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Abstract

A numerical model that treatsliquid and vapor as a continuum has been constructed for predicting
small scale, high speed, cavitating, nozzle flow. In order to model extremely high pressures, the
compressibility of both phases has been included in the scheme, and a third-order shock capturing
technique was applied to the continuity equation to capture sharp jumps in density. In addition, a
boundary-fitted mesh was used to treat different nozzle geometries. The scheme has been run with
very high upstream pressures and with aliquid to vapor density ratio of ten-thousand to one. The
model results have been compared to experimental measurements of single bubble collapse.
Results are also presented for rounded and sharp nozzle entrances with varying upstream
pressures. The model successfully predicted coefficient of discharge and exit velocity for a variety

of nozzle geometries.



I ntroduction

Nozzles are one of the most fundamental devices in fluid mechanics. Small, high-speed nozzles
are used in numerous industria applications such as engines and liquid cutting jets. In the case of
engines, fuel injector nozzles are a critical starting point for fued disperson and combustion.
Unfortunately, very little is known about the internal flow through high pressure injector nozzles,
because the nozzles are very small and the flow isvery fast. In industrial and engine applications,
injection pressures can be in excess of 150 MPa with nozzle diameters on the order of 200
microns. The internal nozzle flow can reach speeds over 500 m/s. This combination of high speed
and small size makes experimental measurements of the flow extremely difficult. The nozzle flow
cannot be easily scaled up for experimenta study, because the flow is described by a large number
of parameters, many of which involve fluid properties. To further the understanding of cavitating

nozzles, anumerical model of very high-speed cavitating flow has been constructed.

This physica situation at such high injection pressures is quite extreme in severa respects. The
Mach number based on the sound speed of liquid can exceed 0.4, which suggests that the liquid
compressibility could be significant. Also, the length scale of this geometry is so small that
individual cavitation bubbles could span severa computational cells. The density ratio between the
two phasesis very large, roughly ten-thousand to one. By comparison, the density ratio across a
shock in aerodynamic problemsis usually an order of ten or less. These factorstend to makethisa
paticularly chalenging problem to model. Specia steps are required to ensure stability when

modeling alarge change in density over the space of afew computational cells.

Past attempts to numerically model cavitating flow can be roughly divided into two classes:
interface tracking and continuum methods. Interface tracking is a promising numerical technique
for two-phase flows. In this case each phase is treated separately. There are typically separate
equations for conservation of mass and momentum of each phase, which more than doubles the
computational cost of modeling the flow. Furthermore, a scheme for reconstructing the interface

on the sub-cell level isrequired. Thisreconstruction can be based on marker particles or heuristics



for modeling the interface on the sub-cell level (Hyman, 1984). Rider and Kothe (1995) have
shown the computational cost of interface tracking schemes to be at least six times the cost of
continuum methods. They aso noted that they have been applied to density ratios of, at most, one-

thousand to one.

The model presented in this paper is a continuum method, where the two phases are considered to
be the same fluid. Theinterface is smeared on the sub-cell level, and the density reflects the cell’s
liquid and vapor content. Often, surface tension forces are neglected in continuum methods, since
adigtinct interface is not present. The continuum method is a convenient way of mathematically
modeling the flow, because it requires no more equations than single-phase flow. The difficult
part of developing such models is deriving a meaningful and stable equation for pressure. The
works of Kubota et al. (1989), Delannoy and Kueny (1990), and Chen and Heister (1994), and

Avvaet a. (1995) are al examples of continuum methods.

Kubota et al. developed one of the earliest continuum models of cavitating flow. However they
developed a congtitutive relation for pressure based on the assumption that the fluid was a uniform
mixture of liquid and very small, spherical bubbles. Kubota et al. used relations for bubble radius,
average cell density, and pressure to close the set of equations. They noted the extreme density
ratio between the liquid and vapor and thus chose to neglect the mass of the vapor. The authors
encountered severe stability problems and were limited to moderate void fractions. Because of the
stability limitations and the assumptions of this congdtitutive relation, this approach is not

appropriate for small, high speed, nozzles.

Deannoy and Kueny used a smpler method for closure of the hydrodynamic equations. They
assumed a barotropic equation of state where density was a function of pressure. The two constant
densities were joined by a sine function whose maximum slope was chosen to roughly represent
the speed of sound of atwo-phase mixture. A plot of this equation of state is shown in Figure 1.

Deannoy and Kueny used a shock capturing technique to improve the stability of their code but



were limited to density ratios of one hundred to one. Their scheme was based on the SIMPLE
algorithm, which models incompressible flows (Delannoy, 1989). They presented results for
modeling a large, cavitating venturi. Delannoy and Kueny achieved qudlitatively reasonable
results, although they did not quantitatively match experimental data. They predicted a cavity that
was double the experimentally measured length. Their model also under-predicted shedding
frequency of the cavitation bubble by about forty percent.

