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a b s t r a c t
Cryogenic air separation units constitute an integral part of many industrial processes and next generation power plants. These units are characterized by ﬂuctuating operating conditions to respond to changing product demands. The dynamics of these transitions are highly nonlinear and energy-intensive.
Consequently, nonlinear model predictive control (NMPC) based on rigorous dynamic models is essential
for high performance in these applications. Currently, the implementation of NMPC controllers is limited
by the computational complexity of the associated on-line optimization problems. In this work, we make
use of the so-called advanced step NMPC controller to overcome these limitations. We demonstrate that
this sensitivity-based strategy reduces the on-line computational time to just a single CPU second, while
incorporating a highly detailed dynamic air separation unit model. Finally, we demonstrate that the controller can handle nonlinear dynamics over a wide range of operating conditions.
Ó 2008 Elsevier Ltd. All rights reserved.

1. Introduction
Air separation units (ASUs) are cryogenic distillation systems
that produce high purity nitrogen, oxygen and argon. Due to the
high demand of these commodity materials, the ASU has become
a crucial technology in many processes including next generation
power plants. These units involve single or multiple energy-intensive cryogenic columns running at extremely low temperatures
(170 to 195 °C). As a consequence, the required degree of energy integration in these systems is quite high, which makes them
difﬁcult to operate. In addition, as the product demand ﬂuctuates
signiﬁcantly in most ASU processes, the operating conditions need
to be switched frequently. This switching leads to long transients
that disrupt the system performance and proﬁtability [25,27]. As
expected, there is signiﬁcant economic interest in reducing the
operating costs of ASUs through advanced process control
technology.
So far, the dominating control practice in ASU processes has
been to adapt traditional regulatory controllers to maintain good
performance. Today’s trend has shifted towards multivariable control strategies such as model predictive control (MPC) [21,25]. MPC
is a class of optimization-based control algorithms that uses model
predictions to compute optimal future sequences of manipulated
variables in order to maximize some measure of the plant performance [7,18]. MPC provides notable advantages over regulatory
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control such as the direct handling of multivariable interactions
and operational constraints. In this context, the use of input–output empirical models in MPC has been the dominant practice. This
is due to the fact that this strategy avoids the development of rigorous dynamic models and the computational complexity of the
associated quadratic programming problems is manageable. In
fact, low-dimensional parametric MPC approaches have recently
been used to reduce the on-line computational effort and have also
been applied to ASUs [16]. Despite the success of linear MPC strategies, it is clear that their applicability to dynamic processes operating over wide operating regions would be strongly affected by
the limited predictive capabilities of linear input–output empirical
models.
In the last few years, there has been an increasing interest to apply nonlinear model predictive control (NMPC) with rigorous dynamic models in ASU processes. In previous studies, Roffel et al.
[21] showed that multivariable control based on ASU rigorous
models can provide signiﬁcantly better performance than a traditional regulatory controller. In addition, Chen et al. [8] showed that
NMPC can handle aggressive changes in the operating conditions of
the ASU efﬁciently. Another advantage of NMPC is that complex
economic objectives (not restricted to quadratic forms) can be directly incorporated in the optimization formulation, providing
the controller with real-time optimization capabilities [15]. Despite these notable advantages, an important obstacle blocking
the widespread use of NMPC is the computational complexity of
the associated rigorous dynamic models, which comprise large sets
of highly nonlinear differential and algebraic equations (DAEs).
Recent developments in large scale NLP algorithms and dynamic optimization strategies have enabled NMPC to become an
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attractive alternative in several industrial processes, and successful
applications have been reported in recent years [1,12,17]. However, as larger and more sophisticated process models are considered, the computational complexity becomes an issue. This
complexity translates into long sampling times and feedback delays that degrade controller performance and stabilizing properties
[11,22].
In the context of ASU, Chen et al. [8] have addressed the on-line
computational expense of NMPC through the development of models of reduced complexity based on compartmentalization concepts. In contrast, this study applies recently developed
optimization algorithms and on-line synchronization strategies that
enable the incorporation of rigorous, ﬁrst principle, dynamic ASU
models in NMPC. Such models are being validated and becoming
more widespread in industry, and they are currently very useful
for off-line simulation and optimization studies. In this study, we
will incorporate these detailed, nonlinear models and study the
performance of the so-called advanced step NMPC controller
(asNMPC) [28]. The controller is based on a separation principle between background and inexpensive on-line computational tasks
[9]. The controller exploits the predictive capabilities of the rigorous dynamic model to predict the future state of the plant and
solve a predicted problem in background (between sampling
times). Once the true state is revealed at the next sampling time,
the controller responds to the inherent model errors and/or external disturbances through a fast on-line correction of the predicted
solution. We demonstrate that the asNMPC controller is able to reduce the on-line feedback delay by over two orders of magnitude.
In addition, the strategy makes use of simultaneous collocationbased formulations and a sparsity-exploiting interior-point solver
to obtain fast background solutions. Finally, we compare the performance of the NMPC controller against that of a linear receding
horizon controller which incorporates a ﬁxed input–output empirical model. Several simulated operating scenarios arising in ASU
processes are analyzed.
The paper is organized as follows. Section 2 discusses the structure of the ASU process under study and describes the rigorous dynamic model. Section 3 describes the dynamic optimization
strategy, NLP algorithm and sensitivity concepts used to build
the asNMPC controller. Section 4 presents three detailed case studies to illustrate the performance of the different control strategies.
The last section concludes the paper and discusses topics for future
work.

