § 0 0 o(h) o5

0 0 O(h) O(h)

For2 m n,frommh nh Const weobtain

2 0(1) O0@31) 0@1) o(h 3
O(1) O(1) 0O(1) O(h)g

O(h) O(h) O(h) O(h?)

O(h) O(h) 0O(h) 0O(h?)

M™=TVvB™V 1T 1= :
giving
2 3 2 32
kPn  ynk O(1) O(1) O(1) O(h) KPn m Yn mk
kPn znk Z 0(1) 0(1) 0@) o(h) Z kKPn m Zn mK Z
hkP, ank o(h) O(h) O(h) O(h?) hkP, m an mk 9°
hkQn ank O(h) O(h) O(h) O(h?) hkQn m @ mk

By Theorem 4.4 we have
Qk Yk = O(kPk ykk); Qk Zx = O(kpk ykk+ kPk Zkk)Z
Hencesince yx = Pk yk+ Qx Yk and zx = Py z¢ + Q  z«, we get

3 2 3
K ynk K Yn mk+ Kk zy mk+ hk a, mk

(4.21) 4k z,k5 C4 Kk yn mk+k zy mk+ hk a, mk 5:
k apk K ¥n mk+ Kk 2z, nk+ hk a, qk

First, we considerthe HHT- solution using the exact value a(to + h ). We
denoteit by (Vy; Zk;a)r=o - FOr k = Owehavey, = yo, Zo = Zg, and 3@ = a(to+ h).
Taking m := kj in (4.21) leadsto

k ynk ¢/h% k z,k ch? k a,k cyh®:
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The assumptions yx = O(h), z¢ = O(h), ax = O(h) arethusjustied by induc-
tion on k. Summing up these estimateswe obtain

X0
Ky(tn)  Vnk kyst  yit 'k gnh®  Cyh%
k1:l

X0
kz(tn) Znk kzkr  zK 'k ¢nh®  C,h%
k1:l

X
ka(ta + h) a,k kaki akr k canh® Cah%:
k1=1
Now, supposethat ag satis es ag = a(to + h ) + O(h). We denote the corresponding
HHT- solution using this approximate value of ag by (Yk; zk; a)i=o - We want to
estimate ky, Y.k, kz, ZzZpk, andka, a,k. Using (4.21) for m = n, sincey, = yo
and zp = 2o, we simply obtain

2 3 2 3
kyn  Vnk hkag @k
4 kz, Z,k S C4 hkag @k ©= O(h?)
ka, a)k hkag agk
sinceay d= ag a(to+ h)= O(h). The assumptionsyx Y, = O(h), zx Z« =

O(h), ax ax = O(h) are alsojustied by induction on k. By combining the above
estimateswe nally we get the desiredresult

Kyn y(tn)k=Kkyn Y k+ Ky, y(th)k= O(hz);
kz, z(th)k=kz, zZnk+ kz, z(th)k= O(hz);
ka, a(th+ h)k=ka, ayk+ka, a(t,+ h)k= O(hz)i

Remark that the proof of this Theorem remainsvalid with variable stepsizesprovided
the valuesay are corrected for exampleby (2.3). O

5. Numerical experimen ts.

5.1. A rst test problem. We considerthe following mathematical test prob-
lem

0 0

yi - 71 . Z;  _ Yizo + 2221 + €'y1 1
% z 29 1Yoz,  2y1721¥2Zp+ Yo 2
0 = vyiy, 1 ; 0 = 2y1yoz1+Yiz,

Notice that theseequationsare nonlinearin ;. Consistert initial conditionsatto = 0
are given by

yi0) _ 1 . z2(00 _ 1 | _
00 T 1 z0 T 2 0 =1
The exact solution to this system of DAEs is given by
yit) _ €. z(t) _ e : _ oot
v T e oz T ex i D =o€
We have applied the extendedHHT- method (3.4) with parameters = 0:15and

b = 0:3 for various stepsizesh. We obsene global convergenceof order 2 at t = 1
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error of extended HHT
10 T o]

errorsiny,z, and a
2
o,
T

10

Fig. 5.1. Global errors kyn  y(tn)kz (), kzn  z(tn)k2 ( ), kan a(tn + h )kz ( ) for rst
test problem at t, = 1 and the extended HHT- method ( = 0:15;b= 0:3). One observes global
convergence of order 2 in h.