The inaccurate predictions of Delannoy and Kueny may be due to the smearing of the fluid
interface over at least one cell length by the continuum treatment. Also, the continuum treatment of
the two phases usually assumes that there is no inter-phase dlip on the sub-cell level. This requires
an inter-phase drag force that may not, in reality, be present. These limitations would occur in
almost any continuum treatment and usually require a fine computational mesh. Also Delannoy
and Kueny solved the Euler equations rather than the Navier-Stokes equations and so they may not
have accurately predicted the near-wall flow. Another problem with their calculation was their
density ratio. Rather than using a redistic liquid to vapor density ratio of 1:10°, Delannoy and
Kueny used aratio of 1:10% Lastly, it may not be possible to predict such refined details as
shedding frequency in two-dimensions since the bubble collapse at the end of a cavity is essentially

three-dimensional .

Later work by Chen and Heister (1995) rejected the idea of a smple one-to-one mapping of
pressure and density. They argued that the pressure field should be related to the density history.
However, Chen and Heister had to make several assumptions to develop an equation for pressure.
They assumed that the bubble number per unit mass was constant and that each cell was uniformly
filled with small, spherical bubbles. This solution technique is somewhat reasonable for large
scale flows, but does not seem redlistic for very small nozzles, where the individual bubble size

could be considerably larger than a computational cell.



Avvaet a. (1995) used an energy equation for closure and thus avoided the need for developing a
new constitutive relation. They started with an energy equation for a two-phase mixture. The
authors then assumed homogenous flow, no dlip, and thermodynamic equilibrium.  With these
assumptions, the energy equation was simplified to asingle fluid energy equation based on a mean
cdl density. The mode was tested in sharp-edged orifice calculations and for flow around a
hydrofoil. The results agreed reasonably well with experimenta results, however the authors
reported problems with the model’s stability. They were unable to simulate cold fluid flow and
were forced to increase the fluid temperature to 354.5 K which reduced the ratio of liquid to vapor
density to three thousand. The mode was also limited to very low upstream pressures due to

stability problems.

One important limitation of al these studies is that the pure phases were considered to be
incompressible. The current model, described in the next section, considers the compressibility of
both pure phases. This phenomenon alows for the study of wave motion in the fluid, an
impossibility in the previous work. Compressibility is known to become significant in the latter
stages of bubble collapse and has been studied using one-dimensional models (Knapp, 1970). The
model presented here makes further assumptions, which are valid for small scale, high speed
flows. Thermal non-equilibrium effects will be neglected, as will hydrodynamic non-equilibrium.
The resulting problem is hyperbolic, unlike any of the previoudy reviewed work in multi-

dimensiona cavitation modeling.

Model Physics

The first step in formulating the numerical model of high-speed cavitating flow is to identify the
important physical processes. Many phenomena can be evauated by an order of magnitude
analysis. For example, the Weber number for this flow is estimated to be about 4+104, which
indicates that surface tension forces are negligible. The high Reynolds number of the nozzle flow,
on the order of 105, indicates that the flow is turbulent. However, cavitation is a much more

violent phenomenon than turbulence. Moreover the prediction of turbulence in cavitating flow is



most likely beyond the scope of current turbulence models. Hence, no turbulence model is
included in the present work. For more discussion of turbulence in cavitating nozzles, the reader

should refer to He and Ruiz (1995).

The most crucia part of modeling cavitating flow is the closure of the hydrodynamic equations.
The type of closure used by Kubota et al. (1989) and Chen and Heister (1995) does not seem
appropriate for extremely smal nozzles. In both of these studies the authors assumed
homogenous, sub-grid scale, bubble distributions. For such a smal-scae flow the energy
equation used by Avvaet al. (1995) appears to be a more appropriate starting point. Equation 1 is
a conservation of energy statement assuming homogenous equilibrium of the two phases and

includes the viscous dissipation term, @.
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The order of magnitude of each term is estimated using values that are appropriate for 100 MPa
injection of fuel through nozzles with a diameter of 200 microns, and a density of 860 kg/m3.
Rough estimates of enthalpy, therma conductivity, and temperature difference are 2500 kJ/kg,
0.613 W/m*K, and 30 K, respectively. Using these figures, the enthalpy and pressure work term
are at least five orders of magnitude greater than the conduction and viscous terms. These estimates
suggest that thermal conduction and viscous work can be neglected from the energy equation.
Because these terms, which are associated with irreversibilities, are found to be negligible, the

