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Figure 1 A pair of connected bodies in JR
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�$�������#) "�)'�- $� ����� �� '���' )$ )��( "�)'�- �( )�� �*�"�#)�� "�)'�- �#� ,�

��#$)� �) �. A�

�# )�� ��(� $� � )'���()'*�)*'�� "����#�("� )�� �*�"�#)�� "�)'�- �( ���#)���! )$

)�� �$"%$(�)� �#�')��"�)'�-� 
!$� ��$!�( . ���)$'�/�)�$# $� )��"�)'�- A,�!! '�(*!) �#

� ���$"%$(�)�$# LL T ,�$(� �"%!�"�#)�)�$# �( ��)��!�� !�)�' $#�

��$!�( . ���)$'�/�)�$# �( #$) ��'��)!. �%%!����!� ,��# �!$(�� !$$%( �'� %'�(�#) �#

)�� "����#���! (.()�"� �# )��( �#()�#�� )�� �*�"�#)�� "�)'�- �( #$) %$(�)�+� ����#�)�

�*� )$ )�� %'�(�#�� $� )�� ���$���# $� )�� �$#()'��#) �&*�)�$#(� ��� �*�"�#)�� "�)'�-

,�!! �� )��'��$'� ���)$'�/�� �( �$!!$,(�

A � �
M
�q

�
T
q

0 � � �
L
TT

0
I m
��

I n

0
0

� TTT�
�

L T

0
T
I m
�

��	�

�# ��	�� L �( $�)��#�� �'$" )����$!�( . ���)$'�/�)�$# $� M � LL T� ,��!� T � �
n�m�( )��

($!*)�$# $� )�� "�)'�- �&*�)�$#

LT � �
T
q ��
�
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�!���,� '�� �'%�+ TTT �& #"&�'�)� ����!�'� &�!�� '�� ���"���! "� '�� �"!&'%��!' �$(�'�"!&

�& �&&( �� '" ��)� �(�� %"* %�!�� �!*��' �"��"*&*� �"!��!'%�'� "! '���!� ��)�!'��� "�

'�� '"#"�"�, "� '�� #%"��� *��! #�%�"% �!� '�� ���'"%�-�'�"! "� '�� �(� �!'�� �'%�+�

4.1 Factoring CIM

�! � #"%'�!' ���'(%� "� '�� �� �"% (��'�"! �& '��' &#�%&�', �& !"' �"&'� �!�

�(%'��% "%� �' �& &'%(�'(%��� �(���'�'�)��,� '�� &#�%&�', �& ���'�'�� �, '�� '"#"�"�, "�

'��  ����!�& � �!� �! '�� ��&� "� ��"&�� �""#  ����!�& & ��&" �, '�� �(' �"�!'&� ���

 ��"% #%"��� *�'� ��%��' ���"%�'� & �"% &#�%&� &,&'� & �& '��' '" � ��%'��! �+'�!' '��

&#�%&�', �& �"&' �(%�!� ���'"%�-�'�"!� ��� #%"#"&�� ���"%�'� #%�&�%)�& '�� &#�%&�',

#�''�%! "� 	��� ����� !" ������! "��(%& �(%�!� '�� 	�"��&�, ���'"%�-�'�"!� 
"% '��& '"

��##�!� "!�  ���' ��)� '" %�"%��% '�� (!�!"*! ������%�'�"!& q
..

i �! '�� )��'"% "�

(!�!"*!& q
..
�
�q

.. T

1, q
.. T

2, ..,q
.. T

n
�

T

'" "�'��! q
..

new�
�q

.. T

b(1), q
.. T

b(2), ..,q
.. T

b(n)
�

T

� Pq
..
� *��%� P �& �

#�% ('�'�"! �'%�+� ��� ��'�% %�"%��%�!�� �"�, u �& �&&��!�� #"&�'�"! i �! q
..

new� *� ����!�

� #�% ('�'�"! �%%�, b �"% *���� b(i ) � u� ��� �!)�%&� #�% ('�'�"! p(u) � i *�&

����!�� �! ���'�"! ��

����� �� 
�' u �!� v �� '*" �"���& �! '�� &#�!!�!� '%�� �&&"���'�� *�'� �

 ����!���� &,&'� � �" ������! "��(%& �(%�!� '�� ��"�� 	�"��&�, ���'"%�-�'�"! "� 	�� ��

'�� �"��"*�!� �"��&�

�� u � F(v) '��! p(u) � p(v) �

�
		�� ��� &,  �'%, �!� '�� ��"�� &'%(�'(%� "� '�� �" #"&�'� �!�%'��  �'%�+ �%�

(&�� '�%"(��"(' '�� #%""�� M �& ���'"%�� (&�!� � ��"���"%��!'�� 	�"��&�, ���'"%�-�'�"!

�!�*� &�"* '��' ��"��*�&�� L [k, j ] � 0 �� M [k, j ] � 0� 
"% '��&� !"'��� ��%&' '��' L [1, 1] �&

��'�% �!�� �%" L [1, 1]L T[1, 1] � M [1, 1] �!� �(� '" '�� #"&�'�)� ����!�'�!�&& "� M �' �&

!"' ���!'�����, -�%"� L [k, 1] �& '�� &"�('�"! "� '��  �'%�+ �$(�'�"!

