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State Space Modeling of Dimensional Variation
Propagation in Multistage Machining Process
Using Differential Motion Vectors

Shiyu Zhou, Qiang Huang, and Jianjun Shi

Abstract—in this paper, a state space model is developed to de- VD&T
scribe the dimensional variation propagation of multistage ma- q7, I
chining processes. A complicated machining system usually con- " "
tains multiple stages. When the workpiece passes through mul-

R JR R
tiple stages, machining errors at each stage will be accumulated s dny' dr
and transformed onto the workpiece. Differential motion vector, a
concept from the robotics field, is used in this model as the state [(k)
vector to represent the geometric deviation of the workpiece. The
deviation accumulation and transformation are quantitatively de- n o a
scribed by the state transition in the state space model. A system- .’ '
atic procedure that builds the model is presented and an experi- P
mental validation is also conducted. The validation result is satis-
factory. This model has great potential to be applied to fault di- p
agnosis and process design evaluation for complicated machining ¢ (k)
processes.

Index Terms—Dbifferential motion vector, multistage machining ri(k)
process, state space model, variation propagation.

NOMENCLATURE si(k)
’FCS, FCS Nominal and actual fixture coordinate
system.
HTM Homogeneous transformation matrix. R O4R
HEOHE Actual and nominal HTM between RCS "' ™
and LCSL. tR tR tR
R P . R R nr' “ny’ "nz

O0H;} Deviation HTM defined byd;* andé;*. R

n

n by n identity matrix andm by n zero
matrix, respectively.

Ianr Onlxn

LCS; sth local coordinate system. x(k)

M, N Total number of key features and ma—xn(k)
chining stages, respectively.

RCS Reference coordinate system. R AR

RE ORE Actual and nominal rotational matrix be-~ "' """
tween RCS and LCS wh OR

Ty, Ty Transformation matrices for datum-in-~ "' "
duced error. gR R gR

T Transformation matrix for fixture error. [’]7(’;) myr Nz

X
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Vectorial dimensioning and tolerancing.
Position and orientation deviation of LGS
from nominal positions w.r.t. RCS.

Three elements ol 2.

Stage indexk = 1...N.

Total number of newly generated feature at
stagek.

Column vectors of a rotational matrix.
Skew symmetric matrix obtained from
vectorp.

Extension of a vectop. p = [p” 1]T.
Feature index for newly generated feature
at staget. i = 1...1(k).

Feature index for the primary datugh =

1), secondary daturfy = 2), and tertiary
datum(: = 3) of the kth stage.

Feature index for the generated feature up
to stagek (not include stage:). i is an
integer from 1 to total number of generated
features up to stage

Actual and nominal vector of the origin of
LCS, expressed in RCS.

Three elements of?.

Differential motion vector representing the
deviation of LCS, in RCS. It is a stack of
d2 andefl2 and is expressed in LGS

State vector.

Stack of differential motion vectors of
newly generated features at stdge
Differential transformation matrix corre-
sponding tos HE and (6 HF) 1.

Actual and nominal Euler rotational angles
between RCS and LGS

Three elements &,

nth element of a vector in the bracket.
Cross product of two vectors.

. INTRODUCTION

RODUCT variation reduction is an important engineering
objective in both design and manufacturing. For a mul-
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part features produced by previous stages as the machiningchining process where a part will be machined through dif-
datum in current operation. The variation from previous stagient setups when it passes through this process. Itis not neces-
will be accumulated onto current operation. sary that a multistage machining process contains multiple ma-
At each single stage, there are many types of volumetgbining stations. If there are different setups on only one ma-
error sources, such as the geometric and kinematic erraigining station, this machining process is still considered as a
thermal errors, cutting force induced errors, and fixturingiultistage machining process.
errors. A huge body of literature can be found on the error When a workpiece passes through certain stage of a multi-
modeling and compensation on a single machining stage.sfge machining process, the machining error and fixturing error
review of these papers can be found in Ramessal. [1], [2].  of this stage will be accumulated on the workpiece. These errors
However, due to the complicated interactions between differami! again affect the machining accuracy of the following stages
variation errors at different stages, very few attempts have bdéte datum used by following stage is produced at current stage.
made on the variation propagation analysis for a multistagénce the workpiece carries all the machining error information,
machining process. Mantripragada and Whitney [3] adoptedepresentation of accuracy of a workpiece is required to study
the concept of output controllability from control theory tdhe complicated interaction of errors among different stages.
evaluate and improve the automotive body structure design.
Lawlesset al. [4] and Agrawalet al. [5] investigated variation A- Workpiece Geometric Deviation Representation

transmission in both assembly and machining process byTo regulate the deviations of part features, researchers have
using an AR(1) model. Jin and Shi [6] proposed a state spafigveloped standards for geometric dimensioning and toler-
model to depict the variation propagation in a multistage bogcing (ISO 1101 (1983) or ANSI Y14.5(1982)). However,
assembly process. Their approach cannot be applied dire¢Hgse conventional geometric tolerances are originated from
to machining processes. Huaagal. [7] proposed a variation the hard gauging practice. They are not suitable for the working
propagation model for multistage machining process. Howevgrinciple of Coordinate Measurement Machine (CMM) that
that model is an implicit nonlinear model. Djurdjanovic and Nis now a standard measurement equipment for machining
[8] extended Huang’s formulation to obtain a linear model. Iprocess. In addition, the representation of part feature in the
their derivation, a norm vector and a position vector are usednventional geometric tolerances does not conform to the part
to represent the geometric error of the workpiece and Tayl@presentations used in CAD/CAM systems.

series expansion is used to linearize the model. Although theRecently, some researchers [10] proposed a vectorial dimen-
final model is in linear form, the explicit expression of eacRjoning tolerancing (VD&T) strategy. The principle of VD&T
system matrix is not given. The physical insights we can obta@based on the concept of substitute elements or substitute. A
are limited. substitute feature is an imaginary geometrical ideal feature (e.g.,

In this paper, an explicit analytical variation propagatioplane, circle, line) whose location, orientation, and size (if ap-
model is developed for a multistage machining process. Thkicable) are calculated from the measurement data points of
model is in the state space form. Differential motion vector,the workpiece surface. Substitute features are represented by
concept widely used in robotics [9], is used as the state vecthe location vector, orientation vector, and size(s). The location
to describe the workpiece geometric deviation. The theory @éctor indicates the location of a specified point of the substitute
homogeneous transformation is heavily used in the derivatifgnture. The substitute orientation vector is a unit vector that is
and explicit expressions for all the system matrices are givatormal to the substitute plane or parallel to the substitute axis
The process and production information are quantitative{gylinder, cone, etc). The size is available for some features. For
integrated together in the system matrices of this model. Thggample, the diameter is the size of a circular hole. The VD&T
model can be used for process evaluation in design and remirkpiece feature representation follows the working principle
cause identification in manufacturing for multistage machiningf CMM and CAD/CAM systems. The measurement data from
processes. CMM can be analyzed and compared with the design model di-