reduced energy equation admits only pressure work and enthalpy storage:
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Thus it is assumed that the mechanical driving force due to the upstream pressure is much larger
than any therma effect or viscous losses. The remaining terms describe reversble work and

suggest that in place of the energy equation one may use an isentropic model equation.
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As mentioned previoudly, the Mach number based on the liquid sound speed for high speed nozzle
flow is approximately 0.4. The Mach number based on a two-phase sound speed or on the vapor

sound speed would be much higher. These Mach numbers indicate that the numerica scheme



should include compressibility effects. Asan additional advantage compressibility should enhance
caculation of bubble collapse (Knapp, 1970). Also, it seems likely that the inclusion of
compressibility  effects could improve the sability of the numerical scheme by allowing
compressive energy storage. A simple analysis based on sound speed and the continuity equation

can quantify this benefit. Consider isentropic compression of a fluid in an Eulerian reference

frame:
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Expanding the continuity equation using the product rule gives:
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Substitution of Egn. 4 into Egn. 5 eiminates the substantial derivative of density and instead
relates the pressure change to the velocity divergence:
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If the pure liquid phase is treated as incompressible, then a becomes infinite a the moment of
bubble collapse. So at the end of bubble collapse the velocity divergence must instantly go to zero
or else the pressure response isinfinite. However, if the velocity divergence discontinuously goes
to zero then there is an infinite accel eration that also could cause an infinite pressure response. By
allowing for liquid compressibility, the fluid can naturaly absorb the kinetic energy of bubble

collapse and the pressure remains bounded.

Two-Phase Thermodynamics

Though these ssimplifying assumptions are certainly applicable for the liquid phase, one would
prefer additional confirmation of the applicability to two-phase flow. Egn. 3 would represent
cavitation as an inertially dominated process, with negligible thermodynamic effects. This is a
common assumption, because the heat transfer from a bubble to the surrounding liquid takes place
on length scales that are on the order of microns and is very rapid. According to Knapp et al.

(1970) the heat transfer in cold fluidsis usually so fast that it may be considered instantaneous.



In order to further verify this assumption, the criterion of Kato et al. (1994) is used. Kato et al.
compared the growth of an axisymmetric, inertially driven, bubble to the growth of a thermaly
driven bubble. They used the asymptotic behavior of an inertial and therma mode to compare

bubbleradii. The asymptotic solution for the radius of an inertially driven bubble was given as.

R =15 ™

where the pressure difference, Ap, is the pressure difference between the inside and outside of the

bubble. The thermally driven asymptotic solution for bubble radius was given as.

Rr = Ja, o0t ®)

m
where Ja is the Jakob number and a is the therma diffusivity. The Jakob number,
Ja=pCpAT/p\L, which represents the ratio of heat available from the surrounding liquid to the
energy required for phase change, is estimated to be about 1250. It is assumed that inertia or
therma growth will limit growth based on which one would correspond to a smaller bubble a a
giventime, t. Sincethe radius of the inertial bubble grows linearly with time, but the radius of the
therma bubble grows with the square root of time, the inertia effects will initially dominate the
bubble growth. At some later time, therma effects will be important and begin to limit growth.

Thiswill occur when Rr<R;. Thesetwo radii are equal when
o Jala

mAp
Using 100 MPafor Ap, the thermal effects will not limit growth until the bubble has grown for 13

t=18 (9)

ps at which point it would be 3mm in radius, which is much larger than the nozzles considered in
thispaper. This estimate is very conservative, since Kato et al. used estimates of roughly 2 kPa
for Ap. Clearly, the geometry is too small and the flow is too fast for therma non-equilibrium

effects to be important.

In summary, the energy equation has been reduced based on an order of magnitude analysis. The
assumption of thermodynamic equilibrium has been further validated using an asymptotic analysis
reported by Kato at a. This closure along with the continuum trestment leads us to a baratropic

equation of state, similar to Delannoy and Kueny. However our treatment differs in two important



respects. (1) Themodel isapplied to very small scale calculations and very high velocities and (2)
The compressibility of the liquid and vapor is included in a more rigorous manner. One of the
known drawbacks of a baratropic equation of state is that it allows gradual density changes in the
presence of gradual pressure changes. In the case of small, high-speed nozzles, the huge pressure
gradients and small length scale reduces this limitation, as will be demonstrated by the results. The
inertial non-equilibrium arguments of Chen and Heister are partialy obviated because of the very
small scale of these calculations. With grid cells only a few microns wide some of the small scale
inertial effects should be represented in our calculation. One should take these concerns as

warning not to apply this model to large scale, low speed cavitation calculations.