L [1, 1]L T[k, 1] � M [k, 1] � 1 � k � n� �!� ����%�, L [k, 1] � 0*��! M [k, 1] � 0�

�(##"&� '��' (# '" �"�( ! j � 1 '�� �"!��(&�"! "� ����� � �"��&� ��� #"&�'�)�

����!�'�!�&& "� M � #���& '��' L [ j, j ] "�'��!�� �%" L [ j, j ]L T[ j, j ] � M [ j, j ]

�	

j�1

i�1

L [ j, i ]L T[ j, i ]� �& !"' ���!'�����, -�%"� 
"% k � j� L [k, j ] �& '�� &"�('�"! "� '��  �'%�+

�$(�'�"! L [ j, j ]L T[k, j ] � M [k, j ] �	
j�1

i�1

L [ j, i ]L T[k, i ]�
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��+ M [k, j ] � 0 �%� *,''&*� +��)�  * �% i, i � j � k� *,�� +��+ L [ j, i ]L T[k, i ] � 0�

���% M [ i, j ] � 0 �%� M [ i, k] � 0� ��+ �&� �* u� v� w �� *,�� +��+ p(u) � i� p(v) � j �%�

p(w) � k� 
���,*� &� +�� .�0  % .� �� ')�����%�� .�* ��� %��  % +�� -��+&) &�

,%"%&.%*� +� *  $'# �* +��+ v 	 d[u] �%� w 	 d[u]� 
,+ +��%� * %�� j � k� .� �#*& ��-�

w 	 d[v] �%� +��)��&)� M [k, j ] � 0� �� *  * � �&%+)�� �+ &% �%� +�,*� %& *,�� i �/ *+*�

���% L [ j, j ]L T[k, j ] � 0 �%� +��)��&)� L [k, j ] � 0��

��� )�&)��) %�  %�,��� �0 +�� '�)$,+�+ &% �))�0 r  * %&+ ,% (,�� �� �& %&+ ')&- ��

�% �#�&) +�$ �&) �&$',+ %� +�� '�)$,+�+ &% �))�0 r �,+ ��-�#&' %� &%�  *

*+)� ��+�&).�)�� �&+ �� +��+ � +)�%*�&)$�+ &% &� +�� �&)$ M new� PMPT  * +& �� �''# ��

+& +�� &) � %�# ��� +&&� � %�� +�� )�&)��) %� �&#�* �&) +�� .�&#� * $,#�+ &%� �%  % + �#

)�%,$��) %� &� +�� $����% *$ !& %+* .&,#� +�"� ��)� &� +� * �*'��+� �% +� * ��*� %&

'�)$,+�+ &%* �)� %����� +& �%*,)� %& � ##� % ���+&) 1�+ &% &� +�� ����

4.2 The Closed–Loop Case

�% +�� ��*� &� � �#&*���#&&' $����% ��# *0*+�$� � *�+ &� M !& %+* �&%%��+ %� �&� �*  %

+�� *0*+�$ �)� �,+ +& &�+� % � *'�%% %� +)�� &� +�� $����% *$� � *�+ &� �&%*+)� %+

�(,�+ &%* �
(1)� �(2)� �� �(M)� �)�  $'&*�� +& ���&,%+ �&) +�� �,+ !& %+*� �% ���+ &% ��	 +��

�&##��+ &% &� �&%*+)� %+ �(,�+ &%* .�* ��%&+�� �0 �
T
� ��

(1)T
�

(2)T
��� �

(M)T

 � 0 . +�

� 	 �
m � m��

M

i�1

mi� �
(i )
	 �

mi� � +� � �&#,$%. *� '�)+ + &% &� T  % ��	�� &%� ��* +&

*&#-� �&) T (j )
	 �

n�mj  % LT (j )
� �

(j )
q

T
�&) 1 � j � M� � +� +�� ')�����%��  % +�� -��+&) &�

,%"%&.%*  %�,��� �0 ����� �� +�� �&##&. %� )�*,#+ * %�#�* &,+ +�� 1�)&* &� +�� $�+) /

T  % ��
��

����� �� ��+ �&%*+)� %+ j ���&,%+ �&) +�� �,+ !& %+ ��+.��% �&� �* k �%� l �%� #�+

i � p(u)� . +� u 
 d[k] � d[ l ] � ���% T (j )[ i ] � 0�

�
		�� ��+ i �� +�� *$�##�*+  %+���) .� �� *�+ *� �* +�� �0'&+��* * &� +�� #�$$� �%�

0�+ - &#�+�* +�� �&%�#,* &%�

�&. i &� LT (j )
� �

(j )
q

T
)���* �

i�1

v�1

L [ i, v]T (j )[v] � L [ i, i ]T (j )[ i ] � �
(j )
qu

� � %��

u 
 d[k] � d[ l ] � .� ��-� �
(j )
qu
� 0 �%� +��)��&)� i ��%%&+ �� �� �,''&*� +��)� �/ *+* v�

1 � v � i � *,�� +��+ L [ i, v]T (j )[v] � 0� � +� +�� ')�����%��  %�,��� �0 ����� �� �%� w

��� %�� �0 v � b(w)� .� ��-� +��+ w 	 F(u) �%� +��)��&)� u 	 d[w]� � %�##0� * %��
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T (j )[v] � 0 �&� v � i /� !�.� w � d[k] � d[ l ]� �-, ,!�& u � d[k] � d[ l ] � /!"�! "+ �

�'&,*��"�,"'&��

4.3 Algorithm

��+�� '& ,!� ���'%('+","'& �	
� /� +!'/ "& ,!� �$ '*",!% ��$'/ ,!� +,�(+ �'*

+'$."& ,!� �- %�&,�� +1+,�% ��
�� �!� '*��*"& '� ,!� �$�%�&,+ '� ,!� -&#&'/& .��,'*

�+ "&�-��� �1 �
��
 � "+ �++-%���

��������� ��� ��������� ��
 
��
�
�
����� 
�� ��
 �
��
��
 ��������
�� �� �	

������
�����

�,�( � ��, yn � 0� yn � �
n�

�,�( � ���,'* M � LL T�

�,�( 	 �'$.� Lz n � QA� zn � �
n�

�� ��$'+���$''(� ,!�&�

�,�( 
�� �'$.� LT � �
T
q� T � �

n�m �

�,�( 
�	 ��, zm � TTzn � � �

�,�( 
�
 �'%(-,� TTT �

�,�( 
�� �'$.� TTT� � zm� � � �
m �

�,�( 
�� ��, yn � T��

�&���

�,�( � �'$.� L Tq
..
� zn � yn �

	
�
����

�� �-*"& �,�( � '&� ���,'*+ ,!� ��� -+"& �$'�# �!'$�+#1 /",! &' �"$$�"&�

�!�*��'*� ,!� +(�*+",1 (�,,�*& �'* L "+ #&'/& ���'*�!�&��

	� �'$."& �'* zn *�)-"*�+ '&$1 ,' �'*/�*� +-�+,",-,"'&� �",!'-, ,�#"& +(�*+",1

"&,' ���'-&, "& �,�( 	� *'/ i '� Lz n � QA *���+

	

i�1

v�1

L [ i, v]zn[v] � L [ i, i ]zn[ i ] � QA[ i ]� � *��-��� &-%��* '� '(�*�,"'&+ *�+-$,+ "�

"& ,!� $" !, '� �
��
 � '&� �)-".�$�&,$1 �0(*�++�+ *'/ i �+

	

k�F(r (i))

L [ i, b(k)]zn[b(k)] � L [ i, i ]zn[ i ] � QA[ i ] /!�& +'$."& �'* zn[ i ]� �!� +�%�

*�%�*# !'$�+ /!�& ���#/�*� +-�+,",-,"'& *�,*"�.�+ ,!� ����$�*�,"'&+ q
..

�-*"& �,�( ��



16

	� �/&*$ 0%" ."/1(0 +# ��

� �� +*"  �* #1.0%". 0�'" �!2�*0�$" +# 0%" ,.+�(")

/0.1 01." 3%"*  +),10&*$ 0%" )�0.&4 T !1.&*$ �0", 	��� ��/& �((5� �/ 3&0%

.")�.' �� /+)" "*0.&"/ +# 0%&/ )�0.&4 �." '*+3* �"#+."%�*! 0+ �" 6".+ �*!

*""! *+0 �"  +),10"!� �,�./&05  �* �" #1.0%". "4,(+&0"! 3%"* ,".#+.)&*$

�*5 )�0.&4�)�0.&4� +. )�0.&4�2" 0+. )1(0&,(& �0&+*/ &*2+(2&*$ T &* �0", 	�


� �.+) ��

� �� 0%"  +"##& &"*0 )�0.&4 &* TTT� � zm &/ !"*/"� �%" m� m

 +"##& &"*0 )�0.&4 &/ ,+/&0&2" !"#&*&0" �/"" �" 0&+* 
� �*! &0 &/ #� 0+."! 1/&*$

�%+("/'5 !" +),+/&0&+*�

�* $"*".�(� &0 &/ *+0 ,+//&�(" 0+ $&2" �* +,".�0&+*  +1*0 #+. 0%&/ �($+.&0%)� �%"

*1)�". +# +,".�0&+*/ 3&(( !","*! +* 0%" 0+,+(+$5 +# 0%" ,�.0& 1(�. )" %�*& �( /5/0")

+*" !"�(/ 3&0%� �" "4," 0 +1. �($+.&0%) 0+ ."-1&." #"3". +,".�0&+*/ 0%�* $�1//&�*

"(&)&*�0&+* 0+ /+(2" ��
�� �* � 3" ,."/"*0 �  +),�.&/+* &* 0".)/ +# *1)�". +# +,".�0&+*/