2. Air separation model
2.1. Process description
In this study, we consider an air separation unit that produces
nitrogen with at least 99.9% purity, and oxygen with at least 96%
purity. The impurity associated with the oxygen is argon. The speciﬁcs of the ASU process under study were reported in [4,27]. Here,
ambient air is compressed in a large multistage compressor with
intercooling followed by removal of water, carbon dioxide and
hydrocarbons and by cooling in a multistream heat exchanger. As
sketched in Fig. 1, this air feed mixture of oxygen, nitrogen and argon is then split into two substreams. The ﬁrst stream consists of
main air feed entering the bottom of the high pressure column
(MA) and the second one consists of expanded air entering the
20th tray of the low pressure column (EA). Crude nitrogen gas
(GN) from the main heat exchanger is also added to the 25th tray
of the high pressure column. The high pressure column (bottom)
contains 40 trays and operates at 5–6 bars, while the low pressure
column (top) operates at 1–1.5 bars and also contains 40 trays. The
reboiler of the low pressure column is integrated with the con-

denser of the high pressure column. The main products of the high
pressure column are pure nitrogen (PNI) (>99.99%) and crude liquid oxygen (50%). The crude oxygen stream is fed into the
19th tray of the low pressure column. In addition, an intermediate
side stream from the 15th tray of the high pressure column (LN) is
fed to the top of the low pressure column. A high purity separation
is achieved in the low pressure column, leading to nitrogen gas
with 99% purity and oxygen (POX) with 97% purity as products.
2.2. Model equations
Mathematical modeling of dynamic distillation columns is a
well studied area [2,4,9,14,19,21]. Here, a detailed ASU model is
derived under the following simplifying assumptions:
 Negligible vapor holdups on each tray, as the dynamics of the
vapor phase are much faster than that of liquid phase.
 Ideal vapor phases.
 Well-mixed entering streams.
 Constant pressure drop on each tray.
 Equilibrium stage model.
The ASU model is represented by tray-by-tray equations consisting of mass balances (overall and component balances of nitrogen, oxygen and argon), energy balances, phase equilibrium,
hydraulic and summation equations.
Overall mass balance

dM i
¼ Li1 þ V iþ1  Li  V i þ F i
dt

ð1Þ

where i is the index of each tray, starting from the top of the column. Mi is the liquid mole holdup ([mol]) on tray i, Li and V i are liquid and vapor molar ﬂow rates, respectively and F i is the molar
mol
). If there is no feed to tray i, then F i ¼ 0. In this case,
feed (½min
the only nonzero values of F i are those corresponding to expanded
air (EA, U 1 ), main air feed (MA, U 2 ), liquid nitrogen (LN, U 3 ), crude
gas nitrogen (GN, U 4 ) and crude oxygen stream as shown in Fig. 1.
Component balance

dðMi xi;j Þ
¼ Li1 xi1;j þ V iþ1 yiþ1;j  Li xi;j  V i yi;j þ F i xfi;j
dt

ð2Þ

where j 2 COMP is the index of each component, xi;j and yi;j are component mole fractions in the liquid and vapor phases, xfi;j are the
mole fractions of the feed. Alternatively, we can rewrite Eq. (2)
using Eq. (1) as follows:

Mi

dxi;j
¼ Li1 ðxi1;j  xi;j Þ þ V iþ1 ðyiþ1;j  xi;j Þ  V i ðyi;j  xi;j Þ þ F i ðxfi;j  xi;j Þ
dt
ð3Þ

Energy balance
L

dðMi hi Þ
L
V
L
V
f
¼ Li1 hi1 þ V iþ1 hiþ1  Li hi  V i hi þ F i hi
dt
L

ð4Þ

V

where hi ¼ f hl ðT i ; Pi Þ and hi ¼ f hv ðT i ; Pi Þ are liquid and vapor enthalf
kJ
, and hi is the feed enthalpy. Expressions and data to
pies in ½mol
V
L
compute hi and hi can be found in a number of standard references.
For this study, we use the information in [20]. Using Eq. (1), the energy balance (4) can be rewritten as
L

Mi

dhi
L
L
V
L
V
L
f
l
¼ Li1 ðhi1  hi Þ þ V iþ1 ðhiþ1  hi Þ  V i ðhi  hi Þ þ F i ðhi  hi Þ
dt
ð5Þ

Summation equation

1¼

X
j2COMP

yi;j

ð6Þ
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Fig. 1. Simpliﬁed ﬂowsheet of ASU studied.

Hydraulic equation

Li ¼ kd M i

ð7Þ
1

where kd ¼ 0:5 min
ical data.

is a tuning constant determined from empir-

Vapor–liquid equilibrium

yi;j pi ¼ ci;j xi;j psat
i;j

ð8Þ
psat
i;j

fjp ðT i Þ

where pi is the total pressure on tray i, and
¼
is the saturation pressure of pure component j on tray i. Expressions to compute psat
i;j can be found in a number of standard references. For this
study, we used the information in [20]. Symbol ci;j denotes the liquid activity coefﬁcient describing the non-ideal vapor–liquid equilibrium calculated from

"

ci;N2 ¼ exp

AN2 ;O2 x2i;O2 þ AN2 ;Ar x2i;Ar þ ðAN2 ;O2 þ AN2 ;Ar  AO2 ;Ar Þxi;O2 xi;Ar

#

RT i

Eqs. (1), (3), (5)–(9) lead to a differential algebraic equation
L
(DAE) system, with the differential variables M i , xi;j and hi . Eliminating the dynamics of the vapor phase reduces the stiffness of
the model but makes the DAE system index 2. In other words,
we found that the algebraic variable V i cannot be explicitly recovered from the algebraic equations.
Solving the index 2 DAE system is often difﬁcult as consistent
initial conditions need to be determined. In order to avoid this,
the system was reduced to index 1 by differentiating the summation Eq. (6) with respect to time

0¼


X dyi;j
X dK i;j
dxi;j
¼
xi;j þ K i;j
dt
dt
dt
j2COMP
j2COMP

where we deﬁne K i;j ¼ ci;j psat
i;j =pi to simplify the notation. As a result,
K i;j is a function of temperature T i and component concentration in
each tray xi;j . Applying the chain rule to (10), we obtain

ð9aÞ
"

ci;O2 ¼ exp

AN2 ;O2 x2i;N2 þ AO2 ;Ar x2i;Ar þ ðAN2 ;O2 þ AO2 ;Ar  AN2 ;Ar Þxi;N2 xi;Ar

#

X

0¼

j2COMP

xi;j

"
#
X
X oK i;j dxi;j
oK i;j dT i
dxi;j
þ
K i;j
þ
oT i dt k2COMP oxi;k dt
dt
j2COMP

ð11Þ

RT i
ð9bÞ

ci;Ar ¼ exp

ð10Þ

By combining Eqs. (11) and (3) and introducing the dummy variables xi;j and T i , we obtain