The Simplified Equation of State
Equation 3 may be considered an isentropic model of the phase change, where the speed of sound

is given by the homogenous equilibrium model (HEM). Thisis modeled by

dp = a%dp (10)
where ais given by Wallis(1969) as
a= 1 (11)
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The values of ag and g are the sound speeds of the pure phases. In this expression, « is the void

fraction and is given by

a=P"P (12)
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By assuming constant sound speeds for the saturated vapor and liquid, the pressure may be
anayticaly integrated as a function of void fraction. Integrating from the saturated liquid state
gives:
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where pg isnot afunction of void fraction, but rather a parameter of the fluid properties:

(13)
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So pressure is given by an analytic function of density that islinear for pure liquid or vapor and is

(14)

given by Egn. 13 in the two-phase region, where p,<p<p,. Pressure according to this relationship
isshown as afunction of density in Fig. 1. Thisclosure means that no partial differential equation
is required for pressure. The pressure can be found andytically from the cel density which

dramatically reduces the computationa cost of atime step.

Numerical Solution

Thismodel may be written asthree partia differential equations and one algebraic equation of state:

%mm\?mﬂp:o (15)
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Equation 18 refers to Egn. 13 or to the integral of Egn. 10, depending on the cdl density. In
Eqgns. 15, 16, and 17, wis zero for calculations in Cartesian coordinates and unity for calculations
in polar coordinates. In polar calculations, z replaces x and r replaces y. The convective and

Viscous axisymmetric source terms for polar calculations are:
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The interaction between velocity divergence and viscosity has been neglected, and an

incompressible form of the shear terms was used, as in Chen and Heister (1994). The viscosity



was assumed to be linearly proportional to density for simplicity. Once the equations are non-

dimensionalized, the viscosity appears as the density divided by the Reynolds number.

Equations 15, 16, and 17 are transformed to genera (1,{) coordinates and solved in strong
conservation form. These equations are solved on a staggered grid using third-order Runge-Kutta
time stepping. All spatia derivatives are second-order centra differenced. Thermodynamic
variables are located at cell centers, metrics and velocities are defined at vertices, and contravariant
velocities are defined at cell sides. Fourth-order viscosity is added to the velocities to smooth out
the effect of the non-conservative axisymmetric terms and to complement the very low molecular
viscosity. In each Runge-Kutta sub-step, the right-hand side of Eqgn. (15) is cdculated and the
density isupdated. Thisallowsthe pressure to be updated using Egn. (18). Next, the right hand
side of Egns. (16) and (17) are evaluated and the velocities are updated. Finaly, the boundary
conditions are enforced and the fourth-order viscosity is added to the velocities. This algorithm
requires no iterative pressure solution and thus avoids the cost and convergence problems of

elliptic pressure solvers.

The modd istypicaly run a a Reynolds number of 15,000 and uses a coefficient of fourth order
viscosity of 0.05 for high speed runs and 0.01 or less for low speed runs. The cdculations are
non-dimensionalized using areference pressure of 100 MPa, adensity of 860 kg/m3, and a length
scale of 200 um. The non-dimensional sound speeds for liquid and vapor are 3.5 and 0.9,
respectively. Since this is an explicit scheme, the time step is limited by the speed of sound and
locd velocity. As aresult, the code performs best a moderate Mach number and poorly a very

low Mach number.

The key issue in the numerica solution of this system of equations is the resolution of the rapid
density change across phases. The stability problems of cavitation calculations are much more
severe than single-phase calculations. For example, the density ratio across an aerodynamic shock

istypicaly an order of ten or less. In a cavitation calculations density must rapidly drop from a
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value of about 1.0 (liquid density) to around 10-5 (vapor density) without ever reaching zero.
Thus, athird order monotone shock capturing schemeisused. This scheme, published by Zijlema
(1996), is applied only to the continuity equation, since the momentum equations aready have
fourth-order smoothing applied to them and are well behaved. This shock capturing technique
uses a “flux limiter” to linearly combine the upwind and centra difference operators. The flux

limiter isgiven by

W(r) :%(r +|r() r+3

wherer istheratio of successive density gradients.

(21)

To further ensure stability, the density is checked at each sub-step and reset to 109 if it falls below
this number. Though thisviolates conservation of mass, the magnitude of the correction is much
smaller than the discretization error of the finite difference scheme. The total mass correction over
time is reported by the model and is on the order of 0.01% of the nozzle mass flow rate. This
correction is a necessary precaution when caculating mass flow in more than one spatial

dimension, where shock capturing does not always demonstrate monotone behavior.