�*! ��� 0&)" #+. /"2".�( �(0".*�0&2"/ 3%"* !"�(&*$ 3&0% � 2"%& (" )+!"(�

5  Taking Advantage of Parallelism

�%.+1$%+10 0%&/ �" 0&+* 3" �//1)" 0%�0 0%" ,." "!"* " &* 0%" 2" 0+. +# 1*'*+3*/

&/ �/ &*��

��� �"#+." /0�0&*$ 0%")�&* ."/1(0 +# 0%&/ �" 0&+*� 3" !"#&*" 03+ /"0/� �"0 j

�" �* &*0"$". /1 % 0%�0 1 � j � N� 3%"." N &/ 0%" !&)"*/&+* +# 0%" ���� �"#&*"

D(j ) � { i | 1� i � j and b(i ) � F(b(j ))}

U(j ) � { i | j � i � N and b(i ) � d[b(j )]}

����� �� �1.&*$ 0%" �%+("/'5 #� 0+.&6�0&+* +# 0%" ���� #+. �*5 j� 1 � j � N� �*!

k � U(j )� L [k, j ]  �* �"  +),10"! ,.+2&!"! #+. "� % i � D(j )� L [ l, i ] &/ �2�&(��(" #+.

l � U(i )�

����	� �"0 v �" 0%" �+!5 &* 0%" /5/0") #+. 3%& % p(v) � j� �" #&./0 /%+3 0%�0 0%"

 +* (1/&+* %+(!/ &# j  +.."/,+*!/ 0+ � ("�# v� �%"* 3" 3&(( /%+3 0%�0 &0 %+(!/ #+. �*5 j�

�*" /0", +# 0%" �%+("/'5 #� 0+.&6�0&+* �($+.&0%)  �* �"  �..&"! +10 &* 0%" #+((+3&*$

/"-1"* "� /+(2" #&./0 #+. L [ j, j ] &* ����� �*! 0%"* #+. L [k, j ] � j � k � N &* ����� �* 3%�0

#+((+3/ 3"  +* "*0.�0" +*  +),10&*$ 0%" /1))�0&+* &* 0%" ��� +# ���� �*! �����

L [ j, j ]L T[ j, j ] � M [ j, j ] ��
j�1

i�1

L [ j, i ]L T[ j, i ] ����

L [ j, j ]L T[k, j ] � M [k, j ] ��
j�1

i�1

L [ j, i ]L T[k, i ] ����
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��+ j !% p(v) � j �� *,� + �+ v !* � #���� � �% D(j ) � {�} � �&) 1 � i � j #�+ u�� *,� 

+ �+ p(u) � i� �%�  �* + �% + �+ u � F(v) ����,*� &+ �).!*� D(j ) � {�} � �!"�.!*�

u � d[v] *!%�� p(u) � p(v)� �%� + !* .&,#� -!&#�+� + � ')�����%�� !%�,��� �0 ����� ��

� �)��&)� u � c[v] �%� .!+ + � ���!%!+!&% &� M [ j, i ] �* �!-�% !% ��
� �#&%� .!+ + �

)�*,#+ &� ����� � &%� !* #��+ .!+ L [ j, j ] ��!%� + � *&#,+!&% &� L [ j, j ]L T[ j, j ] � M [ j, j ]�

�,)+ �)$&)�� *!%�� L [ j, i ] � 0 �&) 1 � i � j � L [k, j ] !* + � *&#,+!&% &�

L [ j, j ]L T[k, j ] � M [k, j ] � j � k � N� � ,* �&) + � ��*� &� j �&))�*'&%�!%� +& � #��� &� + �

+)�� &%� ��% �&$',+� L [k, j ] �&) k � U(j )�


,)!%� + � #�*+ *+�' &� + !* ')&&� #�+ j �� *,� + �+ D(j ) � {�} � !��� v !% p(v) � j !* %&+

� #��� &� + � +)��� �� �**,$� + �+ �&) ��� i � D(j )� L [ l, i ] �)� �-�!#��#� �&) l � U(i )� ��

* &. + �+ L [k, j ] ��% �� �&$',+�� �&) k � U(j )�

�!+ i ��!%� + � !%��/ !% + � ��� *,$$�+!&% !% ����� #�+ u �� *,� + �+ p(u) � i�

� �)� �)� +.& �#+�)%�+!-�*� u � F(v) &) u � F(v)� �% + � �!)*+ ��*� u � d[v] ����,*�

&+ �).!*� + � ')�����%�� !%�,��� �0 ����� � !* -!&#�+��� � �% u � c[v] �%� ���!%

.!+ + � ���!%!+!&% &� M [ j, i ] �* �!-�% !% ��
� �#&%� .!+ + � )�*,#+ &� ����� � &%�  �*

+ �+ L [ j, i ] � 0� �% + � &+ �)  �%� !� u � F(v) + �% j � U(i ) �%� + �)��&)� L [ j, i ] !*

"%&.%� �&%*�(,�%+#0� &%� ��% �-�#,�+� + � *,$$�+!&% !% + � ��� &� ���� �%� &�+�!%

+ � -�#,� L [ j, j ] �

�!%�##0� +& �&$',+� L [k, j ] �&) k � U(j ) &%� %���* +& �-�#,�+� + � *,$$�+!&% !% + �

��� &� ��	�� �+ .�* * &.% ��&-� + �+ L [ j, i ] !* �!+ �) !��%+!��##0 1�)& ��%� !% + !* ��*�

L [k, i ] %���* %&+ �� �-�#,�+��� &) "%&.% �. �% j � U(i )�� �% + !* #�++�) *!+,�+!&% &%�

%���* + � -�#,� &� L [k, i ]� �� j � U(i )� *!%�� k � U(j ) .�  �-� + �+ k � U(i ) �* .�##� �%�

�&%*�(,�%+#0 L [k, i ] !* "%&.% �%� + � *,$$�+!&% ��% �� �-�#,�+����

� �% + � � &#�*"0 ���+&)!1�+!&% ')&�)�**�* !% + � *�(,�%�� ��*�)!��� �0 ���� �%�

��	� + � ')&��** $&-�* �&#,$%.!*�� ��� �&#,$% !* �!##�� *+�)+!%� �)&$ + � �!��&%�#

�#�$�%+ �%� ')&����!%� �&.% +& + � #�*+ )&. &� + � $�+)!/� ����� � *+�+�* + �+ ��*��

&% � ��)+�!% �$&,%+ &� !%�&)$�+!&%� *&$� &� + � �%+)!�* &� �&#,$% j� %�$�#0 L [k, j ] .!+ 

k � U(j ) ��% �� �&$',+��� �+ !* ��*0 +& * &. + �+ �## + � &+ �) �%+)!�* �)� !��%+!��##0

1�)&� �&) . �% k � U(j ) �%� j � k � N� �% �)�,$�%+ �&##&.!%� + � ')&&� ��&-� ��*��

&% ��
� �%� ����� � * &.* + �+ L [k, j ] � 0�

� � )�*,#+* !% + !* *��+!&% �!-� � ')��+!��# .�0 !% . !� ��� ��% �� ���+&)!1���

�&#,$% j ��% �� �&$',+�� &%�� + � �&#,$%* i � p(u) �&))�*'&%�!%� +& �## u � F(v) �-�

���% �&$',+��� �% &+ �) .&)�*� + � ���+&)!1�+!&% ')&�)�**�* !%��'�%��%+#0 ,'.�)�*
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,753 9.+ 97++�+4* (5*/+8 95<'7*8 9.+ 7559 5, 9.+ 97++� $+ )54)2:*+ 9.+8+ 7+3'718 /4 9.+

,5225</4- )57522'7> ('8+* 54 9.+ 7+8:29 5, �


� ��

��������� �� �+9 u '4* v (+ 9<5 (5*/+8 /4 9.+ 86'44/4- 97++ '885)/'9+* </9. '

3+).'4/)'2 8>89+3 '4* u � F(v)'4* v � F(u)� !.+4 9.+ )52:348 k � p(w) ,57 w � F(u)

'4* l � p(t) ,57 t � F(v) 5, 9.+ 3'97/= L /4 9.+ �.52+81> ,')957/?'9/54 5, ��� )'4 (+

)536:9+* /4 6'7'22+2�

�59+ 9.'9 9.+7+ /8 '459.+7 89'-+ /4 9.+ '2-57/9.3 67+8+49+* /4  +)9/54 � 9.'9 )'4 (+

+'8/2> 6'7'22+2/?+*� '4> ,57<'7* 57 (')1<'7* 8:(89/9:9/54 /4;52;/4- 9.+3'97/= L )'4 (+

6'7'22+2/?+*� !.+ 7+8:29 /8 8/3/2'7 95 9.+ 54+ /4 �


� � '4* </22 (+ 81/66+* .+7+�

6  Numerical  Experiments

�4 9./8 8+)9/54 ,5:7 */,,+7+49 3+9.5*8 ,57 852;/4- 9.+ ':-3+49+* 8>89+3 </22 (+

)536'7+*� !.+ )536'7/854 /8 3'*+ /4 9+738 5, ��" 9/3+� '4* ,57 -':88/'4 +2/3/4'9/54

'4* 9.+ 675658+* '2-57/9.3 /4 9+738 5, 4:3(+7 5, 56+7'9/548 '8 <+22�

!.+ ,/789 3+9.5* '4'2>?+* /8 ('8+* 54 -':88/'4 +2/3/4'9/54 '4* /9 /8 *+459+* (>

������ !.+ 3+9.5* ��


���	 /8 ('8+* 54 ' PAPT
� LDL T *+)53658/9/54 5, 9.+

8>33+97/) ':-3+49+* 3'97/= A� <.+7+ D /8 ' */'-54'2 3'97/= </9. (25)18 5, */3+48/54

1� 1 57 2� 2� !.+ 3+9.5* ����
�� 852;+8 9.+ ':-3+49+* 8>89+3 (> :8/4- 2/4+'7

'2-+(7' 8:(75:9/4+8 ,753 9.+ �'7<+22 2/(7'7>� !.+ 2'89 3+9.5* /8 9.+ 54+ *+8)7/(+* /4

 +)9/54 � 5, 9./8 6'6+7�

!.+ 4:3+7/)'2 +=6+7/3+498 <+7+ 6+7,573+* 54 9.+ 	��(5*> 35*+2 5, 9.+ �73>�8

�/-.�5(/2/9> �:29/6:7658+$.++2+* #+./)2+ ����$#� %�&� �/-:7+�� 8.5<8 9.+ -7'6.