The terminologies, representations of part features, and asetly. The difference between the true feature and the design re-
sumptions of this model are introduced in Section II. The modglirement can be fedback to the manufacturing process directly.
itself is derived in Section Ill. Section IV presents the experit is a better tolerancing method for manufacturing process con-
mental validation results for this model. Finally, the conclusionsol [11].
and some discussion of the applications of this model are givenin this paper, we adopt a vectorial feature representation pro-
in Section V. posed by Yau [12], [13]. The difference between his represen-

tation and the ordinary vectorial representation is in the orien-
tation representation. Instead of using a unit direction vector,
Il. WORKPIECEGEOMETRIC DEVIATION REPRESENTATION AND D€ used a vector that consists of three Euler rotating angles to
MODEL ASSUMPTIONS represent the orientation of the substitute feature. The represen-
tation of using unit direction vector makes it difficult to desig-

A machining process is used to remove materials from timate tolerance on the orientation for a general 3-D geometric
workpiece to obtain higher dimensional accuracy, better surfaglement. Moreover, the direction vector representation violates
finishing, or a more complicated surface form which cannot liertain functional requirements that VD&T intends to capture.
obtained by other processes. A complicated machining procés®ther advantage of angular representation of orientation is
is usually a “multistage” machining process, which refers tothat there are many mathematical tools available in the fields
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A Plape 1 The workpiece deviation before stalgis represented by state
y vectorx(k). x(k) is a stack of differential motion vectors of all
Z—» key features of the workpiece. If there avé key features on a
H/ole 2 workpiece, the dimension of vector will be6M by 1. Before
the feature is produced, the corresponding differential motion
- vector is set to be zero. The initial value of state vectds
zero before the first stage. After the workpiece passes the first
stage, the differential motion vectors corresponding to the fea-
tures produced at the first stage are set to be nonzero values as
the dimensional deviations generated at the first stage. By this
way, state vectok(2) is generated. Similarly, the state vector
Fig. 1. lllustration of feature representation. after thekth stagex(k+1) can be generated. The workpiece de-
viation at stagé: comes from three sources: the datum-induced
of robotics and kinematics for this representation. Therefore, digdviation caused in previous stages, the machining inaccuracy
this paper, a location vector and a vector that consists of thtg&ne current stage, and unmodeled noise. The deviation propa-

rotating Euler angles are used to represent a workpiece featiyiion can be written in the following linear discrete state space
Since the size of a feature is usually formed at one machinifgmat [14]:

stage, it is not considered in the following derivation.
The part representation is illustrated in Fig. lRX0kYrZRr x(k + 1) = A(k)x(k) + B(k)u(k) + w(k)

is the reference coordinate system (RCS). Plane 1 and Hole 2 y(k) = C(k)x(k) + v (k) (1)
are represented by the local coordinate systems (LCSs) that are
attached on them, respectively. The po.sition and _orientation\%ereA
Plane 1 can be represented b w{|”. t, is the location vector ¢pine features and the deviation of newly machined features
that points to the origin of LCS w!' is a vector contfeuns roll, that is only contributed by the datum errds(k)u(k) repre-
pitch, and yaw EuTIe_r rotatm% angles between coordinate systeRhs the workpiece deviation caused by the relative deviation
LCS, and RCSw; 2 [(;OTO] o Fig. 1. SlrrTuI_arIy_, Hole 2 can oyeen the workpiece and the cutting tool (this deviation is
be represented by, w;]". wy is[07/2 7]" in Fig. 1. caused by the fixture error and the imperfection of the tool path),

To describe the accuracy of a machined workpiece, we ne)e ) is the measurement (k) is the unmodeled system noise,

to stl_de the relationships between different fgaturgs. Sing dv(k) is the measurement noise. Two assumptions are im-
LCS is used to represent each feature, the relationships amgfgy in this formulation: 1) machining error on single stage is

(k)x(k) represents the deviations of previously ma-

resppndmg coordinate syste_ms. Homogeneous transforma%gﬁg, position and orientation error are considered. Profile error
matrix (HTM) as a mathematical tool is used to study the tran;

; ion b gift di A di r§|’not included.
ormation between difterent coordinate systems. APPendix Irpe patignale of the first assumption is as follows. Many types

listed the basic notation and results of HTM used in this Pape; machining error sources can affect the accuracy of the work-

L C!gh:_;ea;ure_ Tdex ﬁhwi d‘i”"t? tge cor_rbes dpgn(#]ng dLC_St"_" iece on a single stage. According to Ramesh [1], they can
i | N€ deviation ot the feature IS described by the deviall categorized as quasistatic errors and dynamic errors. Quasi-

pf the correspondmg actual LC.S from the cor responding NOFatic errors are the static or slow varying errors between the
inal LCS. As shown |r1 Apper'1d|x g t.he deviation ?;a LCS a0l and the workpiece. They include the geometric and kine-
be represented by a differential motion veotdjr = [9R] Ifthe  matic errors, thermal errors, cutting force induced errors, tool
actual location vector for theth element ist”f and the corre- wear induced error, fixturing error, etc. Quasi-static errors ac-
sponding nominal location vectoris[, thentf = %t +df.  count for about 70% of overall machining errors. Dynamic er-
However, the orientation vector does not have this property, i.ors are caused by sources such as spindle error, machine struc-
in generalw/ # °wf + 6. The reason is that the multiplica-ture vibration, controller error, etc. They are more dependent on
tion of rotating matrix does not commute in general cases. particular operating conditions of the machine. The state vector

In summary, a location vector and an orientation angulaf this model is the manifestation of all machining error sources
vector are used in this paper to represent a feature in the Rg&the workpiece. It does not directly map to certain machining
The relative position and orientation of a feature is describegror. Using the homogeneous transformation representation of
as a homogenous transformation matrix. The deviation oftige feature deviation, all the position errors and orientation er-
feature from its nominal value is represented by a differentigdrs can be included in this model. The detailed modeling of
motion vector. The rationale of this representation is that dertain machining errors for the whole working space of a ma-
conforms with the working principles of CMM and CAD/CAM chine stage is quite involved. For example, the geometric error
models. Moreover, many mathematical tools are available fgrat forms one of the largest sources of machining inaccuracy
analyzing this representation. contains 21 interrelated error components for a three-axis ma-
chine. To simplify the problem, the machining error input to the
modelu(k) is represented as a deviation of the tool path from

Based on the workpiece geometric deviation representatids, nominal path. It is possible to map certain machining error
a multistage machining process can be described by Fig. 2. components to the tool path deviation.