"
#
AN2 ;Ar x2i;N2 þ AO2 ;Ar x2i;O2 þ ðAN2 ;Ar þ AO2 ;Ar  AN2 ;O2 Þxi;N2 xi;O2
RT i

f

xi;j :¼
ð9cÞ

Here R is the ideal gas constant and the coefﬁcients Aj;k account for
the liquid phase interactions between components j and k.
These can be calculated using the Margules equations as reported
in [2].

dxi;j Li1 ðxi1;j xi;j ÞþV iþ1 ðyiþ1;j xi;j ÞV i ðyi;j xi;j ÞþF i ðxi;j xi;j Þ
¼
dt
Mi
ð12Þ

dT i
T i :¼
¼
dt

P

h
j2COMP



i
P
oK
xi;j k2COMP ox i;j xi;k þ K i;j xi;k
i;k
P
j2COMP xi;j oK i;j =oT i

ð13Þ
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Note that by changing the left hand side of the energy balance (5)
we can rewrite this as an algebraic equation in terms of the dummy
variables

Mi

L
X ohL
ohi 
i 
Ti þ
xi;j
oT i
oxi;j
j2COMP

!
L

L

V

L

¼ Li1 ðhi1  hi Þ þ V iþ1 ðhiþ1  hi Þ
V

L

f

l

 V i ðhi  hi Þ þ F i ðhi  hi Þ

ð14Þ

The reformulated index 1 DAE system now consists of Eqs. (1), (3),
(6)–(12), (13), (14) for each tray and component. The ASU model
contains 320 differential equations and 1200 algebraic equations
with M i and xi;j as differential variables.

hand, this approach requires efﬁcient NLP solvers that are able to
exploit the sparsity of the problem and to handle the nonlinearity
and complexity of the large-scale dynamic model. In this work, we
make use of the interior-point solver IPOPT [26] to solve the resulting NLP problem. In the following subsection we describe the basics of the IPOPT algorithm and the recently incorporated NLP
sensitivity capabilities. These components enable the computation
of fast approximate solutions for parametric dynamic optimization
problems arising in NMPC.
3.2. IPOPT algorithm and NLP sensitivity
After discretization, problem (15) can be stated as a general
parametric NLP problem of the form

3. The advanced-step NMPC controller

min
wðpÞ

In this section, we describe the basic components of the advanced-step NMPC controller. We ﬁrst discuss the dynamic optimization problem formulation and the solution strategy. Then, we
make use of the parametric properties of the moving-horizon problems arising in NMPC to derive a strategy able to reduce the on-line
computational delay of NMPC.
3.1. Dynamic optimization strategy
We consider a dynamic optimization problem with initial conditions given by the current process state xðkÞ at sampling time t k
min

uðtÞ

Z

t kþN

wðzðtÞ; yðtÞ; uðtÞÞdt

ð15aÞ

tk

s:t:

dzðtÞ
¼ f ðzðtÞ; yðtÞ; uðtÞÞ
dt
0 ¼ gðzðtÞ; yðtÞ; uðtÞÞ
zðtk Þ ¼ xðkÞ

ð15cÞ
ð15dÞ

zL 6 zðtÞ 6 zU
L

ð15bÞ

ð15eÞ

U

y 6 yðtÞ 6 y

ð15fÞ

uL 6 uðtÞ 6 uU

ð15gÞ

t 2 ½tk ; t kþN 

ð15hÞ

where t is the scalar time dimension, N is the horizon length,
zðtÞ 2 Rnz is a vector of dynamic state variables, yðtÞ 2 Rny is a vector
of algebraic variables and uðtÞ 2 Rnu is a vector of manipulated variables. The DAE system (15b)–(15d) contains the rigorous description of the plant. Eqs. (15e)–(15g) are bound constraints for the
differential and algebraic states and for the manipulated variables,
respectively. Finally, note that the dynamic optimization problem
can be seen as parametric in the initial state xðkÞ, k > 1.
For the solution of large-scale dynamic optimization problems,
direct methods based on nonlinear programming (NLP) strategies
are particularly efﬁcient. Among these, single shooting [23,24],
multiple shooting [5] and simultaneous collocation-based [3]
approaches are the alternatives. In this work, we follow a simultaneous collocation-based approach. In this approach, the inﬁnitedimensional representation of problem (15) is transcribed into a
ﬁnite one through discretization schemes. For accurate approximations with guaranteed convergence properties, we use a ﬁnite element discretization at Radau collocation points [3,13]. The
discretization procedure leads to a large-scale NLP problem which
directly incorporates the discretized dynamic model as algebraic
constraints. Important advantages of this method involve the ability to exploit the sparse structure of the dynamic model directly in
the NLP solver, which tends to reduce the overall computational
complexity. In addition, since the dynamic model is in completely
algebraic form, cheap ﬁrst and second order derivative information
can be obtained directly from modeling platforms. On the other

