
EXTENSIONS OF THE HHT- � METHOD TO
DIFFERENTIAL-ALGEBRAIC EQUA TIONS IN MECHANICS
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Abstract. We present second-order extensions of the Hilb er-Hughes-Taylor- � (HHT- � ) method
for systems of overdetermined di�eren tial-algebraic equations (OD AEs) arising for example in me-
chanics. A detailed analysis of extensions of the HHT- � method is given. In particular a local and
global error analysis is presented. Second order of convergence is theoretically demonstrated and
practically illustrated by numerical experiments. A new variable stepsizes formula is prop osed which
preserves the second order of the method.
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1. In tro duction. The Hilb er-Hughes-Taylor- � (HHT- � ) method [6, 7] and its
generalizationssuch as the generalized-� method [3, 4] are widely used in structural
and 
exible multib ody dynamics. This paper is concernedwith extending the HHT- �
method to systemsof overdetermined di�eren tial-algebraic equations (ODAEs) with
index 3 constraints and their underlying index 2 constraints, e.g., to systemsin me-
chanics having holonomic constraints. An extension of the HHT- � method to index
2 DAEs, e.g., to systemsin mechanics with nonholonomic constraints, is brie
y dis-
cussedaswell. We have found extensionsof the HHT- � method preservingits second
order of convergence. Our extensionsare indirect in the sensethat we make use of
the partitioned and additiv e structures of the ODAEs. Detailed mathematical proofs
of secondorder of convergenceof extensionsof the HHT- � method to the systems
of ODAEs consideredare given. A new variable stepsizesformula is proposedwhich
preserves the secondorder of the method. Secondorder of convergenceof these ex-
tensions is numerically illustrated on two test problems.

For DAEs global error estimatesgenerally do not follow directly from local error
estimates. The error propagation mechanism of a method for DAEs is usually more
complicated than for ordinary di�eren tial equations(ODEs). In particular, for DAEs
one cannot generally infer a global order of convergencedirectly from its local error
estimates,as an order reduction may occur due to error propagation [1]. Analysis of
the direct extensionof the HHT- � method to linear DAEs wasperformedin [2]. It was
shown that for semi-explicit index 3 linear DAEs the direct application of the HHT- �
method is inconsistent and su�ers from instabilities, but that it may still converge
when applied with constant stepsizes,similarly to BDF methods [1]. A �rst order
extension of the HHT- � method to holonomically constrained mechanical systems
was proposedin [12] and is basedon projecting the solution of the underlying ODEs
onto the constraints after each step. In [11] the direct application of the HHT- �
method to index 3 holonomically constrained mechanical systemsis considered,but
no convergenceresult is given. The extensionsof the HHT- � method that we present
in this paper have secondorder of convergencewithout relying on underlying ODEs
and they also directly preserve the underlying index 2 constraints.

This paper is organized as follows. In section 2 we describe the original HHT- �
method for secondorder systemsof ODEs and we proposea new variable stepsizes
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formula preservingthe secondorder of the method. In section3 we present extensions
of the HHT- � method to systemsof ODAEs with index 3 constraints and underlying
index 2 constraints. In section4 wegivea detailed analysisof extensionsof the HHT- �
method to thesesystemsof ODAEs. In particular, we show existenceand uniqueness
of the numerical solution, we analyze the local error of the method, its stabilit y with
respect to consistent perturbations in the initial values, and prove its global second
order of convergence.In section 5 we illustrate the secondorder of convergenceof an
extendedHHT- � method on two test problems. In section 6 we proposean extension
of the HHT- � method for index 2 DAEs. A short conclusion is given in section 7.

2. The HHT- � metho d for second order systems of ODEs. Secondorder
systemsof ODEs y00= f (t; y; y0) are equivalent to

y0 = z; z0 = a; a = f (t; y; z):(2.1)

In mechanics, y represents generalizedcoordinates, z represents the corresponding
velocities, a represents the corresponding accelerations, f (t; y; z) = M � 1F (t; y; z)
where M is the mass matrix and F (t; y; z) represents external forces. The HHT- �
method for the systemof equations(2.1) can be expressedasan implicit non-standard
one-stepmethod

(y1; z1; a1) = � h (y0; z0; a0)

as follows [6, 7]

y1 = y0 + hz0 +
h2

2
((1 � 2� )a0 + 2� a1) ;(2.2a)

z1 = z0 + h ((1 � 
 )a0 + 
 a1) ;(2.2b)

a1 = (1 + � )f (t1; y1; z1) � �f (t0; y0; z0);(2.2c)

whereh is the stepsizeand t1 := t0 + h. For the HHT- � method the coe�cien ts �; � ; 

are chosenaccording to

� 2
�
�

1
3

; 0
�

; � =
(1 � � )2

4
; 
 =

1
2

� �:

The free coe�cien t � is a damping parameter. Notice that the notation for a0 and
a1 may be misleading. Thesevaluesare not really approximations of a(t0) and a(t1)
respectively, but of a(t0 + �h ) and a(t1 + �h ). The coe�cien t 
 = 1

2 � � is determined
such that the method is of local order 2 in z when a0 � a(t0 + �h ) = O(h2). When
a0 � a(t0 + �h ) = O(h), e.g., when a0 = a(t0) = f (t0; y0; z0) the method is only of
local order 1 in z for the �rst step, i.e., z1 � z(t0 + h) = O(h2). However, in this
situation since a1 � a(t1 + �h ) = O(h2) the next step (y2; z2; a2) has nevertheless
an error estimate in z of the form z2 � z(t1 + h) = O(h3). The HHT- � method is
thus self-correcting, explaining in part its global secondorder of convergenceeven
when a0 is taken as a0 = f (t0; y0; z0). The HHT- � method is generally applied with
constant stepsizesin order to keep its secondorder of accuracy. For a0(eh) coming
from the previous step with stepsizeeh, by changing the stepsizefrom eh to h 6= eh, a1

is no more an approximation of local order 1 to a(t1 + �h ), i.e., it does not satisfy
a1 � a(t1 + �h ) = O(h2). Hence, without any modi�cation the HHT- � method
reducesto a �rst order method for all variables. To reestablishglobal secondorder of
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convergencewhile still allowing stepsizechangesusing a0(eh) from the previous step
taken with stepsizeeh, one can replacethe de�nition of a0 for the current step by

a0 := f (t0; y0; z0) +
h
eh

(a0(eh) � f (t0; y0; z0)) :(2.3)

Simply taking a0 := �f (t1; y1; z1) + (1 � � )f (t0; y0; z0) analogouslyto (2.2c) leadsto
the expressionz1 = z0 + h

�
1
2 f (t0; y0; z0) + 1

2 f (t1; y1; z1)
�

which corresponds to the
trap ezoidal rule which has no damping parameter � and is thus not recommended
(except for the �rst step [10]).