in Fig. 5.1 as expected from Theorem 4.5. In Fig. 5.2 we have repeated the same
numerical experiment by simply replacingy: in Ry with (3.5). We still obsene global
convergenceof order 2. In Fig. 5.3 we have applied the HHT- method with variable
stepsizesalternating between h=3 and 2h=3. We have plotted in Fig. 5.3 the error
versusthe averagestepsizeh=2. We obsene a reduction to corvergenceof order one
as expectedfrom the remarksin section2. To reestablishsecondorder of corvergence
for variable stepsizeswe have made use of the modi cation (2.3) for a,, i.e.,

hn
hn
We have applied againthe HHT- method with variable stepsizesalternating between

h=3 and 2h=3 using this modi cation. This time we obsene secondorder of global
convergencein Fig. 5.4.

an = f(th;yn;zn) + l(an(hn 1) f(taiyniza)):

5.2. A pendulum model. The pendulum model in Fig. 5.5 wasusedto carry
out a secondset of numerical experimerts. Using the notation z; = y° (i = 1;2;3),
the constrained equations of motion assaiated with this model are

2 0o 3 2 3 2
mzj 0 1 0
ulaply czz k yz3 3 Lsin(ys) L cogys)

while the constraint equationsat the position and velocity levels are

0 _ vy1 Lcogys) . 0 _ z+ Lsin(ys)zs
0 y2 Lsin(ys) 0 z; Lcogys)zs
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error of extended HHT with modification
10 ¢ T

errorsiny,z, and a
2
o,
T

10

Fig. 5.2. Global errors kyn  y(tn)kz (), kzn  z(tn)k2 ( ), kan a(tn + h )kz ( ) for rst
test problem at t, = 1 and the extended HHT- method ( = 0:15;b = 0:3) with modic ation
(3.5). One observesglobal convergence of order 2 in h.

The parametersassaiated with this model are asfollows: massm = 5, length L = 2,
spring stiness k = 3000, damping coe cient ¢ = 100, gravitational acceleration
g = 9:81. All units used herein are S| units. The ewlution of the pendulum angle
y3 = on the time interval [0; 4] is showvn in Fig. 5.6. In the numerical experimerts,
the pendulum is started from an initial position that correspondsto y; = 3 =2, and
zz3 = 10. A referencesolution was generated by applying an explicit Runge-Kutta
method of order 4 (RK4) with a small constart stepsizeh = 0:00001. The explicit
integrator RK4 wasusedin conjunction with an equivalent underlying ODE problem
that provided directly the time ewolution of y3

4mL 2

y9 = zs; 0+ czz+ Kk y3 37 + mgL cogys) = O:

Figs. 5.7 and 5.8 support the convergenceresults obtained in Theorem 4.5. The
global error in y3 and z3 at time t = 2 is plotted in these gures against a seriesof
stepsizesusedfor integration. The plots con rm that the global errors jys.,  ys(tn)]
and jzzn  z3(tn)j assaiated with the extended HHT- method (3.4) are of order
two. Note that Figs. 5.7 and 5.8 report resultsfor = O;b=0and = 0:3;b=0
respectively.

6. Extension of the HHT- metho d to DAEs with index 2 constrain ts.
Consider semi-explicit index 2 DAEs of the form
(6.1a) y'=z;
(6.1b) %=a+r(ty;z; );
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error of extended HHT with variable stepsizes
107 ¢ T T

107 |

107 |

errorsiny,z, and a

10 |

10° I I
10° 10° 10° 10°

Fig. 5.3. Global errors kyn  y(tn)k2 ( ), kzn z(tn)k2 (), kan(hn 1) a(tn+ hn 1)k2 ()
for rst test problem at t, = 1 and the extended HHT- method ( = 0:15;b= 0:3) with variables
stepsizes and unmodi e d a,. One observesglobal convergence of order 1 in h.