FðwðpÞ; pÞ

s:t: cðwðpÞ; pÞ ¼ 0;

ð16aÞ
wðpÞ P 0

ð16bÞ

with variables w, objective and constraint functions F and c, respectively, and parameters p. Notice the implicit dependence of the
problem variables on the particular value of the parameter. In the
context of NMPC, this parameter can be denoted as the initial conditions xðkÞ. IPOPT handles the bound constraints implicitly through
logarithmic barrier terms added to the objective function,

min
wðpÞ

FðwðpÞ; pÞ  l

n
X

lnðwðiÞ ðpÞÞ

ð17aÞ

i¼1

s:t: cðwðpÞ; pÞ ¼ 0

ð17bÞ

where l > 0 is a barrier parameter. Symbol wðiÞ ðpÞ denotes the ith
component of vector wðpÞ. The solution of the barrier problem
(17) converges to the solution of the original NLP (16) as the barrier
parameter tends to zero.
To solve each barrier problem, IPOPT applies Newton’s method
to the KKT conditions of system (17). This results in the following
large-scale linear system solved at each iteration j

2

Hj

6 T
4 Aj
Vj

Aj
0
0

2
3
3
rFðwj ðpÞ; pÞ þ Aj kj ðpÞ  mj ðpÞ
Dw
6
7
76
7
cðwj ðpÞ; pÞ
0 54 Dk 5 ¼ 4
5
Z j V j e  lj e
Dm
Zj

I

32

ð18Þ

where k and m are the Lagrange multipliers for the equality constraints and bounds, respectively. In addition, Z :¼ diagðwðpÞÞ,
V :¼ diagðmðpÞÞ, H :¼ HðwðpÞ; pÞ, is the Hessian of the Lagrange funcand
tion
L ¼ FðwðpÞ; pÞ þ cðwðpÞ; pÞT kðpÞ  mðpÞT wðpÞ,
A :¼ AðwðpÞ; pÞ is the constraint Jacobian. It is important to emphasize that the most expensive step at each iteration in the algorithm
is the factorization of the KKT matrix in the left hand side of Eq.
(18). Depending on the size and structure of the problem, this factorization step can take a signiﬁcant amount of computation. In this
work, we provide the IPOPT solver with exact Hessian and Jacobian
information through the modeling platform AMPL. This accelerates
the local convergence of Newton’s method and allows efﬁcient solution of NLPs with many degrees of freedom.
Now consider the solution of the NLP (16) for a given nominal
parameter vector p ¼ p0 where the KKT system (18) can be expressed in condensed form as

K ðp0 ÞDs ¼ uðs ðp0 Þ; p0 Þ
T

T

ð19Þ


T

T

where s ðp0 Þ ¼ ½w ðp0 Þ ; k ðp0 Þ ; m ðp0 Þ  is the optimal triplet vector
while uð; Þ and K ðÞ are the KKT conditions and KKT matrix evaluated at this solution, respectively.
We further assume that the objective and constraints in NLP
(16) are at least twice continuously differentiable in p and that
a given nominal solution s ðp0 Þ satisﬁes the linear independence constraint qualiﬁcation (LICQ), the sufﬁcient second order
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conditions (SSOC) and strict complementary slackness. If the
parameter vector p0 enters linearly in the objective function and
constraints (e.g., as the initial conditions in the dynamic optimization problem), it is possible to show [10,28] that replacing the
nominal parameter p0 for the perturbed parameter p in (19) leads
to the ﬁrst order step Ds ¼ ~sðpÞ  s ðp0 Þ. Here, ~sðpÞ is an approximation to the true optimal solution s ðpÞ satisfying