3. Extensions of the HHT- � metho d to OD AEs. We considersemi-explicit
index 3 DAEs of the form

y0= z;(3.1a)

z0= a + r (t; y; � );(3.1b)

a= f (t; y; z);(3.1c)

0= g(t; y);(3.1d)

where we assumethat gy (t; y)r � (t; y; � ) is invertible in the region of interest. In me-
chanics (3.1d) represents holonomic constraints, � represents Lagrange multipliers,
and r (t; y; � ) = � M � 1gT

y (t; y)� where M is the massmatrix and � gT
y (t; y)� repre-

sents reaction forcescoming from the constraints [1]. Di�eren tiating (3.1d) oncewith
respect to t, we obtain additional constraints

0 = gt (t; y) + gy (t; y)z:(3.1e)

The whole system of ODAEs (3.1) is of index 2. One more di�eren tiation of (3.1e)
with respect to t leadsto

0 = gtt (t; y) + 2gty (t; y)z + gyy (t; y)(z; z) + gy (t; y)( f (t; y; z) + r (t; y; � )) :(3.2)

We will not make a direct use of these additional constraints (3.2) in the numerical
scheme(3.4) below. Nevertheless,it will be useful to considerthem in the analysisof
the method. From the constraints (3.2), one more di�eren tiation givesan expression
for � 0,

� 0= (� gy r � )� 1
�

gttt + 3gtty z + 3gty y (z; z) + gyyy (z; z; z) + 3gty (f + r )(3.3)

+ 3gyy (z; f + r ) + gy (f t + f y z + f z (f + r ) + r t + r y z)
�

wherewe have not written explicitly the arguments (t; y; z; � ) for f ; r; g; f y ; r y ; gy , etc.
We propose a new generalization of the HHT- � method for the system (3.1).

Although di�eren t in essenceour approach is reminiscent of the GGL/stabilized index
2 formulation [5]. Here, instead of arti�cially intro ducing additional new algebraic
variablesin (3.1a), we considerdirectly the systemsof ODAEs (3.1). Given (y0; z0; a0)
we de�ne the extendedHHT- � method for (3.1) as follows

y1 = y0 + hz0 +
h2

2
((1 � 2� )a0 + 2� a1) +

h2

2
((1 � b)R0 + bR1);(3.4a)

z1 = z0 + h ((1 � 
 )a0 + 
 a1) +
h
2

(R0 + R1) ;(3.4b)

a1 = (1 + � )f (t1; y1; z1) � �f (t0; y0; z0);(3.4c)
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where b 6= 1=2 is a free coe�cien t,

R0 := r (t0; y0; � 0); R1 := r (t1; y1; � 1);(3.4d)

and � 0 is not a value � 0 coming from the previous step, but � 0 and � 1 are locally
determined by the two setsof constraints

0 = g(t1; y1); 0 = gt (t1; y1) + gy (t1; y1)z1:(3.4e)

This determination of � 0 and � 1 is an important point. The numerical solution
(y1; z1) thus satis�es both constraints (3.1d)-(3.1e) at each timestep. We proposethe
simple choice b = 0. For b = 0 and � = 0 the method is an additiv e combination of
the 2-stageLobatto I I IA and Lobatto I I IB implicit Runge-Kutta coe�cien ts, and is
known to be of secondorder for all variables [9] (note that it is not the combination
of Lobatto I I IA and Lobatto I I IB coe�cien ts given in [8] since for unconstrained
problems the HHT- � method is simply equivalent to the trap ezoidal rule, the 2-stage
Lobatto I I IA method). To make the method lessimplicit, onecan replaceR1 in (3.4d)
by R1 := r (t1; ey1; � 1) where

ey1 := y0 + hz0:(3.5)

Another possibility is to take b = 0 and to replace the expression(R0 + R1)=2 in
(3.4b) by the midpoint approximation

R1=2 = r
�

t0 +
h
2

;
y0 + y1

2
; � 1=2

�

and also with y1 replacedby (3.5). The results given in this paper remain valid with
these simpli�cations under someminor modi�cations. In particular, secondorder of
global convergenceas shown in Theorem 4.5 also holds.

4. Analysis of the extended HHT- � metho d for OD AEs. First we show
existenceand uniquenessof the numerical solution of the extended HHT- � method
(3.4).

Theorem 4.1. Consider the overdetermined system of DAEs (3.1) with initial
conditions (y0; z0; a0) = (y0(h); z0(h); a0(h)) depending on h and satisfying

g(t0; y0) = O(h3); gt (t0; y0) + gy (t0; y0)z0 = O(h2); a0 � a(t0 + �h ) = O(h):

Then for 0 � h � h0 there exists a unique solution (y1; z1; a1; � 0; � 1) depending
on h to the system of equations (3.4) in a neighborhood of (y0; z0; a0; � 0; � 0) where
� 0 = � 0(h) satis�es

gtt (t0; y0) + 2gty (t0; y0)z0 + gyy (t0; y0)(z0; z0)

+ gy (t0; y0)( f (t0; y0; z0) + r (t0; y0; � 0)) = O(h):

Moreover, we have the estimates

y1 � y0 = O(h); z1 � z0 = O(h); a1 � a0 = O(h);(4.1a)

� 0 � � 0 = O(h); � 1 � � 0 = O(h):(4.1b)
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Remark 4.2. Note that the numerical solution (y1; z1; a1; � 0; � 1) is function-
nally independent of � 0. The value � 0 only indicates a solution branch to which the
numerical solution is close. Varying slightly � 0 to � 0 + � with a small perturbation
� = o(1) does not changethe numerical solution (y1; z1; a1; � 0; � 1).