B. Model Assumptions



ZHOU et al: STATE SPACE MODELING OF DIMENSIONAL VARIATION PROPAGATION IN MULTISTAGE MACHINING PROCESS 299

- N+1
——»| Stagel XD, | Xkl Stage k-1 ) Stage k RAG VR G Stage N M

u(l)T W(J u(k-l)T w(k-l)T u(k)T w(k)T u(N)T w(N)T

Fig. 2. Diagram of a multistage machining process.
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Fig. 3. Transition of differential motion vector: case 1.

Fig. 4. Transition of differential motion vector: case 2.
The rationale for the second assumption is that this model fo-
cuses on describing the machining variation propagation amddg Model Derivation

djfferent stages. Since most the profile errors are generated on ggy the sake of convenience, the definitions of the four coor-
single stage and keep unchanged throughout the whole procgggate systems involved in the derivation are listed.
it is not necessary to build a model describing its transforma- 1) LCS represents the features of the workpiece
tion and propagation. Therefore, profile errors are not included 2) RCS is the reference for the features of the workpiece.

in this model. The primary datum feature, which is explained in fol-
lowing section, is often selected as RCS. RCS is also
called “Part Coordinate System” in some literature.

3) Fixture Coordinate System (FCS) is determined by the
To setup a state space model for the variation propagation actual fixture setup.

in a multistage machining process, we need to find a general4) Nominal Fixture Coordinate SysteffFCS) is deter-

expression for the system matrices in (1). First, useful general mined by the ideal fixture setup. FCS is also called

[1l. DERIVATION OF THE STATE SPACE MODEL FORMULTISTAGE
MACHINING PROCESSES

properties of differential motion vector are introduced. “Machine Coordinate System” in some literature.
) ) ) ) The state vectox(k) is defined as a stack of differential mo-
A. Properties of Differential Motion Vectors tion vectors corresponding to each feature w.r.t. RCS. Itis clear

One common scenario of transition of differential motiothat the reference feature does not have any deviation by defini-
vectors is given in Fig. 3. In this case, we know the deviatidion. There are three major componentsiit):
of feature 1 w.r.t. the reference and the deviation of feature 21) Machining error, which is defined as the deviation of the
w.r.t. feature 1, we want to calculate the deviation of feature 2 cutting tool from its nominal path w.rFCS. Since the
w.r.t. the reference. This problem is solved by Corollary 1. The  |CS of the newly generated feature is determined by the
proof is given in Appendix II. cutting tool path, the machining error can be represented
Corollary 1. ConsideraRCS andtwo features1and2.Given by the deviation of LCS with respect ¥&CS.
OH{,°H} and the deviation of feature 1 w.r.t. RG§! and the  2) Fixturing error, which is caused by the imperfection of

deviation of feature 2 w.r.t. feature %3, then the locators. Itis represented by the deviation of FCS with
T T
opl _(oRY" . (ot} g 0 R respect td FCS.
xB= ( 2) ( 2) T( 2) 3 [Xﬂ (2)  3) Datum error, which is the deviation of FCS with respect
0 (0 R;) 0 Iy, | L% to RCS.

Another important transition of differential motion vectors isThe relationships among these coordinate systems and errors are

shown in Fig. 4. In this transition, we know the deviation O§h_(|)_¥]vn n F'r?_' 5 . d by a diff ial .
feature 1 w.r.t. reference and the deviation of feature 2 w.r.t. ' '€ machining erroris represented by a difterential motion

reference, we want to calculate the deviation of feature 2 W'ty?ctor that describes the deviation of LCS WHCS. It can be

feature 1. This problem is solved in Corollary 2. The proof ifg,irther decomposed into thermal, geometric error, and/or other
also given in Appendix II machining errors sources. To limit the scope of this article, this

Corollary 2: Considera RCS and two features 1 and 2. Givé?f’j‘f iinof in_cluc:elgl here.l d d ErrorTh |
OHE and® HE the deviation of feature 1 w.r.t. RCSF and the ) Analysis of Datum-Induced ErrorThe most commonly
deviation of feature 2 w.r.t. RCSE, then used fixture scheme in practice is the 3-2-1 fixturing scheme. A

dab 2 1

general 3-2-1 layout is shown in Fig. 6(a).

T T 1
L (ORD (ORé) . (°t2> Iixz 0 xR Surface ABCD defines the primary datum plane, which con-
Xy = ol [x?} - (3) strains two rotational and one translational motion. ADHE is the
0 - ( R2) 0 I3x3 secondary datum plane, which constrains one rotational and one

These two corollaries are very useful when the RCS switchianslational motion. CDHG is the tertiary datum plane, which
to another coordinate system. constrains the last translational motion. They are represented
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Machining Error I
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F1F is the X axis of FCS, Z axis is perpendicular to the pri-
mary datum plane. The LCS of the primary datum plane (sur-
face ABCD) is taken as the RCS. The secondary datum plane is

’FCS denoted as feature 2 and its deviation is represented athe
Overall tertiary datum plane is denoted as feature 3 and its deviation is
Error: x(k) represented asl. GivenxZ andxZ, the deviation of FCS w.r.t.
R i
Fixturing Error RCS,x}, can be obtained by
xB = Txf 4 Toxf? (4)
<> whereT; and T, are determined by the nominal positions of
Datum Error feature 2, 3, and the fixture locating piris, and 7> can be
obtained by the following general procedure.
Fig. 5. Composition of overall feature deviation. Let p; andp, be the datum points touching the secondary
datum andps3 be the datum point touching the tertiary datum.
H G The nominal coordinates of these three points in FCS are de-
E noted ap?!’, pf’, andpf’. Denotingp = [p* 1]¥, we have
i }3 H2 HR = f)%
; HAH D! = P - (5)
i Oseaefl - > H}HEDS = p3
i 5 E % To guarantee that these points touch with the corresponding
E P I P @l . . .
Zy o m | Vi part surface, the coordinates of these points in LCS are zeros
AT LY, (the z direction is defined as the normal direction of the sur-
Ya', ixz éoF L x face). Consider the first equatlon Notmﬁl]R = (H})! =
4D F, ! c (CHFsHf™ = (bHF)-CHE = (X; + 1) - °H} and
bR L HE =OHF . (AR 4 I), the left-hand side of the first equation
L Ze Qe of (5) changes to
e (A1) 0H% - OHE - (AR +1) BT
ot L ¥ AR Op2 | 0772 R, 0772\ =F
A B z(Az' Hp+ Hp-Af + HF)pl' (6)
@ The third element op? is zero to guarantee touching, therefore
i < 2 2 2\ .
E [(Ag'OHF'i_OHF'Ag"_OHF) Pﬂ(g)): (7)
; Under nominal conditiong1, p2, andpz should touch with
: datum plane. Henc§)H? - p{](s) = 0. Equation (7) changes
i to
5 AR -CHp-pf| = [Hp-aRsf] o ®
D e, [ S 16 R 1C)
’,l /' L ‘:‘é. C .
P e L > Denoting
§§ X3 Xr ~R
X2 Of”“ """""""" o AR = {92 dﬂ
S 0 0
, " ACTC Y T 0,2 0.2 0.2 042
// éZ: "/ i Ly 0H2 _ nF OF aF tF
P ;. , F 0 0 0 1
A i B
X \a we have
| . v [af-omipf] | = | [0 < ni] | [oF x o]
Fig. 6. 3-2-1 fixturing setup by a plane and three locators. (a) General 3-2- (3) L (3) (3)
setup. (b) Variation of (a). R _0O ]
05 x "ap
3)
by LCS of QQXRYRZR, Oy XoY 9275, and QX3Y323, respec- 9R ()t + dR] ~ F (9)
tively. F, F», and R are the perpendicular projection points of FT2 || P
the locators P, P, and B on the primary datum. The fixture co-and
ordinate system (FCS) is shown in Fig. 6 as’X@ Y rZr. F1F 0712 R ~F (1o 0 R
is the Y axis of FCS, the line passing Bnd perpendicular to [ Hp-Afp P } 3) [ az} [pl X aZ} xp. (10)
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Similarly, we can get other two equations foy andps. Fi- pf = [000]",pf = [0p5, 0]7 andpj = [000]”, the solution

