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List of symbols

q vector of generalized coordinates

p vector of positions

e vector of Euler parameters

v vector of independent coordinates

u vector of dependent coordinates

nb number of bodies

m number of constraints

ndof number of degrees of freedom

Φ kinematic constraints

M system mass matrix

M̂ reduced mass matrix

λ vector of Lagrange multipliers

QA generalized external forces

Q̂ reduced external forces

ν independent coordinates mapping

µ dependent coordinates mapping

(α)ij , (γ)ij , (δ)ij , (θ)ij Rosenbrock-Nystrom method coefficients

(a)ij , (c)ij , (b)i, (m)i Rosenbrock-Nystrom method coefficients

yn solution of Rosenbrock method at tn

ki stage vector of Rosenbrock method

`i stage vector of Rosenbrock-Nystrom method

J1 Jacobian w.r.t. y

J2 Jacobian w.r.t. y′

τ acceleration constraint right hand function

g explicit coordinate dependence function

err local truncation error estimator
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Abstract

When performing dynamic analysis of a constrained mechanical system, a set of index 3 Differential-Algebraic

Equations (DAE) describes the time evolution of the system. The paper presents a state-space based method

for the numerical solution of the resulting DAE. A subset of so called independent generalized coordinates,

equal in number to the number of degrees of freedom of the mechanical system, is used to express the time

evolution of the mechanical system. The second order state-space ordinary differential equations (SSODE)

that describe the time variation of independent coordinates are numerically integrated using a Rosenbrock

type formula specialized to second order systems of differential equations. Rosenbrock methods are known

to be efficient for medium accuracy integration of stiff systems, they do not require the solution of non-

linear systems for the stage values, and possess optimal linear stability properties for stiff integration. The

computation of exact Jacobians needed by Rosenbrock formulas is discussed in the context of multibody

systems. The companion paper [15] discusses a choice of method coefficients based on a 4-stage L-stable

Rosenbrock formula and presents numerical results.

Keywords: Multibody dynamics, differential-algebraic equations, state space form, Rosenbrock methods.

1 Introduction

In this paper, the state of a multibody system at the position level is represented by an array q = [q1, . . . , qn]T

of generalized coordinates. The velocity of the system is described by the array of generalized velocities

q̇ = [q̇1, . . . , q̇n]T . There is a multitude of ways in which the set of generalized coordinates and velocities can

be selected [5, 8, 11]. The generalized coordinates used in this paper are Cartesian coordinates for position

and Euler parameters for orientation of body centroidal reference frames. Thus, for each body i the position

of the body is described by the vector pi = [xi, yi, zi]
T , while the orientation is given by the array of Euler

parameters [8], ei = [ei0, ei1, ei2, ei3]
T . Consequently, for a mechanical system containing nb bodies,

q =
[

pT
1 eT

1 . . . pT
nb eT

nb

]T

∈ R7nb. (1)

When compared with the alternative of using a set of relative generalized coordinates, the coordinates con-

sidered are convenient because of the rather complex formalism employed to obtain the Jacobian information
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required for implicit integration.

In any constrained mechanical system, joints connecting bodies restrict their relative motion and impose

constraints on the generalized coordinates. To simplify the presentation, only holonomic and scleronomic

constraints are considered. Kinematic constraints are then formulated as algebraic expressions involving

generalized coordinates,

Φ(q) =
[

Φ1(q) . . . Φm(q)

]T

= 0 (2a)

where m is the total number of constraint equations that must be satisfied by the generalized coordinates

throughout the simulation. It is assumed here that the m constraint equations are independent. The number

of degrees of freedom ndof is thus the difference between the number of generalized coordinates and the

number of constraints ndof = n−m.

Differentiating Eq.(2a) with respect to time leads to the velocity kinematic constraint equation

Φq(q) q̇ = 0 , (2b)

where the over dot denotes differentiation with respect to time and the subscript denotes partial differen-

tiation, Φq = ∂ (Φ1 · · ·Φm) /∂ (q1 · · · qn). The acceleration kinematic constraint equations are obtained by

differentiating Eq.(2b) with respect to time,

Φq(q) q̈ = −(
Φq(q)q̇

)
q
q̇ ≡ τ(q, q̇) . (2c)

Equations (2a)–(2c) characterize the admissible motion of the mechanical system.