Boundary Conditions

The typica physical nozzle geometry is shown in Fig. 2 aong with the computational domain.
The left boundary isthe inlet, representing a high pressure source of fluid. Flow exits the domain
at the right boundary, which usually represents alarge chamber. The top of the domainisa curved

wall, and the bottom of the domain isaline of planar or axi-symmetry.

The use of the staggered grid makes boundary conditions on the wall and centerline very smple:
the velocity at thewall iszero and v and iszero at the centerline. No explicit boundary conditions
arerequired for the density because the densities are located a haf-cell away from the boundaries,
and the mass flux into the continuity cells from these boundaries is zero. For solving the u-

momentum equation at the center line, symmetry is used to evaluate density.
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Theinlet boundary condition is computed in a simple fashion that is very useful for nozzle flows.
Far upstream of the inlet the fluid has a negligible velocity and a specified stagnation state. The
inlet boundary condition connects the interior to the stagnation conditions by a conservation of
energy equation and an interpolation between the nearest point and the far-field. Equation 22
shows how the inlet pressure, pin, is interpolated using the far-field pressure, pg, and the nearest
cal pressure, p1. Equation 23 relates the far-field pressure and density, po, to the velocity
magnitude at the inlet boundary. The inlet velocity caculation requires a direction as well as a
magnitude and so the velocity is constrained to be perpendicular to theinlet. Egns. 18, 22, and 23

are solved at each cell vertex and cell side at the inlet boundary.

+
B :_(Doz ) (22)
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The outlet boundary condition is considerably more sophisticated, in order to dea with the
compressible, two-phase nature of the flow. This boundary must let acoustic waves from the
interior out of the domain without reflecting them. This boundary also must let bubbles out of the
domain and be stable under awide range of Mach numbers. Finally, the exit boundary represents
the specified downstream pressure. An analysis similar to Thompson(1987) and Poinsot and
Lele(1992) is used to construct the finite difference equations. The flux terms normal to the exit
are split into four characteristic waves given by an eigenfunction analysis. For supersonic
conditions al the waves are moving from the domain outward, and derivatives normal to the exit
are caculated using upwind differencing. Supersonic flow typicaly occurs when a cdl contains
both liquid and vapor, resulting in avery low sound speed. For the flow of pure liquid the exit is
generally subsonic and one of the characteristic waves must be specified. Idedlly this wave is
specified in such a way that the exit is not entirely reflective, yet enforces the downstream
pressure. The approach suggested by Poinsot and Lele (1992) is used, where the incoming wave

is assumed to be of the form:
El 0 K(pexit - pm) (24)
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¢, is the incoming characteristic wave that transmits the downstream pressure back into the
domain. p,, is the current pressure at the boundary between a cell and the exit, while p_, is the
specified downstream pressure. K is a constant chosen to be 0.05 for reasonable exit behavior.
Poinsot and Lele (1992) discussed how to estimate this number. As k increases the exit pressure
becomes more strongly tied to the specified downstream pressure but the boundary also becomes
more reflective.  The boundary lets the downstream pressure vary dightly from the specified
downstream pressure. This treatment allows structures such as waves and bubble to pass through
the exit without reflecting. The disadvantage of this exit boundary is that a value for k must be

specified, which can effect the solution.

In the case where flow at the exit is reversed two additional waves must be specified. In this case
the incoming flow is assumed to be liquid moving normal to the exit boundary. This is not an
accurate assumption for discharge into a gaseous environment, but is rather representative of a
submerged nozzle. Thisisalimitation of the model due to the neglect of non-condensable gasses
whose effect is not considered in the equation of state. This limitation precludes the code from

predicting “hydraulic flip.” (Soteriou et al., 1995)

Once dl four characteristic waves are determined, they are recombined to find the flux normal to
the exit plane. Then the transverse and viscous terms of the governing equations are calculated. At
this point, the density and velocity values are be updated on the downstream boundary. Finaly,

pressure is updated using Eqn. (18).

Results

The new cavitation model has been used for severa different types of calculations. The collapse of
a single bubble has been smulated as part of the model validation. The code was applied to a
smple nozzle geometry in order to further validate the model aswell as to learn about the behavior

of cavitating nozzles. As a demonstration of other uses for the model, the flow through an
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axisymmetric fudl injector tip was calculated. In order to investigate the effect of asymmetry on

nozzle cavitation, the asymmetric flow through a slot was also predicted.

Although the nozzle calculations are the mativation for this effort, single bubble caculations can
help to evaluate the model. By comparing the predicted rate of collapse to experimenta
measurements, one can partidly validate the numericd scheme. This caculation is a very
demanding problem for this code, since this test requires having two-phase flow at the centerline,
where the equations are mildly singular. Furthermore the axisymmetric terms, which are not

treated in conservation form, are very important due to the high radial velocity near the centerline.