'885)/'9+* </9. 9.+ 3+).'4/)'2 8>89+3� � 89'4*8 ,57 7+;52:9+ 05/49� ! ,57 97'482'9/54'2

05/49�  ,57 86.+7/)'2 05/49� '4* � ,57 */89'4)+ )54897'/49�

�5*>�

	 �.'88/8 
 �/-.9 ,7549 :66+7 )549752 '73

� �/-.9 ,7549 <.++2 86/4*2+ � �+,9 ,7549 :66+7 )549752 '73


 �+,9 ,7549 <.++2 86/4*2+ � �/-.9 7+'7 :66+7 )549752 '73

� �/-.9 7+'7 <.++2 86/4*2+ � �+,9 7+'7 :66+7 )549752 '73

� �+,9 7+'7 <.++2 86/4*2+ 	� �')1

		 �/-.9 ,7549 25<+7 )549752 '73 	
 �+,9 ,7549 25<+7 )549752 '73

	� �/-.9 7+'7 25<+7 )549752 '73 	� �+,9 7+'7 25<+7 )549752 '73
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�!$ &��% "$!���� &�� �!������� & ��&$�* � ���� ��% ���� %�! 	�� �
 �! %&$�� &%

���!' & �!$ &�� �'& �!� &%
 &�� (��&!$ !� �� �$���,�� �!!$�� �&�% ��% ���� %�! ��� ���

(������ �!��� ��% �� ���$��% !� �$���!��

Figure 3 Topological Graph for HMMWV 14–Body Model
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��� �! %&$�� &% ��$��� )�&� � �$$!) )�$� �'& &! !�&�� � ���'$��	 ���� &��

%"�  � � &$�� �%%!���&�� )�&� &�� ����� �%��

� ���� &�� %&$�&��+ �!$ %!�(� � &�� %+%&�� ���� �% ��%�� ! ��'%%�� ����� �&�! �

������� %�!)% &��  '���$ !� !"�$�&�! % �!$ &�� ��'%%�� ����� �&�! � ��	
 %&� �% �!$

���&!$�,�&�! � �� �!$ �!$)�$� %'�%&�&'&�! � �� �!$ ���� %'�%&�&'&�! � ���  '���$ !�

����&�! % �� �'�&�"����&�! % �� ��(�%�! % � � � %#'�$� $!!&% �� )�% �!' &�� �& ����

%&��� !� ������

Gauss Fact FS BS Total

A 25585 903 903 27391

M 25585 903 903 27391

D 903 0 43 946

SQ 0 0 0 0

Table 1  Operation count for gaussian elimination
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Figure 4  Spanning Tree for HMMWV 14–Body Model
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�����$�*��"��+#��(�$� ������$+#��(�$��+)����.�*����"�%(�*�#

���"��� &(%,���) *�� %&�(�*�%$ �%+$*) �%( �"�%(�*�# Alg–S� ���) �#&"�#�$*�*�%$ %�

*�� &(%&%)�� �"�%(�*�# +)�) *%&%"%�. �$�%(#�*�%$ *% *�!� ��,�$*��� %� )&�()�*.� �$

%(��( *% &(�)�(,� *�� )&�()�*. &�**�($ %� ���� *��  %�$*) %� *�� ).)*�# -�(� (�$+#��(��

�) �$ ���+(��� ����

Alg–S 1 2 3.1 3.2 3.3 3.4 3.5 4 Total

A 975 165 708 172 834 680 145 192 3871

M 975 165 804 172 1135 680 162 165 4258

D 165 27 174 0 0 120 0 27 513

SQ 27 0 0 0 0 16 0 0 43

Table 2  Operation count for Alg–S

��� $+#��( %� ����*�%$)� #+"*�&"���*�%$) �$� ��,�)�%$) �%( ����� �) �"��(". )#�""�(

*��$ �%( ��	��� 
) �#&"�#�$*�� �%( *��) *�)* &(%�"�#� �* (�'+�(�� *�� ��"�+"�*�%$ %� ��

)'+�(� (%%*) -��$ &�(�%(#�$� *�� *-% ��%"�)!. ���*%(�/�*�%$)� -��"� ��	�� (�'+�(��

$%$�� �'+�(� (%%* ��"�+"�*�%$) ��$ �� �"�#�$�*�� +)�$� �$ LDL T �&&(%���	 *��)

�"*�($�*�,�) (�#��$) *% �� �$,�)*���*���

�$� ��,�$*��� %� ����� %,�( *�� ��+))��$ �"�#�$�*�%$ ��#�". %� )%",�() �) *��* $%

&�,%*�$� �) �$,%",��� 
�+))��$ �"�#�$�*�%$ $���) &�,%*�$� �$ %(��( *% �$)+(� $+#�(���"

)*���"�*.� ����� ��*) �(%+$� *��) �. �#&"%.�$� ��%"�)!. ���*%(�/�*�%$) *-���� -���� �)