Proof. The proof of this theorem can be made by application of the implicit
function theorem. We�rst intro ducedirectly the de�nition (3.4d) of R0; R1 into (3.4a)
and (3.4b). Then we also replace partially someexpressionsfor y1 and z1 explicitly
in (3.4e). Multiplying the two equations of (3.4e) by 2=h2 and 1=h respectively, we
obtain the equivalent system of equations

0= y1 �
�

y0 + hz0 +
h2

2

�
(1 � 2� )a0 + 2� a1 + (1 � b)r (t0; y0; � 0) + br(t1; y1; � 1)

� �
;

0= z1 �
�

z0 + h
�
(1 � 
 )a0 + 
 a1 +

1
2

r (t0; y0; � 0) +
1
2

r (t1; y1; � 1)
� �

;

0= a1 �
�

(1 + � )f (t1; y1; z1) � �f (t0; y0; z0)
�

;

0=
2
h2 g

�
t1; y0 + hz0 +

h2

2

�
(1 � 2� )a0 + 2� a1 + (1 � b)r (t0; y0; � 0) + br(t1; y1; � 1)

� �
;

0=
1
h

gt (t1; y1)

+
1
h

gy (t1; y1)
�

z0 + h
�
(1 � 
 )a0 + 
 a1 +

1
2

r (t0; y0; � 0) +
1
2

r (t1; y1; � 1)
�
�

:

Replacing a1 by its expression(3.4c) in the last two equationsand then expanding in
h around (t0; y0; z0) we obtain

0=
2
h2 g(t0; y0) +

2
h

(gt (t0; y0) + gy (t0; y0)z0)

+ gy (t0; y0)
�

(1 � 2� )a0 + 2� f (t0; y0; z0) + (1 � b)r (t0; y0; � 0) + br(t0; y0; � 1)
�

+ gtt (t0; y0) + 2gty (t0; y0)z0 + gyy (t0; y0)(z0; z0) + O(h)

0=
1
h

(gt (t0; y0) + gy (t0; y0)z0) + gtt (t0; y0) + 2gty (t0; y0)z0 + gyy (t0; y0)(z0; z0)

+ gy (t0; y0)
�

(1 � 
 )a0 + 
 f (t0; y0; z0) +
1
2

r (t0; y0; � 0) +
1
2

r (t0; y0; � 1)
�

+ O(h):

By using the hypothesesof the theorem all equations are satis�ed at h = 0 by

(y1(0); z1(0); a1(0); � 0(0); � 1(0)) := (y0(0); z0(0); a0(0); � 0(0); � 0(0)) :

The Jacobian at h = 0 of the above equations with respect to (y1; z1; a1; � 0; � 1) is
given by

2

6
6
6
6
4

I O O O O
O I O O O
� � I O O
� � � (1 � b)M 0 bM0

� � � 1
2 M 0

1
2 M 0

3

7
7
7
7
5

where M 0 := gy (t0; y0)r � (t0; y0; � 0) is invertible. Since
�

(1 � b)M 0 bM0
1
2 M 0

1
2 M 0

�
=

�
(1 � b) b

1
2

1
2

�

 M 0:
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the Jacobianat h = 0 is invertible provided b 6= 1=2. The conclusionand the estimates
(4.1) now follow by application of the implicit function theorem.

We now consider local error estimates:
Theorem 4.3. Consider the overdetermined system of DAEs (3.1) with initial

conditions (y0; z0; a0) at t0 satisfying

g(t0; y0) = 0; gt (t0; y0) + gy (t0; y0)z0 = 0; a0 � a(t0 + �h ) = O(h);

and let � 0 be such that

gtt (t0; y0)+ 2gty (t0; y0)z0+ gyy (t0; y0)(z0; z0)+ gy (t0; y0)( f (t0; y0; z0)+ r (t0; y0; � 0)) = 0:

Then for 0 � h � h0 the numerical solution (y1; z1; a1) at t1 = t0 + h to the system
of equations (3.4) satis�es

y1 � y(t1) = O(h3); z1 � z(t1) = O(h2); a1 � a(t1 + �h ) = O(h2);(4.2)

where (y(t); z(t)) is the exact solution to (3.1) at t passing through (y0; z0) at t0. If
in addition we assumethat

a0 � a(t0 + �h ) = O(h2)(4.3)

then

z1 � z(t1) = O(h3):(4.4)

Proof. The Taylor seriesof the exact solution (y(t); z(t)) at t1 = t0 + h satis�es

y(t1) = y0 + hz0 +
h2

2
(f 0 + r0) + O(h3); z(t1) = z0 + h(f 0 + r0) + O(h2);

where f 0 := f (t0; y0; z0) and r0 := r (t0; y0; � 0). We know from Theorem 4.1 that
� 0(h) � � 0 = O(h) and � 1(h) � � 0 = O(h). For the numerical solution (y1; z1) we
have by direct application of the estimates(4.1) in the de�nition (3.4a)-(3.4b)

y1 = y0 + hz0 +
h2

2
(f 0 + r0) + O(h3); z1 = z0 + h(f 0 + r0) + O(h2):

Hence,we obtain y1 � y(t1) = O(h3) and z1 � z(t1) = O(h2). From (2.1) and (3.4c)
for a1 we have

a(t1 + �h ) = f 0 + (1 + � )h(f t 0 + f y 0z0 + f z 0(f 0 + r0)) + O(h2)

and

a1 = f 0 + (1 + � )h(f t 0 + f y 0z0 + f z 0(f 0 + r0)) + O(h2):

A direct consequenceis the estimate a1 � a(t1 + �h ) = O(h2). It remains to show
(4.4) when (4.3) holds. The condition a0 � a(t0 + �h ) = O(h2) is equivalent to

a0 = f 0 + h� (f t 0 + f y 0z0 + f z 0(f 0 + r0)) + O(h2):

The Taylor seriesof z(t1) at t0 satis�es

z(t1) = z0+ h(f 0+ r0)+
h2

2

�
f t 0 + f y 0z0 + f z 0(f 0 + r0) + r t 0 + r y 0z0 + r � 0� 0

0

�
+ O(h3)
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where � 0
0 corresponds to the expression(3.3) evaluated at (t0; y0; z0; � 0). Since 
 =

1=2 � � we get
�

1
2

+ �
�

a0 +
�

1
2

� �
�

a1 = f 0 +
h
2

(f t 0 + f y 0z0 + f z 0(f 0 + r0)) + O(h2):

We also have

R0 = r0 + hr � 0� 0
0(0) + O(h2); R1 = r0 + h(r t 0 + r y 0z0 + r � 0� 0

1(0)) + O(h2):