The state of the mechanical system changes in time under the effect of applied forces. The time evolution

of the system is governed by the Lagrange multiplier form of the constrained equations of motion [8],

M(q) q̈ + ΦT
q (q)λ = QA(q, q̇, t) (2d)

where M(q) ∈ Rn×n is the symmetric system mass matrix, λ ∈ Rm is the array of Lagrange multipliers

that account for workless constraint forces, and QA(q, q̇, t) ∈ Rn represents the generalized applied force

that may depend on the generalized coordinates, their first time derivatives, and time.

Equations (2a)–(2d) comprise a system of differential-algebraic equations (DAE). It is known that

differential-algebraic equations are not ordinary differential equations [16]. Analytical solutions of Eqs.(2a)
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and (2d) automatically satisfy Eqs.(2b) and (2c), but this is no longer true for numerical solutions. In gen-

eral, the task of obtaining a numerical solution of the DAE of Eqs.(2a)–(2d) is substantially more difficult

and prone to intense numerical computation than that of solving ordinary differential equations (ODE). In

general, the numerical solution method employed to find the time evolution of a mechanical system falls

in one of the following categories: (1) stabilization methods, (2) projection methods, and (3) state space

methods. For a review of the literature on numerical integration methods for the solution of the DAE of

multibody dynamics the reader is referred to [1, 4, 13, 17, 20]. While the stabilization and projection methods

are typically more expedient, the theoretical foundation for these methods is either very complex, or is not

completely understood yet. The state space methods are more rigorous since the DAE problem is eventually

reduced to an ODE problem for which the theory is well understood and the numerical software is readily

available. Likewise, there is a series of applications like active control of mechanical systems, vibration anal-

ysis, etc., where a state-space representation of the mechanical system is necessary. In this context, note

that until recently the SSODE solution of the multibody dynamics DAE problem was formalized exclusively

in the context of explicit integration. Based on the approach proposed in [14], this paper introduces for the

first time the idea of using an efficient implicit Rosenbrock method for the solution of the SSODE problem.

Expressing equations (2c)–(2d) in matrix form as



M(q) Φq(q)T

Φq(q) 0







q̈

λ


 =




QA(q, q̇, t)

τ(q, q̇)


 . (3)

it results that Eqs.(2a), (2b), and (3) must be satisfied by the numerical solution to be constructed. This

is a set of index 3 differential algebraic equations (DAEs). The differential index 3 means means that the

constraints must be differentiated 3 times to transform the DAE into a system of ODEs. A comprehensive

discussion of DAEs and the index concept is provided in [7].

The index 3 DAE system (2a), (2b), and (3) is first reduced to a SSODE, following an approach proposed

in [21]. The starting point for such a method is a partitioning of q in Eq.(1) in independent and dependent

coordinates v ∈ Rndof , and u ∈ Rm, ndof = n − m. The partitioning is based on two mappings ν :

{1, 2, . . . , ndof} → Sindep and µ : {1, 2, . . . , m} → Sdep, with Sindep∪Sdep = {1, 2, . . . , n} and Sindep∩Sdep =
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∅.

v[i ] = q[ν(i)] , 1 ≤ i ≤ ndof , and u[j ] = q[µ(j )] , 1 ≤ j ≤ m (4)

The partitioning is such that the sub-Jacobian of the constraints with respect to u is nonsingular

det (Φu(q)) 6= 0 (5)

Such a partition can be found starting with a set of consistent generalized coordinates q0; i.e., which satisfy

Eq.(2a). The constraint Jacobian matrix Φq is evaluated and numerically factored, using the Gauss-Jordan

algorithm with full pivoting [2],

Φq(q0) 7→ (Gauss− Jordan) 7→ [Φu(q0)|Φv(q0)] (6)

Based on this partitioning, Eqs.(2a)–(2c) can be rewritten in the associated partitioned form [8]

Mvv(u,v)v̈ + Mvu(u,v)ü + ΦT
v (u,v)λ = Qv(u,v, u̇, v̇) (7a)

Muv(u,v)v̈ + Muu(u,v)ü + ΦT
u (u,v)λ = Qu(u,v, u̇, v̇) (7b)

Φ(u,v) = 0 (7c)

Φu(u,v)u̇ + Φv(u,v)v̇ = 0 (7d)

Φu(u,v)ü + Φv(u,v)v̈ = τ(u,v, u̇, v̇) (7e)

The partitioning of Eqs.(7a)–(7e) is induced by the partitioning of the generalized coordinates in Eq.(4).