The first test of the model was the calculation of axisymmetric bubble collapse far away from
physical boundaries. For a quantitative evaluation of the code, the bubble size was plotted versus
time and compared to the experimental measurements of Ohl et al. (1995). Because Ohl et al.’s
data start asthe bubble is collapsing, an initid velocity field was constructed from Ohl’s reported
initial bubble wall velocity. The liquid velocity field was initidized to a potentia flow field
consistent with the bubble radius and wall velocity. The results are shown in Figure 3 with the
instant of collapse defined a t=0. The calculated collapse is dightly slower than the measured
collapse, but otherwise agrees well. The dight disagreement likely comes from two sources.
Firstly, theinitial velocity condition was projected onto the numerical grid from the potential flow
field. This projection is an imperfect fit to the discretized equations. The second reason for the
disagreement is that as the bubble collapses, the resolution of the bubble becomes increasingly
poor. Some of the energy of collapse is lost as the size of the bubble drops to the grid cell level.
The calculation correctly predicted a strong outward compression wave after the bubble collapsed,
as can be seen in Ohl et a.’s photographs. Figure 4 shows the numerical prediction of this
outward moving wave. This prediction of this pressure wave is an important benefit of the
consideration of liquid compressibility. It is important to note that the modd underestimated

bubble rebound by predicting only trace amounts of vapor instead of a fully formed bubble. This
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disagreement between prediction and experimental measurement islikely aresult of the energy loss

as the size of the bubble shrinks below the resolvable level.

The behavior of a smple nozzle geometry was investigated in great detail. The first test was to
check for grid sengitivity. The length of the nozzle in these calculations was 4.0 with a diameter of
1.0, and aminimum radius on the inlet corner of 0.025. Although some of the experimenta data
used for comparisons came from sharper nozzles than 0.025, it was necessary to have some
rounding of the inlet corner to avoid asingularity in the transformation from physical to numerica
coordinates. Grid sensitivity was checked by discretizing the same geometry with two different
140 by 40 grids. The only senditivity noted was that the transient length of the cavitation film
could change with the different grids. However the time averaged mass flow into the domain

changed by only 0.4%.

For the nozzle calculations, the upstream pressure was varied over avery wide range, from a non-
dimensional value of 0.075 to 1.0. The downstream pressure was held constant a 0.05. The
calculations were performed on agrid of at least140 by 40 points with a CFL number of about 1.0,
based on liquid sound speed. The sound speed, rather than a+u, was used for estimating the CFL

number because the velocity field is not known a priori:

aAt
CFL=————— 25
min(Ax, Ay) (23)

Animage of the instantaneous flow field in one such calculation is shown in Fig. 5 for a nozzle
with L/D=4. This image was very similar to photographs of cavitating nozzles taken by
Chaves(1995). Rather than forming spherical bubbles, the cavitation region stretched out into a
long film dong the wall. Unfortunately, some smearing of the trailing edge of the bubble
occurred, which can be seen in the density contours. For most of the length of the nozzle the
liquid was constricted into a vena contracta. The liquid re-expanded near the nozzle exit,
accompanied by an increase in pressure. The bubble extended dightly further and reached the
nozzle exit. Thissuggested that the bubbles could collapse outside of the nozzle, as observed by

Chaves.
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The model aso agreed with quantitative measurements of nozzle flow. The predicted coefficient of
discharge was compared to experimental measurements for sharp nozzles, as shown in Fig. 6.
The time-averaged coefficient of discharge was plotted versus K, a cavitation parameter which was

chosen for its usefulness in collapsing cavitating nozzle data (Schmidt et al.,1995).

k=P ~PB (26)
Po = Pe

The experimental data show considerable scatter, but were very close to the predicted value of Cg.
Asafurther comparison to experimental data, the predicted centerline exit vel ocities were compared
with experimental datafrom Chaves et al. (1995). These results are shown in Fig. 7 for nozzles

with L/D=10. The modd predictions agreed quite well with the experimental velocities.

Because the equations are solved on a boundary fitted mesh, the model is capable of calculating
flow through a variety of geometries. The effect of varying nozzle length is shown in Figure 8.
The coefficient of discharge agrees very well with experimental measurements from Ohrn et al.
(1991). These predictions confirm that dischargeis avery weak function of length. The shape of
the inlet corner was also varied. Figure 9 shows caculated results for flow through a rounded
nozzle. A long, thin, cavitation region is predicted behind the inlet corner. These results suggest
that a very high injection pressures even rounded nozzles are prone to cavitation. Another
interesting feature of this calculation is that the flow is supersonic where the vapor reaches the exit,

which could mean that a shock exists just outside the nozzle exit.