Putting all previous estimates together we obtain

z1 = z0 + h(f 0 + r0) +
h2

2

�
f t 0 + f y 0z0 + f z 0(f 0 + r0) + r t 0

+ r y 0z0 + r � 0(� 0
0(0) + � 0

1(0))
�

+ O(h3):

Thus, it remains to show that � 0
0(0) + � 0

1(0) = � 0
0. This expressioncan be obtained

by expanding

0 =
1
h2 (gt (t1; y1) + gy (t1; y1)z1)(4.5)

around (t0; y0; z0; � 0) into h-powersand then letting h ! 0. First, wewrite y1 = y0+ �
with � := hz0 + h2=2(f 0 + r0) + O(h3) = O(h) and we expand in h and �

gt (t0 + h; y0 + � ) = gt 0 + gtt 0h + gty 0� +
1
2

�
gttt 0h2 + 2gtty 0h� + gty y 0(� ; � )

�
+ O(h3);

gy (t0 + h; y0 + � ) = gy 0 + gty 0h + gyy 0� +
1
2

�
gtty 0h2 + 2gty y 0h� + gyyy 0(� ; � )

�
+ O(h3):

Expanding (4.5) in h-powers,grouping the terms, and letting h ! 0 we �nally obtain

0= gttt 0 + 3gtty 0z0 + 3gty y 0(z0; z0) + gyyy 0(z0; z0; z0) + 3gty 0(f 0 + r0)

+3 gyy 0(z0; f 0 + r0) + gy 0(f t 0 + f y 0z0 + f z 0(f 0 + r0) + r t 0 + r y 0z0)

+ gy 0r � 0(� 0
0(0) + � 0

1(0)) :

From (3.3) this leadsto the desiredresult � 0
0(0)+ � 0

1(0) = � 0
0 and thereforez1 � z(t1) =

O(h3).
To analyze the error propagation we intro duce the projectors

Q(t; y; � ) := r � (t; y; � )(gy (t; y)r � (t; y; � )) � 1gy (t; y); P(t; y; � ) := I � Q(t; y; � ):(4.6)

They have the properties

Q(t; y; � )r � (t; y; � ) = r � (t; y; � ); gy (t; y)Q(t; y; � ) = gy (t; y);

P(t; y; � )r � (t; y; � ) = 0; gy (t; y)P(t; y; � ) = 0:

Beforeproving global convergence,we needto study changesin the numerical solution
with respect to perturbations in consistent initial conditions:

Theorem 4.4. Consider (eyk ; ezk ; eak ) (byk ; bzk ; bak ) at tk satisfying the constraints
(3.1d) and (3.1e). Let � yk := byk � eyk , � zk := bzk � ezk , � ak := bak � eak , satisfying

� yk = O(h); � zk = O(h); � ak = O(h);
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and let (eyk+1 ; ezk+1 ; eak+1 ) and (byk+1 ; bzk+1 ; bak+1 ) be the corresponding HHT- � solutions
(3.4). Then we have

Pk+1 � yk+1 = Pk � yk + hPk � zk + (1=2 � � ) h2Pk � ak

+ O(hkPk � yk k + h2kPk � zk k + h3k� ak k);

hPk+1 � zk+1 = hPk � zk + (1 � 
 ) h2Pk � ak

+ O(h2kPk � yk k + h2kPk � zk k + h3k� ak k);

h2� ak+1 = O(h2kPk � yk k + h2kPk � zk k + h3k� ak k);

Qk+1 � yk+1 = O(kPk+1 � yk+1 k);

Qk+1 � zk+1 = O(kPk+1 � yk+1 k + kPk+1 � zk+1 k);

where Pk := P(tk ; eyk ; e� k ), Pk+1 := P(tk+1 ; eyk+1 ; e� k+1 ), and e� k ; e� k+1 are such that
the constraints (3.2) are satis�ed for (eyk ; ezk ; e� k ) and (eyk+1 ; ezk+1 ; e� k+1 ) respectively.

Proof. Let b� k be such that the constraints (3.2) are satis�ed for (byk ; bzk ; b� k ) and
satisfying b� k � e� k = O(h). By Theorem 4.1 we have

eyk+1 � eyk = O(h); ezk+1 � ezk = O(h); eak+1 � eak = O(h);
e� k0 � e� k = O(h); e� k1 � e� k = O(h);

byk+1 � byk = O(h); bzk+1 � bzk = O(h); bak+1 � bak = O(h);
b� k0 � b� k = O(h); b� k1 � b� k = O(h):

Hence,we also have

� yk+1 = O(h); � zk+1 = O(h); � ak+1 = O(h); �� k0 = O(h); �� k1 = O(h);

where �� k0 := b� k0 � e� k0, and �� k1 := b� k1 � e� k1. Substracting (3.4abc) for
(byk+1 ; bzk+1 ; bak+1 ) from (3.4abc) for (eyk+1 ; ezk+1 ; eak+1 ) and linearizing around (tk ; eyk ;
ezk ; eak ) we obtain

� yk+1 = � yk + h� zk +
h2

2
((1 � 2� )� ak + 2� � ak+1 )(4.8a)

+
h2

2
((1 � b)(r y ;k � yk + r �;k �� k0) + b(r y ;k +1 � yk+1 + r �;k +1 �� k1))

+ O(h2k� yk k2 + h2k� yk+1 k2 + h2k�� k0k2 + h2k�� k1k2);

� zk+1 = � zk + h ((1 � 
 )� ak + 
 � ak+1 )(4.8b)

+
h
2

(r y ;k � yk + r �;k �� k0 + r y ;k +1 � yk+1 + r �;k +1 �� k1)

+ O(hk� yk k2 + hk� yk+1 k2 + hk�� k0k2 + hk�� k1k2);

� ak+1 = (1 + � ) (f y ;k +1 � yk+1 + f z;k +1 � zk+1 ) � � (f y ;k � yk + f z;k � zk )(4.8c)

+ O(k� yk k2 + k� yk+1 k2 + k� zk k2 + k� zk+1 k2):

= O(k� yk k + k� yk+1 k + k� zk k + k� zk+1 k):

From

0 = g(tk+1 ; byk+1 ); 0 = g(tk+1 ; eyk+1 );

we obtain by linearization around (tk+1 ; eyk+1 )