For example, Mvu[i, j] = M[ν(i), µ(j )], for 1 ≤ i ≤ ndof, 1 ≤ j ≤ n− ndof , while Qu[j] = Q[µ(j )], for

1 ≤ j ≤ n− ndof . Likewise, a partial with respect to the dependent set of coordinates u is obtained by

gathering the columns µ(1) through µ(m) of the derivative with respect to the generalized coordinates q.

The remaining ndof columns provide the partial with respect to the independent coordinates v.

The condition of Eq.(5) and the implicit function theorem [3] guarantee that Eq.(7c) can be solved for u

as a function of v,

u = g(v) (8)

where the function g(v) has as many continuous derivatives as does the constraint function Φ(q). For all but

the most simple mechanical systems, an analytical expression for the function g(v) can not be determined.
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However, for any consistent configuration q0 = (u0,v0), a value ū can be found for each v̄ in a small

enough neighborhood of v0. The value ū is computed by keeping v = v̄ in Eq.(7c) constant and solving for

u = ū. Because of the form the joint constraint equations assume when used in conjunction with a Cartesian

representation, ū is typically the solution of a system of non-linear equations.

The system of DAE in Eqs.(7a), (7b), and (7e) is reduced to an SSODE, through a sequence of steps

that use information provided by Eqs.(7c) and (7d). First, since the coefficient matrix of u̇ in Eq.(7d)

is nonsingular, u̇ can be determined as a function of v̇ and v, where Eq.(8) is used to eliminate explicit

dependence on u. Next, Eq.(7e) uniquely determines ü as a function of v, v̇, and v̈, where results from

Eqs.(7d) and (8) are substituted. Since the coefficient matrix of λ in Eq.(7b) is nonsingular, λ can be

determined uniquely as a function of v, v̇, and v̈, using previously derived results. Finally, each of the

preceding results is substituted into Eq.(7a) to obtain the SSODE in the independent generalized coordinates

v [21],

M̂(v) v̈ = Q̂(t,v, v̇) (9)

where

M̂ = Mvv −MvuΦ−1
u Φv −ΦT

v Φ−T
u

[
Muv −MuuΦ−1

u Φv

]
, (10a)

Q̂ = Qv −MvuΦ−1
u τ −ΦT

v Φ−T
u

[
Qu −MuuΦ−1

u τ
]

. (10b)

The SSODE (9) is well defined, due to the following property [8].

Lemma 1 For any v ∈ Rndof , the matrix M̂ (v) of Eq.(10a) is positive definite.

2 Rosenbrock Integration Formulas for Second Order Systems

For the Initial Value Problem (IVP), y′ = f(t, y), y(t0) = y0, an s-stage Rosenbrock method is defined as

[7]

yn+1 = yn +
∑s

i=1 biki , (11a)

ki = hf
(
tn + αih, yn +

∑i−1
j=1 αijkj

)
+ γih

2 ∂f
∂t (tn, yn) + hJ

∑i
j=1 γijkj , (11b)
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where the number of stages s and the coefficients bi, αij , and γij are chosen to obtain a desired order of

consistency and stability, J = fy(tn, yn), αi =
∑i−1

j=1 αij , and γi =
∑i

j=1 γij . For reasons of computational

efficiency the coefficients γii are identical for all stages; i.e., γii = γ for all i = 1, . . . , s. Note that formally

αii = 0, 1 ≤ i ≤ s.

For the purpose of error control in the generic Rosenbrock method a second approximation of the solution

at the current time step is used to produce an estimate of the local error. This second approximation ŷn+1

is usually of lower order and it uses the same stage values ki with a different set of coefficients b̂i,

ŷn+1 = yn +
s∑

i=1

b̂iki (12)

To apply a generic Rosenbrock formula for the solution of the SSODE of multibody dynamics of Eq.(9),

by multiplying from the left with M̂−1 the second order SSODE of Eq.(9) can be locally reduced to the form

y′′ = f(t, y, y′) (13a)

Note that for the purpose of introducing the Rosenbrock-Nystrom approach and without any loss of generality

in the formula above the vector v was replaced with a scalar quantity y. As the interest is only in determining

the coefficients of the Rosenbrock-Nystrom method, the fact that this formula is used to find a scalar or

vector numerical solution of an ODE problem is irrelevant.