!$%-$ *% �� $+#�(���"". )*��"� ���� 
 ��)��,�$*��� %� *�� $�- �"�%(�*�# �) *�� ��*�
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����++!&� (�,,�*& �&� &-%��* '� .��,'* ,'-� �+ �+(�*+!,1�*�$�,�� '.�* ����� � !$� �'*

��-++!�& �$!%!&�,!'& , � ��+ !'& !& / !� ��,� !+ %�&!(-$�,�� !+ !&,-!,!.�� !, !+ &',

+,*�!� ,�'*/�*� �'* , � (*'('+�� �$�'*!, %� �, !+ �!��!�-$, ,' �++�+ ,' / �, �0,�&, , !+

/!$$ �����, , � '.�*�$$ (�*�'*%�&��� �, ��(�&�+ '& , � (�*,!�-$�* %�� �&!��$ +1+,�%

��!&� %'��$��� �&� , � /�1 , � �$�'*!, % !+ �'���� �& !���$ !%($�%�&,�,!'& '� ��
��

/'-$� �� � &'�$''(�  �*��'���� (*'�$�% ��(�&��&, .�*+!'&� ��&�*�,�� �-*!&� , �

(*�(*'��++!&� +,��� '� , � +!%-$�,!'&� � !+ /'-$� *�)-!*� � (*'�*�% , �, ��+�� '&

,'('$'�1 !&�'*%�,!'& �'��+ , � �$�'*!, % '� ���,!'& 
�	 �'* ��� %�� �&!��$ +1+,�%�

�� %��� �& �,,�%(, ,' �.�$-�,� , � +(�*+!,1�*�$�,�� '.�* ��� �'* , !+ ,�+,

(*'�$�%� �'* , !+� , � +�%� +,�(+ '� , � �$�'*!, % /�*� ,' �� �'$$'/�� �-, �$$ , �

+(�*+!,1�*�$�,�� �''#�#��(!&� (*�+�&, !& ��
�� /�+ �$!%!&�,�� �1 -+!&�

��&+��%�,*!0 '(�*�,!'&+� 
��� � �&� 	 '(�*�,!'&+ �$'&� /!, ��&+� � '$�+#1

���,'*!2�,!'& �*� �, , � �'*� '� ��
���	��	�� �&� �'�+ &', &��� ,' *�&-%��* , � "'!&,+ '�

, � %�� �&!��$ +1+,�% &'* #��( ,*��# '� , � ,'('$'�1 !&�'*%�,!'&� � � '(�*�,!'&

�'-&,+ �'* , !+ !%($�%�&,�,!'& '� , � �$�'*!, % !+ (*'.!��� !& ���$��	�

Alg–D 1 2 3.1 3.2 3.3 3.4 3.5 4 Total

A 3276 351 5616 432 3536 2280 405 378 15914

M 3276 351 5616 432 3672 2280 432 351 16410

D 351 27 432 0 0 152 0 27 989

SQ 27 0 0 0 0 16 0 0 43

Table 3 Operation counts for Alg–D

���$��
 $!+, , � ��� ,!%�+ !& %!�*'+��'&�+ �'* , � %�, '�+ �!+�-++�� ��'.�� � �

,!%�+ �'**�+('&� ,' '&� +'$.!&� '� , � �-�%�&,�� +1+,�% ����� �'* �'%(�*!+'& *��+'&+

/� �$+' !&�$-�� !& , !+ ,��$� , � ,!%!&� *�+-$,+ '�,�!&�� / �& -+!&� , � ��*/�$$ +'$.�*

�&� , � �$�'*!, % ��

	�����

Gauss Symmetric Harwell Alg–S Alg–D

2336 2022 3532 1201 1179

Table 4 CPU times for different methods

�, ,-*&+ '-, , �, ��
�� (�*�'*%+ ��,,�* , �& �$$ , � ', �*+� � � �!%�&+!'& '� , �

,�+, (*'�$�% !+ ,'' +%�$$ �'* �&1 ��&��!, ,' + '/ -( �+ � *�+-$, '� ,�#!&� !&,' ���'-&, , �
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3./.+.'8 )-&.1,!3).- )- ��
��� �(% 2/!12)38�1%+!3%$ .5%1(%!$ &.1 3()2 3%23 /1."+%,

(4132 3(% .5%1!++ %&&)#)%-#8 .& 3(% !+'.1)3(,� �% %,/(!2)9% 3(!3 3(% -4,%1)#!+

),/+%,%-3!3).- "%()-$ ��
�� #.4+$ "% &413(%1 ),/1.5%$�

�- ��
�� !-$ ��
�� 3(% /.2)3)5% $%&)-)3% 2823%,2 6%1% 2.+5%$ 42)-' 3(% $1)5%1


����� �- ������ ��

	���� !-$ ����	�� 3(% 1.43)-%2 42%$ 6%1% 
����� 
����� !-$

3(% 31)/+% 
����
�
����
�
���	
 1%2/%#3)5%+8� �)3( 3(% %7#%/3).- .& 3(% 31)/+%


����� 3!*%- &1., !- .+$%1 ������� /4"+)# $.,!)- +)"1!18� 3(% .3(%1 1.43)-%2 6%1%

!5!)+!"+% )- �������
 � �(% -%6%1 !-$ &!23%1 1.43)-% 
��� $%2)'-%$ )-

��������� 3. 2.+5% +!1'% 2/!12% 28,,%31)# 2823%,2 6!2 4-!5!)+!"+% 3. 3(% !43(.12

!3 3(% 3),% .& 3()2 234$8� �3 #%13!)-+8 !1)2%2 !2 ! /.22)"+% !+3%1-!3)5% &.1 +!1'%1 /1."+%,2�

�.1 3(% 2!*% .& #.,/+%3%-%22� �!"+%�� /1%2%-32 ! $%3!)+%$ /1.&)+% .& 3(% !+'.1)3(,2

��
�� !-$ ��
��� +)23)-' ��� 3),%2 )- ,)#1.2%#.-$2 &.1 %!#( 23%/ .& 3(%

),/+%,%-3!3).-2�

 1 2 3.1 3.2 3.3 3.4 3.5 4 Total

Alg–S 300 59 246 50 276 159 57 54 1201

Alg–D 289 31 347 27 276 147 31 31 1179

Table 5

�(% 1%24+32 !".5% 2(.6 3(!3 &.1 3()2 #!2%� 3(% !$5!-3!'% .& 42)-' 2/!12)38 &!$%2

6(%- $%!+)-' 6)3( &.16!1$�"!#*6!1$ %+),)-!3).-2 6)3( ! 2/!12% #.%&&)#)%-3 ,!31)7� �3

)2 .-+8 6(%- 2/!12)38 )-&.1,!3).- )2 42%$ &.1 3(% #.%&&)#)%-3 !-$ 1)'(3�(!-$ ,!31)#%2 )-

23%/ 
�	 �#.,/43)-' 3(% T ,!31)7� 3(!3 ��
�� '!)-2 !- %$'% .5%1 ��
��� �2 ,%-3).-%$

"%&.1% 3()2 24''%232 3(!3 ��
�� #!- "% &413(%1 ),/1.5%$� �6!//)-' "%36%%- 3(% 36.

!+'.1)3(,2 )2 -.3 +)*%+8 3. 1%24+3 )- !-8 "%-%&)3 "%#!42% .& 3(% $)&&%1%-3 23.1!'%

3%#(-)04%2�

7  Conclusions

�411%-3 5%()#+% ,.$%+2 #.-3!)- '%-%1!+)9%$ #..1$)-!3%2 -4,"%1)-' )- 3(% 3%-2 .1 !3

,.23 (4-$1%$2� �.1 3()2 $),%-2).- 1!-'% 6% $%5%+./%$ !- !+'.1)3(, &.1 2.+5)-' 3(%

2823%, .& +)-%!1 %04!3).-2 /1.5)$)-' &.1 3(% �!'1!-'% ,4+3)/+)%12 !-$ 3(% 2%3 .&

!##%+%1!3).-2� �(% !+'.1)3(, 6!2 ),/+%,%-3%$ )- 36. 5%12).-2� ��
��� 3(% $%-2%

,!31)7 ),/+%,%-3!3).-� !-$ ��
�� 3(% 2/!12% 5%12).-� �(% &)123 .-% 341-%$ .43 3. "%

2+)'(3+8 ,.1% %&&)#)%-3 &.1 ! 	��".$8 ,.$%+ .& 3(% �1,8�2 �)'( �.")+)38 �4+3)/41/.2%

�(%%+%$ �%()#+% ��������



23

�69 ;/0: ;,:; 796)3,4 ;/, ;>6 4,;/6+: 7,9-694,+ ),;;,9 ;/(5 ;/, .(<::0(5

,30405(;065 05 ( 9(;06 6- (7796?� ���� �(<::0(5 ,30405(;065 0: ;/, 4,;/6+ *<99,5;3@

0473,4,5;,+ 05 ���!+@5( &
'�

�69 3(9.,9 46+,3: 0; 0: ,?7,*;,+ ;/(; ;/, :7(9:0;@ >033 ),*64, (5 04769;(5; -(*;69�

�5 04796=,+ =,9:065 6- ��
��� 69 ;/, 5,> 96<;05,���� -964 �(9>,33 <:,+ 05 ��
�� 0:

,?7,*;,+ ;6 05*9,(:, ;/, :7,,+�<7� "(205. 05;6 (**6<5; ;/, +(;( 05 "()3,�� (5+ "()3,���

>, ,?7,*; ;/, ��� 9(;06 ()6=, *6<3+ ), -<9;/,9 04796=,+ 0- ( 56�3667� /(9+*6+,+ =,9:065
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�� ;/(; ;(2,: -<33 (+=(5;(., 6- :7(9:0;@ 0: 0473,4,5;,+� "/0: >6<3+ ), +65, )@ (

79,796*,::05. ;663 ;/(; )(:,+ 65 ;67636.@ 05-694(;065 *6+,: ;/, 79676:,+ (3.690;/4�

�05(33@� ;/, 7(9(33,30:4 05/,9,5; 05 ;/, 1605; -694<3(;065 40./; ), (5 (++0;065(3
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