0 = gy ;k +1 � yk+1 + O(k� yk+1 k2):(4.9)
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Intro ducing the expression(4.8a) for � yk+1 we get

�
1
2

�
(1 � b)gy ;k +1 r �;k h2�� k0 + bgy ;k +1 r �;k +1 h2�� k1

�
(4.10)

= gy ;k +1 � yk + hgy ;k +1 � zk

+
h2

2
((1 � 2� )gy ;k +1 � ak + 2� gy ;k +1 � ak+1 )

+
h2

2
((1 � b)gy ;k +1 r y ;k � yk + bgy ;k +1 r y ;k +1 � yk+1 )

+ O(h2k� yk k2 + k� yk+1 k2 + h2k�� k0k2 + h2k�� k1k2):

From

0 = gt (tk+1 ; byk+1 ) + gy (tk+1 ; byk+1 )bzk+1 ; 0 = gt (tk+1 ; eyk+1 ) + gy (tk+1 ; eyk+1 )ezk+1 ;

we obtain by linearization around (tk+1 ; eyk+1 ; ezk+1 )

0= gty ;k +1 � yk+1 + gyy ;k +1 (ezk+1 ; � yk+1 ) + gy ;k +1 � zk+1(4.11)

+ O(k� yk+1 k2 + k� zk+1 k2):

Intro ducing the expressionfor h� zk+1 from (4.8b) we get

�
1
2

�
gy ;k +1 r �;k h2�� k0 + gy ;k +1 r �;k +1 h2�� k1

�
(4.12)

= hgty ;k +1 � yk+1 + hgyy ;k +1 (ezk+1 ; � yk+1 ) + hgy ;k +1 � zk

+ h2 ((1 � 
 )gy ;k +1 � ak + 
 gy ;k +1 � ak+1 )

+
h2

2
(gy ;k +1 r y ;k � yk + gy ;k +1 r y ;k +1 � yk+1 )

+ O(h2k� yk k2 + hk� yk+1 k2 + hk� zk+1 k2 + h2k�� k0k2 + h2k�� k1k2);

Sinceby assumption0 = g(tk ; byk ) and 0 = g(tk ; eyk ) we obtain by linearization around
(tk ; eyk )

0 = gy ;k � yk + O(k� yk k2):(4.13)

Therefore, we can estimate the term gy ;k +1 � yk in (4.10) by

gy ;k +1 � yk = gy ;k � yk + O(hk� yk k) = O(hk� yk k + k� yk k2):

We can also estimate the term gy ;k +1 � zk in (4.10) and (4.12) by

gy ;k +1 � zk = gy ;k Qk � zk + O(hk� zk k):

We also have in (4.10) and (4.12)

gy ;k +1 � ak = gy ;k Qk � ak + O(hk� ak k); gy ;k +1 � ak+1 = gy ;k +1 Qk+1 � ak+1 :

For b 6= 1=2 and h su�cien tly small the matrix
�

(1 � b)gy ;k +1 r �;k bgy ;k +1 r �;k +1

gy ;k +1 r �;k gy ;k +1 r �;k +1

�
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is invertible and has a bounded inverse. Therefore, from (4.10) and (4.12) we obtain
the following estimatesfor h2k�� k0k and h2k�� k1k

h2k�� k0k= O
�

hk� yk k + k� yk k2 + hk� yk+1 k + k� yk+1 k2 + hkQk � zk k(4.14a)

+ h2k� zk k + hk� zk+1 k2 + h2kQk � ak k + h3kPk � ak k

+ h2kQk+1 � ak+1 k + h2k�� k0k2 + h2k�� k1k2
�

;

h2k�� k1k= O
�

hk� yk k + k� yk k2 + hk� yk+1 k + k� yk+1 k2 + hkQk � zk k(4.14b)

+ h2k� zk k + hk� zk+1 k2 + h2kQk � ak k + h3kPk � ak k

+ h2kQk+1 � ak+1 k + h2k�� k0k2 + h2k�� k1k2
�

:

Multiplying (4.8a) and (4.8b) from the left by Pk+1 and hPk+1 respectively, using
Pk+1 r �;k = O(h); Pk+1 r �;k +1 = 0, we get

Pk+1 � yk+1 = Pk � yk + hPk � zk +
h2

2
((1 � 2� )Pk � ak + 2� Pk+1 � ak+1 )(4.15a)

+ O(hk� yk k + h2k� yk+1 k + h2k� zk k + h3k� ak k + h3k�� k0k

+ h2k� yk k2 + h2k� yk+1 k2 + h2k�� k0k2 + h2k�� k1k2);

hPk+1 � zk+1 = hPk � zk + h2 ((1 � 
 )Pk � ak + 
 Pk+1 � ak+1 )(4.15b)

+ O(h2k� yk k + h2k� yk+1 k + h2k� zk k + h3k� ak k + h3k�� k0k

+ h2k� yk k2 + h2k� yk+1 k2 + h2k�� k0k2 + h2k�� k1k2):

Inserting the estimates(4.14) and (4.8c) into (4.15) we obtain

Pk+1 � yk+1 = Pk � yk + hPk � zk + (1=2 � � )h2Pk � ak(4.16a)

+ O(hk� yk k + h2k� yk+1 k + h2k� zk k + h2k� zk+1 k + h3k� ak k);

hPk+1 � zk+1 = hPk � zk + h2(1 � 
 )Pk � ak(4.16b)

+ O(h2k� yk k + h2k� yk+1 k + h2k� zk k + h2k� zk+1 k + h3k� ak k):

From (4.9) we have

Qk+1 � yk+1 = O(k� yk+1 k2):

Thus,

� yk+1 = Pk+1 � yk+1 + Qk+1 � yk+1 = Pk+1 � yk+1 + O(k� yk+1 k2)

= Pk+1 � yk+1 + O(kPk+1 � yk+1 k2) = Pk+1 � yk+1 + O(hkPk+1 � yk+1 k):(4.17)

Similarly, from (4.13) we have

� yk = Pk � yk + O(hkPk � yk k):(4.18)

From (4.11) we have

Qk+1 � zk+1 = O(k� yk+1 k + hk� zk+1 k) = O(kPk+1 � yk+1 k + hk� zk+1 k):

Therefore,

� zk+1 = Pk+1 � zk+1 + Qk � zk+1 = Pk+1 � zk+1 + O(k� yk+1 k + hk� zk+1 k)

= Pk+1 � zk+1 + O(kPk+1 � yk+1 k + hkPk+1 � zk+1 k):(4.19)
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Similarly, from 0 = gt (tk ; byk ) + gy (tk ; byk )bzk and 0 = gt (tk ; eyk ) + gy (tk ; eyk )ezk we have

� zk = Pk � zk + O(kPk � yk k + hkPk � zk k):(4.20)

Taking into account the above estimates(4.17)-(4.18)-(4.19)-(4.20)into (4.16) �nally
leadsto the desired result.