The previous second order system of ODE is transformed into a standard first order ODE problem,



y

y′




′

=




y′

f(t, y, y′)


 (13b)

Applying the generic method of Eqs.(11a– 11b) to this first order ODE system yields



yn+1

y′n+1


 =




yn

y′n


 +

s∑

i=1

bi




ki

`i


 , (14a)




ki

`i


 = h




y′n +
∑i−1

j=1 αij`j

f(tn + αih, yn +
∑i−1

j=1 αijkj , y
′
n +

∑i−1
j=1 αij`j)


 (14b)

+γih
2




0

∂f
∂t (tn, yn, y′n)


 + h




0 I

J1 J2




i∑

j=1

γij




kj

`j ,


 ,
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where

J1 =
∂f

∂y
(tn, yn, y′n) and J2 =

∂f

∂y′
(tn, yn, y′n) . (15)

In order to obtain a numerical method to directly integrate Eq.(13a), the “y-stages” ki are eliminated to

express the formula only in terms of the “y′-stages” `i. Defining βij = αij + γij , the first row of (14b) is

ki = hy′n + h

i∑

j=1

βij`j , i = 1, . . . , s (16)

In the second row of Eq.(14b), the sum
∑i−1

j=1 αijkj comes in as the second argument of f(·, ·, ·). Defining

δij =
∑i−1

m=j αimβmj and using Eq.(16) and the summation interchange procedure, this sum is expressed in

terms of `j as

i−1∑

j=1

αijkj =
i−1∑

j=1

αij

(
hy′n + h

j∑
m=1

βjm`m

)
= hαiy

′
n + h

i−1∑

j=1

δij`j

With the above substitution, the second row of Eq.(14b) becomes

`i = hf


tn + αih, yn + hαiy

′
n + h

i−1∑

j=1

δij`j , y′n +
i−1∑

j=1

αij`j


 (17)

+γih
2 ∂f

∂t
(tn, yn, y′n) + hJ1

i∑

j=1

γijkj + hJ2

i∑

j=1

γij`j

Defining θij =
∑i

m=j γimβmj and substituting the whole sum in k’s by a sum in `’s

i∑

j=1

γijkj = hγiy
′
n + h

i∑

j=1

θij`j

equation (17) becomes the stage relation

`i = hf


tn + αih, yn + hαiy

′
n + h

i−1∑

j=1

δij`j , y′n +
i−1∑

j=1

αij`j


 (18)

+γih
2

(
∂f

∂t
(tn, yn, y′n) + J1y

′
n

)
+ h2J1

i∑

j=1

θij`j + hJ2

i∑

j=1

γij`j

From a computational point of view Eq.(18) has the following interpretation: at stage i (1 ≤ i ≤ s) the

quantity `i is to be found as the solution of a linear system

Si`i = RHS

9



where Si = I − hγiiJ2 − h2θiiJ1. Since αii = 0, 1 ≤ i ≤ s, it follows that θii = γiiβii = γii(αii + γii) = γ2.

Thus, the linear systems to be solved at each stage have the same matrix,

Si = S = I − hγJ2 − h2γ2J1

Substituting k’s by `’s in Eq.(14a) and denoting µi =
∑s

j=i bjβji leads to

yn+1 = yn + hy′n + h

s∑

i=1

µi`i (19a)

y′n+1 = y′n +
s∑

i=1

bi`i (19b)

Using matrix notation for the coefficients (e.g., (αij) is the matrix whose entries are the α-coefficients of the

method) δ, θ, and µ are expressed as

(δij) = (αij) · (βij) , (θij) = (γij) · (βij) , (µi) = (bi) · (βij) .