nally, we have of (11) can be obtained as (4), where
[T0aF17 Fo 0,17 00 -1000 00 0 00O
[ [p ]
2 L ol 1 2 L ol
02 F 1" ToF x0af 1" | xRe 00 0 000 00 -1000
[ 2 [sz 2] F
21, P2 Sl
[0af]" [pt xPa! 7,=|0 0 0 000 Wp 000000
—[oRXO 2] [ORXO 2] [ORXO 2 [ORXOtQ—‘rdR] & F 0 0 0 0 0 0 0 0 0 0 0 0
2 Brke) P2 % Or)g) 2 % Arkg) 17220 Frm e )| 'P1 00 0 000 00 0 000
[[o,_?xoni,](3) [0 x0%] , [65x%a%] [95x0t3,,+d§](3)]ﬁ5 . (11) 00 0 100 00 0 000
. The procedure presented in this section can be used to study
R_0_3 R_0_.3 R_0_3 R 0.3 R ~F
_[[93 X", [0 % 0r] ;) [0 % ar] ;) [05x O+ ](3)]1)3 the datum-induced error for a general 3-2-1 fixture setup. Fol-

Although there are six parameterssff, only three of them lowing the same deviation, similar results can be obtained for
are unknown nonzero values. By solving the above equatigier fixture setups, such as that used in turning operations.
system, we can obtain the differential motion vectdr and ~ 2) Analysis of Fixture Errors:in a general 3-2-1 fixture
put it in the form of (4) by rearranging the terms. To guarant&heme as shown in Fig. 6(a), the workpiece position is
the inverse of the matrix exists, the line passing the two datUg¢ated by six locatorgP;, P, Ps, L1, Lo, L3). Assume that
points on the second datum plane cannot be perpendicular totfte nominal coordinates of these six points in the nominal
primary datum plane. If so, the first and the second rows of tfiture coordinate systeFCS are(0, p1y, p1-), (0, pay; p1-),
coefficient matrix ofx & in the left-hand side of (11) will be the (P3z,0,p3:), (L1, L1y,0), (L2, L2y,0), and (Lss, Ly, 0),
same. respectively. (Note that we assume that theoordinates of

The expression df; andT5 for a general 3-2-1 setup is veryP1 and B are the same to simplify the problem). If there are
complicated. However, if datum fixtures 1, 2, and 3 are orthog§mall deviations on these six locatdtsp;.., Ap;,, Ap;.) and
onal to each other, which is a very common case in pracfice, (ALix, ALy, AL;.), wherei = 1,2,3, the actual fixture
andT> can be significantly simplified. Given the nominal posicoordinate system FCS will deviate from its nomifi&CsS.
tions for features 2 and 3 and locating pins in Fig. 6(a) as  Cai et al. [15] gave an analytical infinitesimal error analysis

0 0 1 %2 L0 o o8 for a_rigid body locating scheme with general_six points.
05" 03" The fixture error can be derived based on their results. In
Opr: 0 1 0 “tpy , OH:}: 0 0 1 Tip, Fig. 6, the surface norm vector for,LL,, and L; is (O, O,

-1 00 0 0 -1.0 0 1), for P, and R is (-1, 0, 0), and for R is (0, —1, O).

0 00 1 0 0 0 1 With the locators’ position vectors, [15, eq. (3.1.6)] can
pi = [0pf, pf.]" p§ = [0p5, p5.]"  andps = [pf, 0p5.]7, be applied to obtain the deviation of FCS w.RECS as
the solution of (11) can be obtained as (4), where onlgg = T3[AL1. ALy, AL3. AP, APy, AP3,|T, where

r 02 p 0.2 ph (pF, —pf) ] we have the equation shown at the bottom of the next page, and

00-1- tF'U p22+ tF“:—f_JFpr 0 C= LSmLl'y_LlyLZz+L3yL2m+L2yle_L2yL31_L3yL1:r-

Fop o e We need to knowx!CS. as well. Note tha H,£SS is
000 —pj, pif*’;(ﬁli;ﬁ?z) 0 an identity matrix, s = (CHIES) - (SHIECs) =
T=lo0 0 o Wt 0 (6H{FCCSS). On the other handH(FngS = (HELH™