(6.1¢) a=f(ty;2);
(6.1d) 0=k(t;y;2);
where we assumek, (t; y; z2)r (t;y;z; ) isinvertible in the region of interest. We can
consider for example k(t; y;z) = g(t;y) + gy(t;y)z from (3.1e) and r(t;y;z; ) =

r(t;y; ) from (3.1b). We proposea generalizationof HHT- methods for the system
(6.1) similar to (3.4),

h2 h2
y1=Yo + hzo + 7((1 2 )ag+ 2 ap) + 7R1:2;

z1=20+ h((1 Jag+ a1)+ hRj=y;
ar=(1+ )f(ti;yi;z1)  f (to:Yo;2o);

where

Ri—o=r t+h' +EZ':—L(Z+Z)'
1=2 = 0 2,)’0 5201 5{Z0 1)y 1=2

The algebraicvariable ;- is determined by the constraint
0= k(t1;y1;,21):

Hence, the numerical solution satis es the constraint (6.1d) at ead timestep. By
replacing the expressionfor z; explicitly in this equation, we obtain equivalently

0= %k(tl;yl;zo+ h (1 Jap+ @)+ hRy=
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error of extended HHT with variable stepsizes
10 ¢ T T

107 F

107 F

errorsiny,z, and a

107 F

10° I I
10° 10° 10° 10°

Fig. 5.4. Global errors kyn  y(tn)k2 (), kzn  z(tn)k2 ( ), kan(hn 1) a(tn+ hn 1)k2 ()
for rst test problem at t, = 1 and the extended HHT- method ( = 0:15;b= 0:3) with variables
stepsizes and modi e d a, (2.3). One observesglobal convergence of order 2 in h.

Existenceand uniqguenessof the numerical solution (y1;z1;a1; 1=») isensuredand can
be shown by application of the implicit function theorem. When k(t; y; z) is linear
in zand r(t;y;z; ) islinear in  we obtain a linear equation for ;-,. Howewer,
since generally k(t; y; z) or f (t; y;z) are nonlinear in y, we generally have a system
of nonlinear equationsto solve in terms of y;. If k(t;y;z) and f (t; y; z) are linear in
y and z, and if r(t;y;z; ) islinear in , we obtain a system of linear equations for
(y1;z1;a1; 1=2). Global secondorder of convergenceof the new extended HHT-
method can be provedin a similar way asfor (3.1).

7. Conclusion. In this paper we have preseried secondorder extensionsof the
HHT- method for systemsof ODAEs with index 3 and index 2 constraints arising for
examplein medanics. We have given detailed mathematical proofs of corvergenceof
extensionsof the HHT- method for semi-explicit ODAEs with index 3 constraints
and underlying index 2 constraints. We have taken into accourt the structure of the
equationsto extend the HHT- method to DAESs in order to keepits secondorder of
accuracy We have also proposedan elemenary way to presene the secondorder of
the HHT- method when using variable stepsizes,a technique which is also relevant
for the HHT- method whenappliedto ODEs. The HHT- method and its extensions
to DAEs is relatively simple to expressand to implement. Howewer, its analysisin
the context of DAEs was found to be surprisingly di cult.

After the submission of this manuscript, we learned about a similar extension
of the generalized- method found independertly by Lunk and Simeon[10]. They
consider problems of the form (3.1) with r(t;y; ) linear in , whereasin this paper
r(t;y; ) may be nonlinear. Their extensionis slightly dierent, whenr(t;y; ) =
r(t;y) they replacethe term (1 bRo+ bRy = (1  br(to;yo) o+ br(t;;y1) 1in
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Fig. 5.5. Pendulum model.

(3.4a) by (1 b)r(to;yo) + br(ti;y1)) o.
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error of extended HHT: Pendulum,a=0
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Fig. 5.7. Global errors jyan  y3(tn)j ( ), jza;n  z3(tn)j () at tn = 2 for a simple pendulum
and the extended HHT- method ( = 0;b= 0). One observesglobal convergence of order 2 in h.

error of extended HHT: Pendulum,a=-0.3
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Fig. 5.8. Global errors jyan  y3(tn)j ( ), jza;n  z3(tn)j () at tn = 2 for a simple pendulum
and the extended HHT- method ( = 0:3;b= 0) One observesglobal convergence of order 2 in h.