To summarize, the following linearly implicit method for the second order system (13a) is defined:

yn+1 = yn + hy′n + h

s∑

i=1

µi`i (20a)

y′n+1 = y′n +
s∑

i=1

bi`i (20b)

Yi = yn + hαiy
′
n + h

i−1∑

j=1

δij`j (20c)

Y ′
i = y′n +

i−1∑

j=1

αij`j (20d)

`i = hf (tn + αih, Yi, Y
′
i ) + γih

2

(
∂f

∂t
(tn, yn, y′n) + J1y

′
n

)
(20e)

+h2J1

i∑

j=1

θij`j + hJ2

i∑

j=1

γij`j

It can be seen in Eq.(18) that matrix-vector multiplications are needed. Because of the presence of both

J1 and J2, the classical transformation removes only the multiplications with one of the J ’s. Substituting

zi =
∑i

j=1 γij`j into the method, Eqs.(20a–20e) leads to the following.
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Theorem 1 Let (αij), (γij), (bi), and (b̂i), be the coefficients of an s-stage embedded Rosenbrock method

given by Eqs.(11a–11b). The associated Rosenbrock-Nystrom method is defined as

yn+1 = yn + hy′n + h

s∑

i=1

µizi , ŷn+1 = yn + hy′n + h

s∑

i=1

µ̂izi (21a)

y′n+1 = y′n +
s∑

i=1

mizi , ŷ′n+1 = y′n +
s∑

i=1

m̂izi (21b)

Yi = yn + hαiy
′
n + h

i−1∑

j=1

θijzj (21c)

Y ′
i = y′n +

i−1∑

j=1

aijzj (21d)

S = I − hγJ2 − h2γ2J1 (21e)

S · zi = hγf (tn + αih, Yi, Y
′
i ) + h2γγi

(
∂f

∂t
(tn, yn, y′n) + J1y

′
n

)
(21f)

+γ

i−1∑

j=1

cijzj + h2γJ1

i−1∑

j=1

δijzj

where the new coefficients are

(aij) = (αij) · (γij)
−1

(cij) = γ−1I − (γij)
−1

(δij) = (γij) + (γij) · (αij) · (γij)
−1

(θij) = (αij) + (αij)
2 · (γij)

−1

(mi) = (bi) · (γij)
−1

(m̂i) =
(
b̂i

)
· (γij)

−1

(µi) = (bi) + (bi) · (αij) · (γij)
−1

(µ̂i) =
(
b̂i

)
+

(
b̂i

)
· (αij) · (γij)

−1

(γi) = (1, . . . , 1) · (γij)
T

(αi) = (1, . . . , 1) · (αij)
T

Proof. By direct substitution. ¤

Note that in Eqs.(21a) and (21b), values for a second, and typically lower order, approximation is provided
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at time tn+1 for both the solution ŷn+1 and its first derivative ŷ′n+1. These values are used for step-size

control, as indicated in Eq.(12).

3 Providing Analytical Integration Jacobians

A successful implementation of the Rosenbrock family of formulas introduced above depends upon the ability

to provide exact derivative information. Equation (15) indicates the derivatives that must be computed. The

numerical solution of a dynamic analysis problem carried out in the proposed framework of a Rosenbrock

implicit integrator requires exact computation of the derivatives of independent acceleration with respect to

independent positions and velocities,

J1 = v̈v , J2 = v̈v̇ . (22)

To obtain these derivatives, first differentiating Eq.(7a) with respect to v yields

MvvJ1 + (Mvvv̈)v + (Mvvv̈)uuv + Mvuüv + (Mvuü)v

+(Mvuü)uuv + ΦT
vλv +

(
ΦT

vλ
)
v

+
(
ΦT

vλ
)
u
uv (23)

= Qv
v + Qv

uuv + Qv
u̇u̇v

The quantities uv, u̇v, üv, and λv are obtained by taking partials with respect to v of Eqs.(7c), (7d), (7e),

and (7b), respectively. This is an exercise in chain rule differentiation that yields [9, 10]

uv = −Φ−1
u Φv ≡ H (24a)

u̇v = −Φ−1
u

[
(Φqq̇)v + (Φqq̇)u H

] ≡ J (24b)

üv = HJ1 + L (24c)

λv = −Φ−T
u [R + (Muv + MuuH)J1] (24d)

where

L = Φ−1
u

[[
τu − (Φqq̈)u

]
H + τv + τu̇J− (Φqq̇)v

]
, (25)

R =
[(

ΦT
uλ

)
u

+ (Muq̈)u −Qu
u

]
H−Qu

v −Qu
u̇J (26)

+
(
ΦT

uλ
)
v

+ (Muq̈)v + MuuL , with Mu = [Muv,Muu] .
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Substituting the expressions for uv, u̇v, üv, and λv into Eq.(23) and denoting Mv = [Mvv,Mvu] yields

M̂J1 = Qv
v + Qv

uH + Qv
u̇J (27)

− [
MvuL + HTR +

(
ΦT

v λ
)
u
H +

(
ΦT

v λ
)
v

+ (Mvq̈)v + (Mvq̈)uH
]

According to Lemma 1, the coefficient matrix in this multiple right side linear system is positive definite.