000 0 0 0 (6Hpes®) - (CHpcs®) ! = (6Hpes®) . Itis clear that

000 0 0 0 (6HESSs) = (§HGESS)~ . From (A8), we have

000 1 —27}; _g%z 0 xi 05 = xS = Ty

:0 0 0 0 v Sy 0 ) X[Ale AL2Z AL3Z Apla: Ap?m Ap3y]T- (12)
00 —1 —pi =t} ph+%%, O For the fixture setup shown in Fig. 6(b), the nominal coordi-
Ty = 0 0 0 0 0 0 nates of R, P, and B in °FCS are (0, 0, 0), (Q12,, 0), and (0,
0 0 0 0 0 0 0, 0), respectively. Substituting these values into the expression
0 0 0 0 0 0 of T3, we can obtain anothdr; matrix for the particular setup
L0 0 O 0 0 0 shown in Fig. 6(b) as
A very common variation of the general 3-2-1 fixture setup '@3 _
shown in Fig. 6(b). The six degree of freedoms of the workpiege 0 0 0 1 00l
are constrained by the plane ABCD (two rotational and ome 0 0 0 01
translational motion), a circular short hole &1d B (two trans- | (Lay L2z —L2yLsa) (LaeLiy—LayLiz) (LayLie—LiyL2z) ) ()
lational motion), and a slot#(one rotational motion). Given (Law<Lsy) (Lsa=Li1,) (Lin <L) )
the nominal positions for features 2 and 3 and locating pins|in c c < 000
Fig. 6(b) as (Lzy:Lzy) (LSyZLly) (Llyszy) 0 00
0 0 0 =L_1g
0 0 1 0 1 0 0 0 L P2y P2y
0y2 _ 0 1 0 0 03 _ 0O 0 1 0 The fixture error analysis procedure for a general 3-2-1 fix-
F7™1-1 0 0 o0l F=710 =1 0 0 ture scheme is presented in this section. For other fixture sys-
0 0 0 1 0 0 0 1 tems, the analysis can follow a very similar procedure.
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S6. combine the newly
» generated feature and [—»
other features together | X(k+1)
A
x(k) _|S1. re-locate the part S2. calculate Xjes,
at stage k x,(k+ 1)' datum-induced error x"(k+1)
S5. calculate the
3. calcualte Xg;;:k overall deviation of the
fixture error S caloulate the newly generated features
dimensional deviation
S4. machining contributed by current stage u(k)
error u,, (k)
Fig. 7. Steps of the derivation of variation propagation model.

3) Procedures for Variation Propagation Modelingig. 7 REG 0 0 0 ]
shows the steps of the derivation of the variation propagation : : : :
model. The first step is to re-locate the workpiece at current r1(k)

s 0 Ioxo Qs (ky 0
stagek. The second step calculates the datum-induced error, 5
which is caused by dimensional errors generated in previous Ai(k)= : : : :
stages. The third and fouth steps calculate the contribution of 0 0 0 0
fixture error and machining error that are only related with cur- : : : :
rent stage. The fifth stage combines all errors together to ob- : ' : '

. o . 0 0 0 Isxe
tain the deviation of the newly generated features. Finally, at i i -
the sixth step, the newly generated features are combined with ql(k_l)
other features to form(k + 1). The detailed derivations are as :
follows. ri(k=1)

S1. Using Corollary 2, transfornx(k) from a stack of si(k)
x;"*=V to a stack ofx]*™, (i = 1,...,M). ri(k) is the x(k)= :
feature index of the primary datum of stageLet x; (k + 1) ”Ef)_l)

T1(R
be the stack ok}**, then _
xrl('kq)
x1(k+ 1)= Ay (k)x(k) (13) - CNT T
_ ORH(’V) 0R7‘1(k’) L (ogri(R)
where Q" k) _ s (k) 55 (k) si(k)
- (k) T si(k) opr ()"
X i 0 — ( Rsi(k))
: wherei is an integer from 1 to the total number of features gen-
x”((]’;)) erated up to stage. In (13),x;(k + 1) € REMX1 A, (k) €
xi(k+1)= ROEMX6M | primary datum is not changed between stagel
! - 0 and stagé:, x; (k + 1) equalsx(k).
X,,i(k.) S2. Following the procedure of datum-induced error analysis
. in Section I, find datum errox}léks)k as
[ 79, = As(k)xa(k+1) (14)
i (L2y - L3y)p1z (L3y — Lly)plz (L3y - L2y)plz —D2y Piy 0-
¢ ¢ ¢ (ply - p2y) (ply - p2y)
(L3m — L2.r)p3z (Llr _ L3m)p32 (LZT — le)p3z D3z —P3zx 1
¢ ¢ ¢ (ply - p2y) (ply - sz)
(LByLZ:r - L2yL3.r) (LSley - L3yle) (LZyle - LlyLZ:r)
Ty = - - - 0 0 0
& C &
(L2y — Lsy) (Lay — L1y) (L1y — Loy) 0 0 0
& C &
1 -1
0 0 0 0
L (P1y —p2y)  (P1y — P2y) .
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whereAdy(k) =10 ... Ty (k) ... To(k) ... 0]. The dimension ~ S6. Adding the newly generated features with the others
of Ay(k) is 6 by6M. yieldsx(k + 1) as follows:

S3. Denoting the fixture imperfection ag(k), we can obtain B n
the fixture error following the procedure of fixture error analysis x(k+1) = x1(k +1) + A5(k)x"(k + 1) (1)

in Section III,onfggk, as where A;(k) is a selector matrix in the form
oo, = As(k)ug (k) (15) [0 0 0]
whereAs (k) = —T5(k). : : :
S4. Because the machine tool is calibrated basedF@s, Isxs

the tool path imperfection is often represented as a deviation
w.r.t. °FCS. Denoting the machining error of newly generated

0 As(ky=| 0 - T, .0
featureg; (k), i is from 1 tol(k), asx,/;;** and stack them up (k) o e
asu,, (k). Using Corollary 1, we can findif,gk . Denoteu, (k) ; 1 ; ;
as a stack up oiifks)k,i: 1...1(k), yields o 0 e.xe
(k) = As(k)xir s, + (k) (16) 0 ... 0 . 0

where Ay (k) = [Gy (k)T -+ Gy (k)T --- qum(k')T]T and Its dimension i M by 6 x [(k) and it places the deviations

T T . .
0 p’FCS, 0 p’ FCS, 0;°FCS, of the newly generated features on the corresponding location
( qu(k) A) _ ( qu(k) k) . ( tqz(k) k)] y g p g

Gy (k) = when they are added to; (k + 1).
0 go ZF(kC)SLF) Considering (13)—(21), we can get the state transition equa-
In (16),ug (k) € RO, A, (k) € RS (k)><16’ Xofggk c ypox1  tion for the state space model
andu,, (k) € RO*1, x(k + 1) = [Ay (k) + As (k) As(k) Az (k) Ay (k))x (k)
S5. Based o2 from step 2 and. 5+ from step 4, we x (k)
can use Corollary 1 again to obtain the d(e\)/iations of the newly + [As(k)As(k)As(k) As (k) [u (k)} - (22)
. = (k . m
generated features with respect (o R&gy), i = 1. (k). The detailed derivation can be found in Appendix Ill. In

ri(k)

In more detail, denoting™ (k + 1) as a stack oK ',y vields (1) A(k) = Ay(k) + As(k)Ay(k)As(k)Ay(k), B(k) =