Global convergenceof the HHT- � method (3.4) can now be proved:
Theorem 4.5. Consider the overdetermined system of DAEs (3.1) with initial

conditions (y0; z0) at t0 and a0 satisfying

g(t0; y0) = 0; gt (t0; y0) + gy (t0; y0)z0 = 0; a0 � a(t0 + �h ) = O(h):

Then the HHT- � solution (yn ; zn ; an ) to the system of equations (3.4) satis�es for
0 � h � h0 and tn � t0 = nh � Const

yn � y(tn ) = O(h2); zn � z(tn ) = O(h2); an � a(tn + �h ) = O(h2) (n � 1);

where (y(t); z(t)) is the exact solution to (3.1) at t passing through (y0; z0) at t0 and
a(t) is given by (3.1c).

Proof. We consider two neighboring HHT- � approximations (yk1
k ; zk1

k ; ak1
k )n

k= k1
,

(yk1 � 1
k ; zk1 � 1

k ; ak1 � 1
k )n

k= k1
with k1 = 1; : : : ; n and we denote their di�erence by � yk :=

yk1
k � yk1 � 1

k , � zk := zk1
k � zk1 � 1

k , � ak := ak1
k � ak1 � 1

k . We assumethat � yk = O(h),
� zk = O(h), � ak = O(h). These assumptions can be justi�ed by induction, see
below. For k = k1, � yk1 ; � zk1 ; � ak1 are just the local error (4.2) of the HHT- �
method (3.4) with (yk1

k1
; zk1

k1
) being the exact solution passingthrough (yk1 � 1

k1 � 1 ; zk1 � 1
k1 � 1 )

and (yk1 � 1
k1

; zk1 � 1
k1

; ak1 � 1
k1

) being the HHT- � numerical approximation from the same
point. The HHT- � approximations satisfy the constraints (3.1d)-(3.1e) and we get by
application of Theorem 4.4 for k = k1; : : : ; n � 1

Pk+1 � yk+1 = Pk � yk + hPk � zk + (1=2 � � ) h2Pk � ak

+ O(hkPk � yk k + h2kPk � zk k + h3kPk � ak k + h3kQk � ak k);

Pk+1 � zk+1 = Pk � zk + (1 � 
 ) hPk � ak

+ O(hkPk � yk k + hkPk � zk k + h2kPk � ak k + h2kQk � ak k);

hPk+1 � ak+1 = O(hkPk � yk k + hkPk � zk k + h2kPk � ak k + h2kQk � ak k);

hQk+1 � ak+1 = O(hkPk � yk k + hkPk � zk k + h2kPk � ak k + h2kQk � ak k):

Taking a norm of theseexpressionsleadsto the estimates

2

6
6
4

kPk+1 � yk+1 k
kPk+1 � zk+1 k

hkPk+1 � ak+1 k
hkQk+1 � ak+1 k

3

7
7
5 � M

2

6
6
4

kPk � yk k
kPk � zk k

hkPk � ak k
hkQk � ak k

3

7
7
5

with matrix

M :=

2

6
6
4

1 + O(h) h + O(h2) hj 1
2 � � j + O(h2) O(h2)

O(h) 1 + O(h) j1 � 
 j + O(h) O(h)
O(h) O(h) O(h) O(h)
O(h) O(h) O(h) O(h)

3

7
7
5 :
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De�ning the matrix

T :=

2

6
6
4

1 0 0 0
0 1 �j 1 � 
 j 0
0 0 1 0
0 0 0 1

3

7
7
5 ;

we can �rst transform the matrix M by a similarit y transformation to the form

N := T � 1M T =

2

6
6
4

1 + O(h) h + O(h2) h(j 1
2 � � j � j1 � 
 j) + O(h2) O(h2)

O(h) 1 + O(h) O(h) O(h)
O(h) O(h) O(h) O(h)
O(h) O(h) O(h) O(h)

3

7
7
5 :

For the matrix N there is a �rst linear invariant subspaceV12 � R4 associated to the
two eigenvalues � 1 = 1 + O(h) and � 2 = 1 + O(h). This subspaceV12 is of the form
V12 = span(e1 + O(h); e2 + O(h)) wheree1 := (1; 0; 0; 0)T 2 R4 and e2 := (0; 1; 0; 0)T 2
R4. For the matrix N there is also a second linear invariant subspaceV34 � R4

associated to the two eigenvalues � 3 = 0 + O(h) and � 4 = 0 + O(h). This subspace
V34 is of the form V34 = span(e3 + O(h); e4 + O(h)) where e3 := (0; 0; 1; 0)T 2 R4

and e4 := (0; 0; 0; 1)T 2 R4. Therefore, there is a transformation V = I + O(h) with
inverseV � 1 = I + O(h) such that N V = VB with B block-diagonal, i.e.,

B := V � 1N V =

2

6
6
4

1 + O(h) O(h) 0 0
O(h) 1 + O(h) 0 0

0 0 O(h) O(h)
0 0 O(h) O(h)

3

7
7
5 :

For 2 � m � n, from mh � nh � Const we obtain

M m = TVB m V � 1T � 1 =

2

6
6
4

O(1) O(1) O(1) O(h)
O(1) O(1) O(1) O(h)
O(h) O(h) O(h) O(h2)
O(h) O(h) O(h) O(h2)

3

7
7
5 ;

giving
2

6
6
4

kPn � yn k
kPn � zn k

hkPn � an k
hkQn � an k

3

7
7
5 �

2

6
6
4

O(1) O(1) O(1) O(h)
O(1) O(1) O(1) O(h)
O(h) O(h) O(h) O(h2)
O(h) O(h) O(h) O(h2)

3

7
7
5

2

6
6
4

kPn � m � yn � m k
kPn � m � zn � m k

hkPn � m � an � m k
hkQn � m � an � m k

3

7
7
5 :