Therefore, Eq.(27) properly defines the derivative J1.

Computation of J2 = v̈v̇ follows the steps taken for the computation of J1. Taking the derivative of

Eq.(7a) with respect to v̇ yields

MvvJ2 + Mvuüv̇ + ΦT
vλv̇ = Qv

u̇u̇v̇ + Qv
v̇ (28)

All derivatives in this expression are available, except the quantities J2, u̇v̇, üv̇, and λv̇. The last three

derivatives are obtained by taking partial derivatives with respect to the independent velocity v̇ of Eqs.(7d),

(7e), and (7b). By repeatedly applying the chain rule of differentiation these derivatives are obtained as

u̇v̇ = H (29a)

üv̇ = N + HJ2 (29b)

λv̇ = Φ−T
u [Qu

u̇H + Qu
v̇ −MuuN− (Muv + MuuH)J2] (29c)

where

N = Φ−1
u (τu̇H + τv̇) (30)

Substituting these results into Eq.(28), the derivative of independent accelerations with respect to indepen-

dent velocities is obtained as the solution of the multiple right side system of linear equations,

M̂J2 = W −HT X (31)

where

W = Qv
u̇H + Qv

v̇ −MvuN ,

X = − (Qu
u̇H + Qu

v̇ −MuuN) .

With M̂ positive definite, Eq.(31) properly defines the derivative J2.

13



Up to this point, a general framework has been provided in this Section to analytically express the

integration Jacobian required by the Rosenbrock family of integration formulas. Although rather involved

in form, these derivatives are obtained in a straightforward way. Furthermore, they are generic, in the

sense that they apply to any mechanical system simulation. It remains to provide all the ingredients that

explicitly or implicitly enter the right side of Eqs.(27) and (31). These derivatives change according to

the modeling elements used to represent a mechanical system. What makes the approach viable is the

fact that even these derivatives can be generated in a completely generic way. This is solely a mechanical

system modeling task that hinges upon the fact that, in multibody dynamics, all modeling elements are

broken down into primitives. Providing required derivative information for these primitives in Cartesian

coordinates is tractable. Derivative information for primitives is then combined to produce derivatives for

complex modeling entities. To illustrate this, consider the joints used to connect bodies in a mechanical

system model. The vast majority of them can be obtained starting from four simple constraint primitives

[8]:

Φd1 Dot-1 constraint primitive, imposes that two body-fixed non-zero vectors ai and aj belonging to bodies

i and j respectively, should be perpendicular at all times; i.e., Φd1 (ai ,aj ) = ai
T aj = 0

Φd2 Dot-2 constraint primitive, imposes that one body-fixed vector ai and a vector dij defined by two

body-fixed points Pi and Pj should be perpendicular at all times; i.e., Φd2 (ai ,dij ) = ai
T dij = 0

Φs Point Constraint Primitive, imposes that two body-fixed points Pi and Pj belonging to bodies i and j

respectively, should coincide at all times; i.e., ΦS (Pi, Pj) = Pi ≡ Pj

Φdist Distance Constraint Primitive, imposes that the distance between two body-fixed points Pi and Pj

belonging to bodies i and j should stay constant and equal to C > 0 at all times; i.e., Φdist (Pi, Pj , C) =

dist (Pi, Pj) = C

In this context, a universal joint that allows two relative degrees of freedom between the constrained bodies

is defined by requiring that a Dot-1 and a Point Constraint Primitive be simultaneously satisfied throughout

the simulation. Likewise, a spherical joint that allows three degrees of freedom (rotational) between the

constrained bodies is simply a Point Constraint Primitive, while a revolute joint is the assembly of two

14



Dot-1 and one Point Constraint primitives.

Analyzing the order of derivatives used to compute the required derivative information J1 and J2, it

can be seen that the highest order is 3, and it appears as a result of taking partials of the right side of the

acceleration kinematic constraint equation. Consequently, derivatives of Φd1, Φd2, Φs, and Φdist should be

implemented up to order 3. Deriving and coding expressions for all derivatives for the modeling primitives up

to order 3 is a one time effort. For details about how these derivatives are obtained for constraint primitives,

inertia elements, and forces the reader is referred to [19]. For the scope of the present paper, it suffices to

assume that the derivatives required to analytically compute the Rosenbrock integration Jacobian are readily

available.