T ™T
ot 1) — Ay ) s () 17y [As(R)As(k)As(k) A5(k)] andu(k) = [up (k) w, (k)]
_ x*(k+1) 4(_k) %chk +us (k) (7 The derivation of the observation equation in (1) is straight-
Note that in (17) an approximation forward. The measurement stage can be viewed as a special ma-
(OROchk)T B (OROchk)T ) 0£0chk) chining stage. Assume that featurg (k) is used as the mea-
a: (k) a:(k) T‘h(k’> x7") ~  surement reference feature and denoig(k) as the stack of
0 (0 RzikC)Sk) ’ x/ ) following the same derivation of Step 1, we can obtain
(orres)" - (orEes)" - (045G % (k) = A (k)x(k) (23)
qi(k qi(k qi(k ri (k)
onrcsi\T Xpcs, (18) whereA,, (k) has the same format af (k) in (13) except that
0 ( L ) rm (k) is used in the place of, (k). Hence, the observation
is used becausa/ 5% andxj ) are both small values. The €duation can be written as
details are as follows. First note th%Hf;(CS" = H5s y(k) = Co (k) A, (k)x(k) (24)
OHOFCSk _ OHFCSk . (I + AFCSA‘ ) . OHOFCSA' Since . . . ..
ak) = 0FCS), 0OFCS, (k) - whereC,, (k) is a selector matrix that is similar to the format of
OgFCs. _p  OpFCSy _ 0 FOSi | A\FOS. 0pr"FOS: — Ag(k)in (21). Cy, (k) selects the measured features among all
FCS,, X1 i (k) qz'(k? OFCSy, qi(k) ? . ; i
or see (19), shown at the bottom of the page. Hence t_he a_lvallable features. Therefore, in (1), the observation equa-
0 pFCSy _ 0p°FCS, | jFCS, 0p°FCS; tion is
Roy = Boay " +bopcs, - By
0,FCS, _ 0,°FCS, , a7 CS  0,°FCs, FCS, C(k) = Co (k) A (k). (25)
by = toy T Ooros, by " T dopes, (20) *) (5)Am ()

Substituting (20) into the right-hand side of (18) and neglecting The above model describes the deviation propagation among
the second-order small values yields the approximation resulteoimultistage machining process. An experimental validation of

(18). this model is presented in Section IV.
0R'FCSH | prost op°FCs. 0 °FCS, 4 GFCSL 0"FCS. | gFCS,
OgFess = a: (k) CFOS. T Thqi(k) a: (k) OFCS. T Vai(k) CFCS) (19)

aik) 0 1



304 IEEE TRANSACTIONS ON ROBOTICS AND AUTOMATION, VOL. 19, NO. 2, APRIL 2003

Joint Face A

Fig. 9. Operation sequence.

Vertical CNC > Harizontal CNC C—> Vertical CNC

Fixture Setup of Stage 1  Fixture Setup of Stage 2 Fixture Setup of Stage 3

Fig. 10. Fixture locating schemes in three stages.

reference coordinate is the intersection point between the center
line of hole B and the plane determined by rough datum X
Xq, and X3, the y axis is the line connecting the centers of hole
B and hole C, the z axis coincides with the centerline of hole
B and points from the cover face to the joint face, the x axis
is determined by the right-hand principle. From Table 111, it is
straightforward to obtain the nominal relationship between any
two features.

. BN Following the procedure shown in Section Ill, a state space
(b) model can be obtained for this three-stage machining process.

Fig. 8. Final product. (a) Joint face of the engine head. (b) Cover face of t;we state space model can be obtained as

engine head. x(k+1) =Ak)x(k) + B(k)u(k) + w(k), k=1,2,3
(26)
IV. EXPERIMENTAL VALIDATION OF THE STATE SPACE y(k) _ C(k)x(k) + V(k) (27)

VARIATION PROPAGATION MODEL i ) ) ) i
o ) ) ) ) The details of the system matrices are listed in Appendix IV.
The deviation propagation model is validated on a multistage

machining process developed at the NSF Engineering ReseafchComparison Between the Real Measurement and the Model
Center for Reconfigurable Machining Systems. The processRgdiction

introduced as follows. To validate the model, a workpiece is machined in this

testbed. In the machining, a fixture error is intentionally added

to the process at each stage. The inputs to the model that
The product is a V-6 automotive engine head. Its key featuregrresponds to the fixture error are

are shownin Fig. 8. HL04H108 are eight bolt holes on the joint . _
face. H101 and H104 are also called the locating holes B and C. uy(1)=[00 =0.20 0.0 0]

A. Experimental Machining Process

X1, X2, X3, Y1, Y2, Z are the cast rough datum. H45H458 uys(2)=[-0.390 0 0 0 0]
are eight bolt holes on the cover face~&12 are twelve screw us(3)=[-0.39 0 0 0 0 0]
holes on the cover face. The nonzero values iy (k) correspond to the magnitudes of

There are three operations in this process. Each operation gifixture errors. All the inputs corresponding to the machining
corresponding datum setup are shown in Figs. 9 and 10 afigory,, (k) are set as zeros. The workpiece is measured on a
Table I. CMM after machining. The measurement results from CMM are

The major tolerances on these key features are shownjjifleq in Table IV. For a plane feature, the CMM measurement
Fig. 11 and Table Il. In Fig. 11, surface D is defined by thgjyes the coordinates of a point on the surface and the norm
rough data X, X, and X;. direction vector of the surface. For the cylinder (Hole B and
Hole C) feature, the CMM measurement gives the coordinate
of a point on the cylinder axis, the norm direction vector of the

A state space model that contents six features is develogeds, and the diameter. The diameters of the holes are not listed
for this case study. Their nominal positions and orientations drethe table because they are not used in this study.
listed in Table Ill. These numbers in Table Il are with respect All the measurements are with respect to the global CMM
to the part reference coordinate system. The origin of the padordinate system. These data can easily be transformed to the

B. State Space Modeling of the Process



ZHOU et al: STATE SPACE MODELING OF DIMENSIONAL VARIATION PROPAGATION IN MULTISTAGE MACHINING PROCESS 305

TABLE |
DESCRIPTION OF THEOPERATIONS

Locating Datum

Operation # (Primary +Secondary +Tertiary)

Operation Descriptions

Mill cover face M
Spot drill H451~H458
Spot face H451~H458
Mill joint face A
Spot drill H101~H108
Drill, chamfer, counterboring, and
2 M+ (Y, Yo +2Z reaming hole H101(B) and ¢
H104(C)
e Drill H102, 103, and H105~H108
e Mill slot S
3 A+B+C e Drill and chamfer twelve screw
holes S1~S12.