Figure 10 shows the predicted coefficient of discharge as a function of inlet corner radius. The
predictions are compared with data from Ohrn et a. (1991). The predicted and computed
discharge agrees quite closely, with the exception of one point, a r/D=0.2. However, the
experimental data point appears to be an outlying point from the other experimental data, possibly a
result of hydraulic flip. The same experimental data point for a nozzle with L/D=3 is shown. As
mentioned above, coefficient of discharge is known to be a very weak function of length and so the

resultsfor L/D=3 are likely to be similar to L/D=4 if neither nozzleisflipped. The measured value
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from the shorter nozzle is more consistent with the other experimental data points and the predicted

values.

As a further demonstration of this code, a grid was developed similar to that of Koo and Martin
[1995]. They calculated the flow through an axisymmetric injector tip, including a stationary
needle. However, their calculation assumed incompressibility whereas the present work includes a
cavitation model. Animage of theresultsis shown in Fig. 11 for an upstream pressure of 1.0 and
adownstream pressure of 0.5. The streamlines show that the flow separates from the outer wall as
the fluid enters the sac, but then reattaches near the nozzle entrance. Figure 11 also shows that the
majority of the pressure drop through the tip occurs a the orifice entrance. The pressure drop
acrossthe valve seat is very small in comparison. The enlarged image of the nozzle is shown in
Fig. 12. This result is very similar to the plain orifice shown in Fig. 5. The coefficient of
discharge for the entire tip was 0.68, dightly higher than that of the plain orifice for the same
upstream and downstream pressure. This is due to the obtuse angle between the nozzle wall and

sac wall inthetip.

In nature cavitating nozzles likely shed bubbles in a non-axisymmetric fashion. However, al of
the previous results shown have been made with the assumption of axisymmetry. Thisassumption
tends to discourage any sort of shedding or regular oscillation. Not surprisingly, the transient
caculations of axisymmetric nozzle flow tended to eventualy stabilize. Since these oscillations
could significantly enhance spray breakup, they are of great interest to the spray community. In
attempt to capture some of these oscillations with a two-dimensional code, a ssmulation has been
run of an asymmetric planar slot, as shown in Fig. 13. The length to diameter ratio is 4.2 and the
radius of the inlet corner is 0.05 times the diameter. This geometry is reminiscent of a valve-
covered orifice (VCO) fuel injector geometry where the left boundary would be the needle surface.
In such flows the mgority of fuel would be expected to come from above and considerably less
fuel would come from the sac below. For this smulation, al of the mass was introduced at the

upper surface and the bottom surface was made a wall. A constant upstream pressure of 1.0
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(corresponding to 100 MPa) and a downstream pressure of 0.05 (corresponding to 5 MPa) was
used. In this case, the flow demondtrated very large transient variations. The coefficient of
discharge for the dot varied from 0.2 to 0.8. The cavity would periodicaly stretch to the exit and
then collapse entirely, generating strong pressure waves and vortices. Figure 13 is a series of
images showing the cyclic nature of cavity growth and collapse. After collapse, bubbles would
pinch off the main cavity and be swept downstream during the collapse process. A new cavity
would form and the process would repeat. Figure 13(a) shows the cavity during collapse. The
cavity disappears completely by Figure 13(c), and then re-forms by Figure 13(h). Figures 13(i)
and (j) show the cavity beginning to collapse again. The frequency a which this shedding
occurred was found to be roughly 33 kHz with avalue of k of 0.05 and increased to 26 kHz when
K was increased to 0.10.

There are other differences between the axisymmetric and asymmetric results. Inthe axisymmetric
calculations, such asin Fig. 5, the bubble stays very closeto thewall. Inthe asymmetric case, the
incoming momentum directs the liquid against the lower wall, creating a larger, more centra
cavitation region. The asymmetric results may be compared to the experimental work of Kim et al.
(1997) who made photographic investigations of three-dimensional transparent injector tips. Kim
et a. observed strong asymmetry in the cavities within nozzle holes. They noted that the cavitation
region could extend to the exit of the nozzles, depending on the geometry of the tip. Arcoumanis,
et a. (1998) also investigated a transparent, three-dimensional VCO nozzle. They made
photographs of the cavitation in the nozzles which strongly resemble the computationa results of

Fig. 13.

Conclusions
A new model of cavitating flow was constructed based on the assumption of thermodynamic
equilibrium. The hydrodynamic equations were closed using an algebraic equation of date that

described isentropic phase change and considered compressibility of both phases. These equations
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were solved on a two-dimensional boundary fitted mesh for both the collapse of a single bubble

and for cavitating nozzle flow.