4 The Integration Algorithm

The implementation of a Rosenbrock-Nystrom based method is summarized as Algorithm 1 below.

Algorithm 1

1. Initialize Simulation

2. Set Integration Tolerance

3. While (time < time-end) do

4. Set Macro-step

5. Get Integration Jacobian

6. Factor Integration Jacobian

7. Get Time Derivative

8. Resolve Stages 1, · · · , s

9. Get Solution. Check Accuracy. Determine New Step-size

10. Recover Dependent Generalized Coordinates

11. Check Partition

12. End do

Step 1 initializes the simulation. Based on user provided values at time t0, a consistent set of initial
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conditions (u0,v0, u̇0, v̇0); i.e., satisfying Eqs.(7c) and (7d), is determined and simulation starting and

ending times are defined. User defined absolute and relative integration tolerances are read in and used to

control error in both independent position v, and velocity v̇. Step 4 backs up the system configuration to

be used upon a rejected time step. During Step 5, the integration Jacobian is evaluated. Since obtaining

J1 and J2 is a costly operation, Eqs.(27) and (31) suggest that zi is more efficiently computed if the stage

linear system of Eq.(21f) is replaced with an equivalent one obtained by formally multiplying the original

linear system with the positive definite matrix (1/γ)M̂. The new linear system assumes the form

Πzi = ri (32)

where, with M̂ and Q̂ defined in Eqs.(10a) and (10b),

Π =
1
γ2

M̂ · S =
1
γ2

M̂− h

γ
M̂J2 − h2M̂J1 (33)

ri =
h

γ
Q̂

(
tn + αih,Vi, V̇i

)
+ h2 γi

γ

(
M̂

∂v̈
∂t

(tn,vn, v̇n) + M̂J1v̇n

)
(34)

+
1
γ
M̂

i−1∑

j=1

cijzj +
h2

γ
M̂J1

i−1∑

j=1

δijzj

Thus, the linear systems in Eqs.(27) and (31) need not be solved for J1 and J2. Finding only the right side

of these two linear systems suffices to compute the coefficient matrix Π and right side ri at each integration

stage. In [14] it is showed that the matrix Π of Eq.(32) is the integration Jacobian that also appears in the

context of multistep implicit integration of the DAE of multibody dynamics. This observation allows for a

unitary implementation of implicit methods, based on either singly diagonal implicit Runge-Kutta formulas

or on multistep BDF-type formulas.

The matrix Π is factored during Step 6. The dimension of this matrix is equal to the number of degrees

of freedom of the mechanical system model, and is typically small.

During Step 7, the quantity M̂∂v̈/∂t needed to compute the stage right side ri is evaluated in the

consistent configuration (un,vn, u̇n, v̇n) from the beginning of each macro-step. As the position kinematic

constraints in Eq.(2a) are assumed time independent, M̂ does not depended on time. Therefore, using Eq.(9)

and Eq.(10b),

M̂
∂v̈
∂t

=
∂

∂t
Q̂(t,vn, v̇n) = Qv

t + HT Qu
t (35)
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The simplifying assumptions made in computing M̂∂v̈/∂t in Eq.(35) are that the kinematic constraint equa-

tions are time independent and holonomic. The first assumption is to quantitatively simplify the presentation.

Otherwise, the algorithm would step by step follow the derivation for the time independent case, with the

caveat that terms of the form Φt, Φut, Φtt, etc., would have to be accounted for. As a result, all derivatives

would be more complicated. The second assumption is made because covering the non-holonomic constraint

case is a qualitatively different process, which is not targeted by this paper. For a thorough account of the

non-holonomic scenario, the reader is referred to [18]. Finally, note that in the case of scleronomic mechanical

systems, M̂∂v̈/∂t = 0.