By Theorem 4.4 we have

Qk � yk = O(kPk � yk k); Qk � zk = O(kPk � yk k + kPk � zk k):

Hencesince� yk = Pk � yk + Qk � yk and � zk = Pk � zk + Qk � zk , we get
2

4
k� yn k
k� zn k
k� an k

3

5 � C

2

4
k� yn � m k + k� zn � m k + hk� an � m k
k� yn � m k + k� zn � m k + hk� an � m k
k� yn � m k + k� zn � m k + hk� an � m k

3

5 :(4.21)

First, we consider the HHT- � solution using the exact value a(t0 + �h ). We
denote it by (yk ; zk ; ak )n

k=0 . For k = 0 we have y0 = y0, z0 = z0, and a0 = a(t0 + �h ).
Taking m := k1 in (4.21) leadsto

k� yn k � cy h3; k� zn k � czh3; k� an k � cah3:
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The assumptions� yk = O(h), � zk = O(h), � ak = O(h) are thus justi�ed by induc-
tion on k. Summing up theseestimateswe obtain

ky(tn ) � yn k �
nX

k1 =1

kyk1
n � yk1 � 1

n k � cy nh3 � Cy h2;

kz(tn ) � zn k �
nX

k1 =1

kzk1
n � zk1 � 1

n k � cznh3 � Cz h2;

ka(tn + �h ) � an k �
nX

k1 =1

kak1
n � ak1 � 1

n k � canh3 � Cah2:

Now, supposethat a0 satis�es a0 = a(t0 + �h ) + O(h). We denote the corresponding
HHT- � solution using this approximate value of a0 by (yk ; zk ; ak )n

k=0 . We want to
estimate kyn � yn k, kzn � zn k, and kan � an k. Using (4.21) for m = n, sincey0 = y0

and z0 = z0, we simply obtain
2

4
kyn � yn k
kzn � zn k
kan � an k

3

5 � C

2

4
hka0 � a0k
hka0 � a0k
hka0 � a0k

3

5 = O(h2)

sincea0 � a0 = a0 � a(t0 + �h ) = O(h). The assumptionsyk � yk = O(h), zk � zk =
O(h), ak � ak = O(h) are also justi�ed by induction on k. By combining the above
estimateswe �nally we get the desired result

kyn � y(tn )k = kyn � yn k + kyn � y(tn )k = O(h2);

kzn � z(tn )k = kzn � zn k + kzn � z(tn )k = O(h2);

kan � a(tn + �h )k = kan � an k + kan � a(tn + �h )k = O(h2):

Remark that the proof of this Theorem remainsvalid with variable stepsizesprovided
the valuesak are corrected for exampleby (2.3).

5. Numerical exp erimen ts.

5.1. A �rst test problem. We consider the following mathematical test prob-
lem

�
y0

1
y0

2

�
=

�
z1

z2

�
;

�
z0

1
z0

2

�
=

�
y1z2 + 2y2z1 + et y1� 1

1
2 y2z2 � 2y1z1y2z2 + y2� 2

1

�
;

�
0

�
=

�
y2

1y2 � 1
�

;
�

0
�

=
�

2y1y2z1 + y2
1z2

�
:

Notice that theseequationsare nonlinear in � 1. Consistent initial conditions at t0 = 0
are given by

�
y1(0)
y2(0)

�
=

�
1
1

�
;

�
z1(0)
z2(0)

�
=

�
1

� 2

�
;

�
� 1(0)

�
=

�
1

�
:

The exact solution to this system of DAEs is given by
�

y1(t)
y2(t)

�
=

�
et

e� 2t

�
;

�
z1(t)
z2(t)

�
=

�
et

� 2e� 2t

�
;

�
� 1(t)

�
=

�
e� t

�
:

We have applied the extendedHHT- � method (3.4) with parameters � = � 0:15 and
b = 0:3 for various stepsizesh. We observe global convergenceof order 2 at t = 1
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Fig. 5.1. Global errors kyn � y(tn )k2 (� ), kzn � z(tn )k2 (� ), kan � a(tn + �h )k2 (� ) for �rst
test problem at tn = 1 and the extended HHT- � method (� = � 0:15; b = 0:3). One observes global
convergence of order 2 in h.

in Fig. 5.1 as expected from Theorem 4.5. In Fig. 5.2 we have repeated the same
numerical experiment by simply replacing y1 in R1 with (3.5). We still observe global
convergenceof order 2. In Fig. 5.3 we have applied the HHT- � method with variable
stepsizesalternating between h=3 and 2h=3. We have plotted in Fig. 5.3 the error
versusthe averagestepsizeh=2. We observe a reduction to convergenceof order one
asexpectedfrom the remarks in section2. To reestablishsecondorder of convergence
for variable stepsizeswe have made useof the modi�cation (2.3) for an , i.e.,

an := f (tn ; yn ; zn ) +
hn

hn � 1
(an (hn � 1) � f (tn ; yn ; zn )) :

We haveapplied again the HHT- � method with variable stepsizesalternating between
h=3 and 2h=3 using this modi�cation. This time we observe secondorder of global
convergencein Fig. 5.4.

5.2. A pendulum mo del. The pendulum model in Fig. 5.5 was used to carry
out a secondset of numerical experiments. Using the notation zi = y0

i (i = 1; 2; 3),
the constrained equations of motion associated with this model are

2

4
mz0

1
mz0

2
mL 2

3 z0
3

3

5 =

2

4
0

� mg
� cz3 � k �

�
y3 � 3�

2

�

3

5 �

2

4
1 0
0 1

L sin(y3) � L cos(y3)

3

5
�

� 1

� 2

�
;

while the constraint equations at the position and velocity levels are
�

0
0

�
=

�
y1 � L cos(y3)
y2 � L sin(y3)

�
;

�
0
0

�
=

�
z1 + L sin(y3)z3

z2 � L cos(y3)z3

�
:
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Fig. 5.2. Global errors kyn � y(tn )k2 (� ), kzn � z(tn )k2 (� ), kan � a(tn + �h )k2 (� ) for �rst
test problem at tn = 1 and the extended HHT- � method (� = � 0:15; b = 0:3) with modi�c ation
(3.5). One observes global convergence of order 2 in h.