j~sðpÞ  s ðpÞj 6 Ljp  p0 j2

ð20Þ

where L is a positive Lipschitz constant. The above result has important practical implications since the factorization of the KKT matrix
in (19) is already available as a natural outcome of the NLP solver.
As a consequence, the second order approximate solution can be
obtained through a single backsolve which can be performed at
least an order of magnitude faster than the solution of the full
NLP problem.
3.3. Control algorithm
The asNMPC control algorithm exploits the parametric properties of the dynamic optimization problem in NMPC and the predictive capabilities of the rigorous dynamic model. The algorithm can
be summarized as:
(1) Background calculation: Having xðkÞ and uðkÞ at tk , predict the
future state of the system zðtkþ1 Þ using the dynamic model.
Assuming the computations can be completed within one
sampling time, solve the NLP based on (15) over
t 2 ½tkþ1 ; tkþNþ1  with p0 ¼ zðtkþ1 Þ.
(2) On-line update: At t kþ1 , obtain the true state xðk þ 1Þ. Set
p ¼ xðk þ 1Þ
and
use
the
sensitivity
equation,
K ðp0 ÞDs ¼ uðs ðp0 Þ; pÞ, to get the fast updated solution.
Extract the control action uðk þ 1Þ from the approximate
solution vector and inject to the plant.
(3) Iterate: Set k
k þ 1 and go to background.
The asNMPC controller presents an attractive alternative to
approximate the performance of a hypothetical ideal NMPC strategy that provides optimal instantaneous feedback at each sampling
time (i.e. no computational delay). Using NLP sensitivity theory, it
is possible to bound the approximation error of the asNMPC controller in a rigorous manner. In addition, the controller enjoys the
same nominal stability properties of the ideal NMPC, and its robust
stability margins can be bounded by the uncertainty description
implicit in the perturbation jxðkÞ  zðt k Þj [28].

4. NMPC case studies for ASU
In this section, we evaluate the performance of the asNMPC controller in ASU with changing production demands. To design the
controller, we choose the molar ﬂow rate of pure oxygen (POXY 1 ) and the molar ﬂow rate of pure nitrogen (PNI-Y 2 ) as output
variables. The objective is to force the outputs to follow their setpoints while satisfying purity requirements.
Current ASU technology allows product composition to be measured directly. Moreover, nonlinear transformation of these measurements are commonly used for linear MPC controllers. On the
other hand, we prefer to use the tray temperatures because it is
a cheap, continuous indirect composition measurement common
to distillation control, and we can also choose more sensitive intermediate tray temperatures that add more robustness to the controller. In this study, temperatures at several sensitive trays are
chosen as output variables. In particular, we choose the temperature at 30th tray in the low pressure column (Tl30-Y 3 ), and temperature at the 15th tray in the high pressure column (Th15-Y 4 ).

Four stream ﬂow rates are considered as manipulated variables.
This includes the expanded air feed (EA-U 1 ), main air feed (MAU 2 ), reﬂux liquid nitrogen (LN-U 3 ) and crude gas nitrogen (GNU 4 ). All set-points and reference values for the manipulated variables were determined through steady-state simulations with
AspenPlus.
The objective function for the NMPC controller is in the following form:
Z tkþN 