The results for the single bubble cal culations were acceptable, and agreed closely with experimental
observations of high speed nozzle flow. The model accurately predicted quantifiable characteristics
of nozzle flow such as coefficient of discharge and centerline velocity at the nozzle exit for sharp
nozzles. Some smearing of the collapse region was observed, asistypical of continuum schemes.
Future work involving better numerical treatment of the interface may remedy this limitation. The
cavitation model also predicted the flow through an axisymmetric nozzle tip. In this case the
results were quite smilar to the plain orifice flow. However the cdculated behavior of flow
through an asymmetric nozzle were considerably different than through a plain orifice. The
asymmetric flowfield tended to exhibit strong transients which would have a dramatic influence on

spray breakup.
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Nomenclature
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X,y

€ © & =

—

sound speed

coefficient of discharge

nozzle diameter

enthalpy

indicesin the n,{ directions

thermal conductivity

a cavitation parameter used in nozzle flow

the wave which is coming from outside the domain in subsonic flow
the length of the nozzle, also enthal py of vaporization

pressure

radius of curvature of the inlet corner

radius of a bubble whose growth is controlled by inertial effects
radius of a bubble whose growth is controlled by thermal effects
gpatial location in polar coordinates

velocity inthe x and y direction

gpatial location in Cartesian coordinates

void fraction

computational coordinates

constant of proportionality used in the exit boundary condition
viscosity

viscous energy dissipation

density

zero in Cartesian coordinates, unity in polar coordinates

shear stress
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Subscripts
exit

g

at the nozzle exit

vapor

at the nozzleinlet

liquid

at saturation

Viscous

far upstream of the nozzle

far downstream of the nozzle
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Figure Captions
1. Barotropic equations of state on log-log axes. The solid line is the same type used by Delannoy
and Kueny but with adensity ratio of ten-thousand to one. The dashed lineis the equation of state

used in this study and is based on the assumptions of homogenous equilibrium.

2. Typica physica and computational domain for nozzle calculations: The top sketch is the

physica domain and the bottom is the corresponding computational domain.

3. This figure shows a comparison of the predicted and measured collapse of a single spherica

bubble from Ohl et al. (1995). Thetime datum, t=0, is defined at the moment of bubble collapse.

4. After the bubble collapse, a strong high pressure wave emanates from the bubble center. This
wave significantly compresses the liquid. These frames show caculated densities a eight
successive points in time. Saturated liquid densities are white and higher densities are dark. A
very strong, high pressure wave is formed after collapse, as shown in Frame (a). In successive
Frames (b) through (h) the wave expands and weakens. Ohl et al. (1995) has observed thistype of
wave photographically.

5. Output at asingle point in time for cavitating flow with a sharp nozzle inlet: The inlet pressure
is 1.0, and the downstream pressure is 0.05 with aninlet corner radius of 0.025 and L/D=4. The
upper half of the figure shows five density contours ranging from zero to one. The lower haf
shows every 10th momentum vector in the n direction and every 5th momentum vector in the &

direction.

6. Comparison of experimental and predicted coefficient of discharge for flow through a sharp

nozzle with an L/D of 4.0.
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7. Comparison of predicted centerline velocity and measurements by Chaves et d (1995) at the

exit of anozzle with L/D=10 and sharp inlet corners.

8. Comparison of predicted and measured discharge for varying nozzle length. The numerical
model had aninlet corner radius of r/D=0.05. The nozzle used in Ohrn et a. (1991) had as sharp a

corner as could be manufactured.

9. Output a a single point in time for cavitating flow with a rounded nozzle inlet: The inlet
pressure is 0.7, and the downstream pressure is 0.05 with an inlet corner radius of 0.25. The
upper half of the figure shows five density contours ranging from zero to one. The lower haf
shows every 10th momentum vector in the n direction and every 5th momentum vector in the &

direction.

10. Comparison of predicted and measured discharge for varying inlet corner radius.

Experimental dataare from Ohrn et a. (1991). All nozzles had an L/D of 4 except where noted.

11. Cdculation of flow through an axisymmetric nozzle tip. The left side of the figure shows
streamlines and the right side shows non-dimensional pressure. The needle surface is rendered by

artificial shading.

12. Caculated momentum vectors and density field in the nozzle of the axisymmetric tip. For

clarity, not all vectors are shown.

13. Caculation of asymmetric flow through a planar dot. Flow enters from the upper left and
exits at the lower right side of the figure; all other boundaries are walls. The images are 2.86

microseconds apart. The dark regionsin the figures are low density, and the profile at the exit of

the nozzle shows exit momentum. These calcul ations were done with k=0.05.
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