The parametersassociated with this model are as follows: massm = 5, length L = 2,
spring sti�ness k = 3000, damping coe�cien t c = 100, gravitational acceleration
g = 9:81. All units used herein are SI units. The evolution of the pendulum angle
y3 = � on the time interval [0; 4] is shown in Fig. 5.6. In the numerical experiments,
the pendulum is started from an initial position that corresponds to y3 = 3� =2, and
z3 = 10. A referencesolution was generated by applying an explicit Runge-Kutta
method of order 4 (RK4) with a small constant stepsizeh = 0:00001. The explicit
integrator RK4 wasusedin conjunction with an equivalent underlying ODE problem
that provided directly the time evolution of y3

y0
3 = z3;

4mL 2

3
z0

3 + cz3 + k �
�

y3 �
3�
2

�
+ mgL cos(y3) = 0:

Figs. 5.7 and 5.8 support the convergenceresults obtained in Theorem 4.5. The
global error in y3 and z3 at time t = 2 is plotted in these �gures against a seriesof
stepsizesusedfor integration. The plots con�rm that the global errors jy3;n � y3(tn )j
and jz3;n � z3(tn )j associated with the extended HHT- � method (3.4) are of order
two. Note that Figs. 5.7 and 5.8 report results for � = 0; b = 0 and � = � 0:3; b = 0
respectively.

6. Extension of the HHT- � metho d to DAEs with index 2 constrain ts.
Consider semi-explicit index 2 DAEs of the form

y0= z;(6.1a)

z0= a + r (t; y; z;  );(6.1b)
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Fig. 5.3. Global errors kyn � y(tn )k2 (� ), kzn � z(tn )k2 (� ), kan (hn � 1 ) � a(tn + �h n � 1 )k2 (� )
for �rst test problem at tn = 1 and the extended HHT- � method (� = � 0:15; b = 0:3) with variables
stepsizes and unmodi�e d an . One observes global convergence of order 1 in h.

a= f (t; y; z);(6.1c)

0= k(t; y; z);(6.1d)

where we assumekz (t; y; z)r  (t; y; z;  ) is invertible in the region of interest. We can
consider for example k(t; y; z) = gt (t; y) + gy (t; y)z from (3.1e) and r (t; y; z;  ) =
r (t; y;  ) from (3.1b). We proposea generalization of HHT- � methods for the system
(6.1) similar to (3.4),

y1 = y0 + hz0 +
h2

2
((1 � 2� )a0 + 2� a1) +

h2

2
R1=2;

z1 = z0 + h ((1 � 
 )a0 + 
 a1) + hR1=2;

a1 = (1 + � )f (t1; y1; z1) � �f (t0; y0; z0);

where

R1=2 = r
�

t0 +
h
2

; y0 +
h
2

z0;
1
2

(z0 + z1); 	 1=2

�
:

The algebraic variable 	 1=2 is determined by the constraint

0 = k(t1; y1; z1):

Hence, the numerical solution satis�es the constraint (6.1d) at each timestep. By
replacing the expressionfor z1 explicitly in this equation, we obtain equivalently

0 =
1
h

k(t1; y1; z0 + h
�
(1 � 
 )a0 + 
 a1) + hR1=2

�
:



Extensions of the HHT- � method to DAEs in mechanics 17

10
-5

10
-4

10
-3

10
-2

10
-9

10
-8

10
-7

10
-6

10
-5

10
-4

h

er
ro

rs
 in

 y
,z

, a
nd

 a
error of extended HHT with variable stepsizes

Fig. 5.4. Global errors kyn � y(tn )k2 (� ), kzn � z(tn )k2 (� ), kan (hn � 1 ) � a(tn + �h n � 1 )k2 (� )
for �rst test problem at tn = 1 and the extended HHT- � method (� = � 0:15; b = 0:3) with variables
stepsizes and modi�e d an (2.3). One observes global convergence of order 2 in h.

Existenceand uniquenessof the numerical solution (y1; z1; a1; 	 1=2) is ensuredand can
be shown by application of the implicit function theorem. When k(t; y; z) is linear
in z and r (t; y; z;  ) is linear in  we obtain a linear equation for 	 1=2. However,
since generally k(t; y; z) or f (t; y; z) are nonlinear in y, we generally have a system
of nonlinear equations to solve in terms of y1. If k(t; y; z) and f (t; y; z) are linear in
y and z, and if r (t; y; z;  ) is linear in  , we obtain a system of linear equations for
(y1; z1; a1; 	 1=2). Global secondorder of convergenceof the new extended HHT- �
method can be proved in a similar way as for (3.1).

7. Conclusion. In this paper we have presented secondorder extensionsof the
HHT- � method for systemsof ODAEs with index 3 and index 2 constraints arising for
examplein mechanics. We have given detailed mathematical proofs of convergenceof
extensionsof the HHT- � method for semi-explicit ODAEs with index 3 constraints
and underlying index 2 constraints. We have taken into account the structure of the
equationsto extend the HHT- � method to DAEs in order to keepits secondorder of
accuracy. We have also proposedan elementary way to preserve the secondorder of
the HHT- � method when using variable stepsizes,a technique which is also relevant
for the HHT- � method whenapplied to ODEs. The HHT- � method and its extensions
to DAEs is relatively simple to expressand to implement. However, its analysis in
the context of DAEs was found to be surprisingly di�cult.

After the submission of this manuscript, we learned about a similar extension
of the generalized-� method found independently by Lunk and Simeon [10]. They
consider problems of the form (3.1) with r (t; y; � ) linear in � , whereasin this paper
r (t; y; � ) may be nonlinear. Their extension is slightly di�eren t, when r (t; y; � ) =
r (t; y)� they replace the term (1 � b)R0 + bR1 = (1 � b)r (t0; y0)� 0 + br(t1; y1)� 1 in
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Fig. 5.5. Pendulum model.

(3.4a) by ((1 � b)r (t0; y0) + br(t1; y1))� 0.
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Fig. 5.7. Global errors jy3;n � y3 (tn )j (� ), jz3;n � z3(tn )j (� ) at tn = 2 for a simple pendulum
and the extended HHT- � method (� = 0; b = 0). One observes global convergence of order 2 in h.
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Fig. 5.8. Global errors jy3;n � y3 (tn )j (� ), jz3;n � z3(tn )j (� ) at tn = 2 for a simple pendulum
and the extended HHT- � method (� = � 0:3; b = 0) One observesglobal convergence of order 2 in h.