T
T
MinuðtÞ
ðyðtÞ  yset Þ YðyðtÞ  yset Þ þ ðuðtÞ  uref Þ UðuðtÞ  uref Þ dt
tk

ð21Þ

where yðtÞ is a vector of controlled variables, uðtÞ is a vector of
manipulated variables and yset and uref are the set-points and reference values for the output and manipulated variables, respectively.
The symbols Y and U denote diagonal weighting matrices. The
diagonal element in U corresponding to each manipulated variable
is set to 1  105 except the one corresponding to EA-U 1 , which is
set to 1  104 . The diagonal elements in Y corresponding to Tl30
and Th15 are set to 3  102 while the elements corresponding to
POX and PNI are 1  104 .
We consider three case studies to demonstrate the performance
of the asNMPC controller. The ﬁrst case considers ramp changes of
the production rate set-point. Here, we contrast the performance of
asNMPC controller against that of a receding horizon controller that
uses a ﬁxed linearized dynamic process model. With this, we demonstrate that, despite the error introduced by NLP sensitivity
approximations, the asNMPC controller can still handle the nonlinear process dynamics over a wide range of operating conditions.
The second case considers step changes of the production rate
set-point in the presence of random disturbances. Here, we compare the performance of asNMPC with that of a hypothetical, ideal
NMPC controller (without computational delay). Finally, we compare the performance of these two controllers in a third case considering larger ramps of the production rates.
4.1. Case 1: ramping the product streams
In this scenario, the ASU starts from a nominal steady-state
computed from simulation. The oxygen and nitrogen production
rate set-points (and associated reference values for the manipulated variables) are reduced by 30% through a ramp change from
t ¼ 30 to t ¼ 60 min. After this, they undergo a ramp increase from
t ¼ 1000 to t ¼ 1030 back to their original values. For this simulation, we assume that the model is perfect and no unmeasured disturbances are present. The control horizon is chosen to be equal to
the prediction horizon with a total length of 100 min distributed
over 20 ﬁnite elements. The sampling time is set to 5 min. After full
discretization of the dynamic optimization problem using collocation on ﬁnite elements, the resulting NLP contains 117,140 variables and 116,900 constraints. The NLP is very sparse with up to
5 nonzero entries per row in the Jacobian, and 4 nonzero entries
per row in the Hessian.
A total of 400 moving horizon optimization problems was
solved. We set the initial barrier parameter to l ¼ 107 in order
to promote fast convergence of the solver. The solver took 5–8
iterations and 120–220 CPU seconds to converge with a tight tolerance of 1  106 . All simulations were performed on an Intel
DuoCore 2.4 GHz personal computer. Based on these computational times, it is clear that a conventional implementation of
NMPC would introduce a feedback delay of almost 4 min. The
asNMPC controller brings the on-line computational time down
to 1 CPU second, corresponding to the time required to perform
a single backsolve with the ﬁxed KKT matrix. This on-line computational time is over 100 times less than the full solution of
the NLP.
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Fig. 3. Manipulated variables for case one. The dot-dashed line is the reference
value, the solid line is the linear controller proﬁle and the dashed line is the asNMPC
proﬁle.
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The ﬁrst case demonstrates that asNMPC with a rigorous nonlinear model is expected to have better performance over a wider
range than a controller based on a ﬁxed linear model. In the second
case study, the set-points of the controlled variables undergo a
more aggressive step change. The proﬁles are presented in Figs. 4
and 5. At t ¼ 30, the set-points and reference values are instantaneously reduced by 30%, and later increased back to their original
values at t ¼ 1000. In addition, a 5% random disturbance is added
to the molar holdups to test the robustness of the controllers. A total of 400 moving horizon problems was solved. For the same barrier parameter l and tolerance levels, IPOPT takes up to 10
iterations and 240 CPU seconds to converge the NLPs. The time required for the on-line calculation of the asNMPC controller was still
around 1 CPU second. In addition, it is worth mentioning that our

2500

1200
1000
800
600
800
600
400
92

Tl30 [K]

4.2. Case 2: step change in product streams
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The closed-loop proﬁles for the ﬁrst case study are shown in
Figs. 2 and 3. Note that the asNMPC controller is able to track the
production rate ramps well while maintaining the tray temperatures close to their set-points (compare the dashed and dot-dashed
lines). To illustrate the beneﬁts of the NMPC controller and its nonlinear dynamic model, we considered the same controller but with
a linear dynamic model. Here the linear process model is derived
by identifying the data generated by dynamic simulation of the rigorous nonlinear model using MATLAB. The linear Multiple Input
Multiple Output (MIMO) model is then obtained by combining
all the Multiple Input Single Output (MISO) ARX models between
inputs and outputs. Each ARX model is chosen with a structure that
achieves the smallest Akaike Information Criteria (AIC) [6]. In order
to assess the impact of the nonlinear model within the NMPC controller, the prediction horizon and sampling times are also set to
100 min and 5 min, respectively.
From Figs. 2 and 3 note that the asNMPC controller keeps the
controlled variables close to their set-points. On the other hand,
the controller with the linear model presents large deviations
while asNMPC recovers quickly. Fig. 3 shows that the manipulated
variables of the linear controller are aggressive and tend to oscillate, while their asNMPC counterparts stay close to their reference
values. This is mainly due to the fact that the asNMPC controller
can still handle the nonlinear process dynamics due to the background update of the KKT matrix at each time step.
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linear controller with the same tuning parameters tends to be
unstable for this case.
In this case study, we also compare the performance of the
asNMPC controller with that of the hypothetical ideal NMPC controller. As shown in Figs. 4 and 5, the asNMPC controller is able
to reject the random disturbances during both transients. Moreover, note from Fig. 6 that the product purities are satisﬁed during
the entire time frame even though they are controlled indirectly
through the tray temperatures. Compared to the product purities,
the temperature proﬁles seem to show larger deviations due to
the more aggressive step change. Finally, it is clear that the asNMPC
controller yields very good sensitivity approximations despite relatively large disturbances.
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Fig. 4. Controlled variables for case two. The dot-dashed line is the set-point, the
thin solid line is the ideal NMPC proﬁle and the dashed line is the asNMPC proﬁle.