Next, the stage variables zi of Eq.(21f) are computed. During each of the four stages of the Rosenbrock-

Nystrom algorithm, some or all of the following steps are taken:

a) Obtain consistent configuration at position and velocity levels.

b) Compute stage generalized forces Q̂i

c) Compute stage right side ri as in Eq.(35)

d) Solve stage linear system of Eq.(32) to obtain zi

Defining Vi = vn + hαiv̇n + h
∑i−1

j=1 θijzj as indicated by Eq.(21c), during sub-step (a) the dependent

generalized coordinates Ui are the solution of the non-linear system Φ(Ui,Vi) = 0. The matrix Φu, along

with its factorization, are at the cornerstone of the algorithm, and Eq.(5) guarantees that Ui is properly

defined. Likewise, denoting the stage independent velocities as V̇i = v̇n +
∑i−1

j=1 αijzj , the stage dependent

velocities U̇i are, as in Eq.(21d), the solution of the linear system Φu(Ui,Vi)U̇i = −Φv(Ui,Vi)V̇i. Finally,

note that the stage forces Q̂i = Q̂
(
tn + αih,Vi, V̇i

)
are computed during sub-step (b), as in Eq.(10b), using

the factorization of the matrix Φu(Ui,Vi) available at the end of sub-step (a).

Due to the particular choice of coefficients defining the Rosenbrock-Nystrom formula and the way in

which the code was implemented, each of the four stages has its own particularities. Thus,

• Stage 1; in Step 8 of the algorithm marks the beginning of a new integration step, or equivalently the

end of the prior one. Therefore the system is in an assembled configuration and sub-step (a) above

is skipped. During this stage, the matrix Π of Eq.(32) is evaluated, and generalized accelerations
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are obtained as a by product of the process. Thus, to obtain Π, the matrix M̂ is computed and the

dependent constraint sub-Jacobian Φu is factored. The latter is then used to obtain the matrices H, J,

L, and N of Section 3. Due to the choice of a constant diagonal element γ for the original Rosenbrock

method, the matrix Π is constant and needs to be factored only once. The remaining stages reuse this

factorization.

• Stages 2 through s of the Rosenbrock-Nystrom formula follow exactly the sub-steps (a) through (d)

outlined above. For stages which do not require an additional force computation Q̂i there is no need

to provide consistent position and velocity configurations, consequently sub-step (a) is skipped.

During Step 9, the position level independent generalized coordinates at time-step n + 1 are computed

according to Eq.(21a) as vn+1 = vn +hv̇n +h
∑s

i=1 µizi. Likewise, according to Eq.(21b), the velocity level

independent generalized coordinates are computed as v̇n+1 = v̇n +
∑s

i=1 bizi. The accuracy of the solution

is verified using a second approximation of the solution at time n + 1. The less accurate solution is provided

by the embedded order 3 formula v̂n+1 = vn +hv̇n +h
∑s

i=1 µ̂izi and ˆ̇vn+1 = v̇n +
∑s

i=1 b̂izi, and it is used

for the purpose of step-size control.

Step 10 computes the dependent positions un+1 such that they satisfy

||Φ(un+1,vn+1)||∞ < tol .

Dependent velocities are obtained as the solution of the linear system

Φu(un+1,vn+1)u̇n+1 = −Φv(un+1,vn+1)v̇n+1 .

Note that the factorization of the dependent constraint sub-Jacobian

Φu(un+1,vn+1)

is available, since it was used to compute the dependent generalized positions.

The condition number of dependent constraint sub-Jacobian is used during Step 11 to check the partitioning

of the generalized coordinates. The current partitioning is reused as long as the condition number of the

current dependent constraint sub-Jacobian does not exceed by 25% the value of the condition number

produced by the most recent partitioning. This empirical value was obtained after performing simulations

for various models with different values of this parameter.
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5 Conclusions

A generalized coordinate partitioning based state-space implicit integration method is presented for dy-

namic analysis of multibody systems. The time integration of the resulting state space ODE is based on a

Rosenbrock-Nystrom formulation, which is also developed in the paper. Rosenbrock methods are known to

be efficient for medium accuracy integration of stiff systems. They do not require the solution of non-linear

systems for the stage values. They also possess optimal linear stability properties for stiff integration. The

variant proposed here is specialized for the integration of second order systems resulting from multibody

dynamics analysis, in that it does not explicitly solve for velocities. The computation of exact Jacobians

needed by Rosenbrock formulas is discussed in the context of multibody systems. The companion paper

[15] presents a choice of method coefficients based on a 4-stage L-stable Rosenbrock formula and presents

numerical results.
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