1 (X1, X, X3) + (Y, Y)) + Z

able because the reference datum feature is the rough datum
that contains large natural variation itself. The large differ-
ence at Hole C is an indication of large geometric error with

— the machine. Since the joint face, Hole B, and Hole C are
117.03+.1 | 103.4%.1 machined at the same time under the same setup, they should
have the same orientation as the model predicts if only fix-
Iﬁ i« The center lines of ture error presents. A difference in the orientation between
rses t locating holes B and C Hole C, Hole B, and the joint face indicates that the cutting
- Lle— 016.0%.05 tool orientation is different at different machine configura-
' tion, which is considered as a geometric error.
Fig. 11. Major design specifications on the engine head. « Another point need to be pointed out is that the deviation pat-

terns (i.e., the sign of each deviation and their relative magni-
tude) are correctly predicted by the model. This is important

ecause we can conduct root cause identification by consid-
ering the error patterns in the measurement.

same coordinate system used in the state space model. In th
state space model, the coefficient matricesB, andC' and

the input to the modeh are known. If we neglect the model
noise and measurement noise and set the initial state wedtpr

as zero, we can iteratively calculate the state vectors at all the V. CONCLUSION

stages by (1). In this way, the measurement value can be prethe complexity of a multistage machining process places
dicted. The comparison between the real measurement andghgat difficulty on the root cause identification and process de-
model prediction is listed in Table V. For a plane feature, the redign evaluation. In this paper, an analytical linear model is de-
evant parameter is its orientation and the distance from datl\&moped to describe the propagation of Workpiece geometric
plane. The deviation of the orientation of a plane is deﬂOtQﬁviation among mu|tip|e machining Stages_ This model has
by [¢1, 62, 63] and the deviation of the distance from the daturg state space form. Using the state transitions among multiple
plane is denoted by. . d. is measured at the origin of LCS ofmachining stages, this model describes the geometric error ac-
the plane with respect to the datum plane. For the cylinder feaymulation and transformation when the workpiece passes the
ture (Hole B and Hole C), only the deviation in orientation isyhole process. A systematic procedure is presented to model
considered. the workpiece setup and machining cutting process.
Remarks: This model has great potential to be applied in the following
« From the data presented in Table V, the discrepancies lfields. First, it can be used in the root cause identification for
tween the model predication and real measurement of jothe quality improvement purpose. For a complicated machining
face, Hole B, and the slot are reasonably small. Since orgyocess, it is often very difficult, if not impossible, to identify
the dominant fixture errors are taken as the inputs to tiiee faulty stage if certain feature of the workpiece is out of
model in this case study, these discrepancies are due to ogcification. With this model that integrates the process and
machining errors such as machine geometric error, thernpabduct information, model based fault diagnosis can be de-
error, force induced error that are neglected in the input to tkieloped to quickly identify the faults. Second, based on the
model. The small discrepancies between the model prediiagnosis study, this model can also be used to conduct the
tion and real measurement of these three features show tettsor placement optimization. How to place sensors in a com-
this model captures the dominant fixture errors correctly. plicated manufacturing line to minimize the cost and maximize
» Relatively large discrepancies happen at the cover face ahd amount of information obtained is a challenging issue. In this
Hole C. The large difference at the cover face is understandodel, the sensor placement information is integrated in the ob-
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TABLE I
DESCRIPTION OFTOLERANCE REQUIREMENT
Characteristics Specifications(mm) Operation
1. Distance between M and rough datum surface D 117.03 £0.1 ™
2. Distance between A and rough datum surface D 2.5+0.1 ’
3. Parallelism between M and A 0.1 2"
4. Distance between slot S and A 103.4£0.1 .
5. Parallelism between A and S 0.1 3"
TABLE I
NOMINAL POSITIONS AND ORIENTATIONS OF KEY FEATURES
Feature # Feature Name O R otk
1 Surface D [0, 0, 0] [133.7,134.2,0]
2 Joint face A [0, 0, 0] [0, 0, 2.5]
3 Cover face M [0, m, 0] [0,0,-117.03]
4 Hole B [0, 0, 0] [0, 0, 2.5]
5 Hole C [0,0,0] [0, 306, 2.5]
6 Slot [0, 7, 0] [0, 0, -100.9]
TABLE IV
CMM M EASUREMENT RESULTS
X y z i j k
Rough Datum -361.661 75.708 27.553 -1 -0.005 -0.003
Joint Face -364.264 103.454 35.086 -1 -0.005 -0.005
Hole B -357.147 154.084 -132.65 I 0.005 0.005
Hole C -358.721 153.795 173.319 1 0.003 0.005
Cover Face -244.887 103.429 45.558 i 0.006 0.003
Slot -261.027 99.433 31.59 1 0.008 0.005
TABLE V
COMPARISON BETWEEN THE MEASUREMENT AND THE MODEL PREDICTION
Measurement Model Output
0, 6, 0; d, 6, 0, o) d;
Cover Face w.r.t. Rough | 0.0000 | 0.0010 0.0000 -0.113 0.0000 0.0012 0 -0.157
Datum
Joint Face w.r.t. Cover 0.0020 | -0.0010 0.0000 -0.508 0.0019 -0.0012 0 -0.483
Face
Hole B w.r.t. Cover Face | 0.0020 [ -0.0010 0.0000 - 0.0019 -0.0012 0 -
Hole C w.r.t. Cover Face | 0.0020 | -0.0030 0.0000 - 0.0019 -0.0012 0 -
Slot w.r.t. Joint Face 0.0000 0.0030 0.0000 -0.370 0 0.0037 0 -0.353

servation matrixC(k). Using this analytical state space modek quantitative relationship between the fixture locator errors and
one can apply some classical concepts from control theory, subh final workpiece geometric error. By considering this rela-

as the “observability,” to study the sensor placement probletionship, the fixture locator design can be evaluated and opti-
Third, this model can also be used for variation simulation ofized. All these potential works will be pursued and reported

multistage machining process. Using the developed analytiaathe future.
state space model, the variation simulation can be conducted

with given initial conditions. This kind of simulation is valuable

for process design evaluation. Using the simulation result, we

can make selection among several design alternatives regardinGiven the location vector and the roll, pitch, and yaw angles,
their robustness to variation propagation. Fourth, this model ca@S,, can be expressed in RCS by a4+ HTM HE. The right

be used for fixture design and optimization. This model providesiperscriptk refers to RCS and the right subscriptefers to

APPENDIX |
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the index of LCS?HZ represents the nominal HTM betweerwhere A% is called differential transformation matrix (DTM).