92
91

Th15 [K]

90
95
94.5
94

4.3. Case 3: large ramps in product streams
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Fig. 2. Controlled variables for case one. The dot-dashed line is the set-point, the
solid line is the linear controller proﬁle and the dashed line is the asNMPC proﬁle.

The ramp change strategy helped us to consider wider transitions. For the third case study, the set-points of the production
rates undergo a ramp reduction from t ¼ 30 to t ¼ 60 by 40%, along
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Fig. 6. Product purities of case two. The thin solid line is the ideal NMPC proﬁle and
the dashed line is the asNMPC proﬁle.

with a ramp back to their original values from t ¼ 1000 to
t ¼ 1030. The results are presented in Figs. 7 and 8. As in the second case, a 5% random disturbance is added to the molar holdup on
each tray. All the tuning parameters stay as before. Obviously, the
production rates can easily be switched while the product purities
are kept at target. Despite the large ramp change, IPOPT was able to
solve each of the 400 moving horizon problems in around 8 iterations and 220 CPU seconds. Again, on-line computation required
around 1 CPU seconds. Furthermore, the asNMPC controller still
yields a nearly perfect approximation of the ideal NMPC controller
performance as seen in Fig. 9.
5. Conclusion and future work
Air separation units are an essential technology in many industrial processes. The wide changes in production rates and tight energy integration encountered in these units demand advanced
control technology for robust and proﬁtable operation. In this context, NMPC using rigorous ASU models is an attractive candidate
but is limited by the associated on-line computational effort. In

Fig. 7. Controlled variables of case three. The dot-dashed line is the set-point, the
thin solid line is the ideal NMPC proﬁle and the dashed line is the asNMPC proﬁle.
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Fig. 5. Manipulated variables for case two. The dot-dashed line is the reference
value, the thin solid line is the ideal NMPC proﬁle and the dashed line is the asNMPC
proﬁle.
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Fig. 8. Manipulated variables of case three. The dot-dashed line is the reference
value, the thin solid line is the ideal NMPC proﬁle and the dashed line is the asNMPC
proﬁle.

this work, we make use of the recently proposed advanced-step
NMPC (asNMPC) algorithm to overcome these limitations. The proposed strategy is demonstrated using several scenarios arising in
industrial ASU units. Here, we show that the sensitivity-based
asNMPC controller can handle the nonlinear dynamics of the process over wide production rate changes. In addition, the asNMPC
controller provides nearly identical performance to that of a hypothetical ideal NMPC controller with a minimum of on-line computational effort.
Future work will consider the extension of sensitivity-based
NMPC controllers to deal with uncertainty and updating of the
nonlinear dynamic model. Our current NMPC framework assumes
that state estimates are available instantaneously and the dynamic
model is perfect. In reality, state and parameter estimation need to
be used, even though this would require additional computational
effort, leading to even longer feedback delays. In order to overcome
this delay, we plan to couple the MHE algorithm proposed in [29]
to the asNMPC controller. This would allow states and model
parameters to be updated with negligible on-line computation.
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Fig. 9. Product purities of case three. The thin solid line is the ideal NMPC proﬁle
and the dashed line is the asNMPC proﬁle.

Finally, with these developments, our ultimate goal is to consider
the implementation of NMPC controllers with economic objectives
able to minimize the operational costs of ASU units.
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