the RCS and the LCS. A HTM can be written as If a skew symmetric matrix associated with a vegias defined
RE R 0 —P3 P2 )
HE = [ On f ] . asp=| p3 0 —p; |,the DTM can be written as
—p2  P1 0
t I is the location vector of the origin of LGSexpressed in RCS 0 —0E gfy dE,
andRZ% is the rotational matrix. Some useful properties of HTM oR 0 _pR 4R " ar
are listed as follows (see [9] and [16]) n= R = (AS)
) " _Hnl 91131 0 drlz%z 0
» A point expressed in LCScan be transformed into RCS, 0 Y 0 0 0
: R rRom . . ;
le.,p™ = H:*p™, where the §uperscrlpt shows in WhICMe have
coordinate system the point is expressed.
« Arotational matrix is a special orthogonal matrix-* = HR = OfR { OgRAR (A6)
RT anddet(R) = 1.
cHp = A (j{'—’f)_l RanR it can be obtained as One very useful fact can be obtained if we use small motion
o [(B)T =)t assumption, i.e.,
R 0 1 ' .
A small deviation of LCS from its nominal position and ori- (6H,) = Trans (—dy,, —dy,, —d;\.) , -Rot (z, —0;,)
entation can be described by a differential motion vector Rot (y, —0%,) - Rot (z,—6%.) . (A7)
X = [d}ﬂ (A1) fwelet (SHRY! = Ly + Ar andSHE = 1,54 + AR, then
0., AR — AR (A8)
whered? = [dF, dF, dF]" and@] = [6F 6% 0717 are a
small position deviation and a small orientation deviation, re- APPENDIX |1
spectively. If we define )
Proof of Corollary 1: Notice HF = "HE 4+ °HE . AR
(10 0 dy andH} = °H} +°H} - A}, we haveH} = HFH) = 'HE +
Trans(d,, dy,d.) = | © L ¢ dy CH{' - Af-OH3 + OHJ - Ay + OH{T - Af'-OHj - Aj. Since
00 1 d. the deviations are small, we can neglect the second-order small
L0 0 0 1 values HF ~ HE 4+ OHE . AR .Ofp) 4 OHRAL = 1R (T +
L 0 0 07 (HH)~1-AR.Og] + Ab). Noting thatHZ = CHE(T + AL,
|01 =6 0 we have
Rot(z,0) = 08 1 0 3
L0 0 0 1] AF = (°Hy) - AR .OH] + A (A9)
rl 0 6 07 . . ) . . .
0 1 0 0 Denoting the differential motion vector associated wix#
Rot(y.0) = | _y o | o @nd as x, then the differential motion vector associated with
Lo o0 0 1l (“Hy) ™ - Af O Hj s
L6 0 07 (RYT —CRYT-(°8)] _r
0 pl\T 1
Rot(z,0) = g (1) (1) 8 0 ("R3)
0o 0 0 1 as in [9]. Combining this result with (A9), yields (2).

. Proof of Corollary 2: Noting Hf¥ = °Hf*-§ HE, we have
then the actual HTM and the nominal HTM between the refeH L = (§H%)™! - °HL. Then,H} = HLHE = (§HE)™! .

ence and local coordinate systems can be related by OHL-°HE . §5HE. Considering (A4) and (A8) yields
-1
HE =°HE . Trans (d7,,d% %) , Rot (v, 07 Hy ="Hy-("Hy)" - (AT +1)-°Hy- (A7 +1) . (A10)
Rot (y,0F)) - Rot (z,05,) . (A2) Therefore,
—1
Trans(dR,, dR  d%) - Rot(x,0%,) - Rot(y, 0% ) - Rot(z,0%,)  0Hy = ("H3) - (=AT+1)-°Hy - (A +1). (A11)
is defined as$ //,}". Hence, This equation can be further simplified by neglecting the
HE — O . §HR. (A3) second-order small values

SHY ~ (“H}) ™' (-=AR) . OH}

SHE can be written as _
’ +(OH}) T OHY AR 4T (A12)

1 —952 9711,%3, dﬁr 1 071y —1 RY 07yl R
R R R AZ:(HQ) -(—A1)~ H; + A5 (A13)
no —9{3} oF 1 dE, T axd " By (A13) and using the result from [9] again, we can get the

0 0 0 1 result in (3).
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Derivation of (22): Substituting (13) and (17) into (21), we
have

r1(k)

x(k+1) = Ay (k)x(k)+As5(k) (A4(k)xFCSk +ug(k)). (Al4)

Substituting (14) and (16) into the above equation, we further
have

x(k + 1) = Ay (k)x(k) + As (k) Ag(k) As(k)x1 (k + 1)
+ A5 (k) (A4(k) FCS. | um(k)) .

Xopcs,
Finally, (22) can be obtained by substituting (13) and (15) into
the above equation.

(A15)

APPENDIX IV

The system matrices for the state space model used in Sec-
tion IV:

Oﬁxﬁ 06)00
A(l);ms:()
30x6 30x30
. - S e
0.2865 0.4132 -0.6997 1.1900 -0.1900 0 !
|
0.5295 -0.5295 0 0.6050 -0.6050 -1t
|
BQ) _[0.8685  -0.6538 0.7853 0 0 0 :I
4271_0.0045 0.0045 0 0 0 01"
|
0.0025 0.0036 —0.0061 0 0 0
1
0 0 0 0.0045 -0.0045 0 |
LRI TR L]
01!)(6 ;olﬁXG
A=
| 1 0 0 0 -117.03 -1342!
1
! 0 -1 0 11703 0 1337 |
| 0 0 1 1342 13370 0 |
x ' |
IR e S SO S
o 100 0 0 ~1 0
- 1 1 ]
géggg 123‘750,“3000 0 0 (I
b 000 0 o (lil 00 0 -HS03 0 o,
|
X o 0 o i0j0 -0 -u703 0 0
X 00 X | 000 0 0 0
_-9.-9-.06--9 ...... -1 000 0 0 0
oxe : 1000 0 0 0
H 100 0 0 0 1
Il | m e
. U '
ADoos =[77G70 70 221342 R TN
00100 0 -1337) 10 -1 0 -117.03 0 0
o0000 0 ! 1000 0 0 0
booo o0 o f 1000 0 0 0 |
00000 0 { 1000 O 0 0 )
0000 O o 1000 0 0 1
1000 2 -1718{0,,{1 0 0 0 -11503 =306 |I,,
0100 0 -1337! 10 -1 0 -117.03 0 0
1
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In the model for experimental validation, the measurementis] W. Cai, J. Hu, and J. Yuan, “A variational method of robust fixture con-
starts fromx(Z). The observation matrice@(z), 0(3), and figuration design for 3-D workpiecesJ: Manuf. Sci. Engvol. 119, pp.

C(4) are all selector matrices that only contents zeros angg

593-602, Nov. 1997.
] J. J. Craig,Introduction to Robotics Boston, MA: Addison-Wesley,

ones. The explicit expression of these observation matrices are  198s.
omitted here.
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