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Recently, the modelling of variation propagation in multistage machining
processes has drawn significant attention. In most of the recently developed
variation propagation models, the dimensional variation is determined through
kinematic analysis of the relationships among error sources and dimensional
quality of the product, represented by homogeneous transformations of the actual
location of a product’s features from their nominal locations. In design and
manufacturing, however, the dimensional quality is often evaluated using
Geometric Dimensioning and Tolerancing (GD&T) standards. The method
developed in this paper translates the GD&T characteristic of the features into
a homogeneous transformation representation that can be integrated in existing
variation propagation models for machining processes. A mathematical
representation using homogeneous transformation matrices is developed for
position, orientation and form characteristics as defined in ANSI Y14.5; further,
a numerical case study is conducted to validate the developed methods.

Keywords: GD&T  characteristics; ~ mathematical — modelling;  variation
propagation; machining process; homogeneous transformation matrices

1. Introduction

Geometric and dimensional accuracy is a critical quality characteristic of a product.
In practice, the allowable deviations from the part’s nominal geometry and dimensions are
specified during the design stage by defining tolerances on the part’s features using
Geometric Dimensioning and Tolerancing (GD&T) standards (ASME 1994). Applied to
a workpiece’s feature, these tolerances define a zone constraining its allowable variation
from nominal location, orientation or shape. GD&T standards provide evaluation criteria
for dimensional quality. However, in order to achieve high dimensional quality, it is highly
desirable to identify the relationship between the product dimensional quality and process
layout and parameters.

Most recently, a group of researchers including the authors developed ‘stream of
variation’ (SOVA) methodologies, which focus on dimensional variation analysis of
sequential multistage machining and assembly processes using kinematic analysis of the
manufacturing operations (Jin and Shi 1999, Ding et al. 2000, Huang et al. 2000,
Djurdjanovic and Ni 2001, Zhou et al. 2003, Huang et al. 2007a,b, Loose et al. 2007).
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Here, a ‘multistage’ machining process refers to a process in which a part is machined
through multiple setups. The ‘kinematic analysis’ refers to the analysis of the spatial
location of a feature on a workpiece after the translation and rotation from its nominal
location by using homogeneous transformations. In a multistage machining process, the
deviation of the feature location at one stage is caused by both local errors at the current
stage and the propagated errors from previous stages. These SoV models are quite effective
in describing the interactions between the product dimensional quality and the errors at
different stages. Using the SoV models, quick root cause identification and process design
improvement can be further achieved (Ding et al. 2002a, 2002b, 2005a, 2005b, Zhou et al.
2004, Kong et al. 2005). Thus, SoV is a promising methodology for effective control of
multistage manufacturing processes. A recent monograph (Shi 2006) and a review paper
(Ceglarek et al. 2004) provided detailed descriptions of the existing research work on SoV
modeling and applications in multistage manufacturing processes.

In the SoV models, the geometric and dimensional errors of a feature, which are the
deviations from its nominal location and orientation, are represented using a differential
motion vector. Figure 1 illustrates the difference in the error representation between
GD&T standard and the vectorial representation used in SoV models. Figure 1(a) shows
geometric tolerance zone under GD&T standard with a cylindrical feature and shows
the boundaries of the tolerance zone (dotted lines) around the true cylindrical feature
(solid line), while Figure 1(b) shows the vectorial representation of the deviation of a
cylindrical feature.

In Figure 1(b), the design nominal location and orientation of the cylindrical feature
can be represented by a local coordinate system (LCS) attached to the nominal feature
(represented by a dashed line in the figure). The location and orientation of the °LCS is
known in the PCS (part coordinate system) by the homogeneous transformation matrix
(HTM) °H, which represents the coordinate transformation from PCS to °LCS. The true
location and orientation of the cylinder after machining can be represented by another
local coordinate system (LCS) attached to the actual feature (represented by a solid line in
the figure). Then, the geometric and dimensional errors of this feature can be represented

PCS

(a) (b)

Figure 1. Concept of differential motion vector versus GD&T tolerance.
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by a HTM H,, which represents the transformation from °LCS to LCS. It needs to be
pointed out that although a HTM is a four by four matrix, there are only six independent
variables in a HTM, determining three translational and three rotational motions. When
the errors are small, Hq can be approximated by (Paul 1981):

1 —e3 e X
e3 1 —er y
H, = 1
1 —e e 1 z M

The translational deviation, denoted as [x, y, z] T and the orientation deviation, denoted as
[e1, e2, e3]7, can be collected into a single column matrix called differential motion vector
which is associated with Hy (Paul 1981, Craig 1989):

a=[x ¥y z & e ] 2)

Using the differential motion vector to represent the dimensional quality of a product
in SoV models is naturally due to the fact that homogeneous transformation is the
fundamental tool in kinematic analysis. However, this vectorial representation of part
dimensional quality is different from the GD&T standard currently used during the design
phase. Therefore, it is desirable to develop a method to translate the GD&T specification
into a HTM representation so that SoV models can incorporate the information of GD&T
specification.

GD&T standards provide a generic framework to define the boundaries of the
tolerance zones. However, it does not provide a method to obtain them for a specific
process. Several methods to mathematically obtain the boundaries representing the
tolerance zones have been proposed. Different classifications of these methods can be
found in the literature, such as in Requicha (1983), Hong and Chang (2002), or Pasupathy
et al. (2003). In Pasupathy ez al. (2003), the authors classify the methods in five groups:
(1) offset methods; (2) parametric space methods; (3) algebraic methods; (4) homogeneous
transformation methods; and (5) user defined offset zones by parametric curves.
For a detailed review of these methods, please refer to the survey by Pasupathy et al.
(2003). As discussed before, the SoV models utilise homogeneous transformations to
describe the feature deviations. Therefore, homogencous transformation methods are the
most relevant methods to incorporate GD&T specifications in the SoV models. Hong and
Chang (2002) proposed a classification of homogeneous transformation based methods.
Three major directions exist: (1) Rivest er al. (1994) proposed to represent the GD&T
tolerances using chains of kinematics links; (2) a method based on the use of Jacobian
transforms to model the propagation of small deviations along a tolerance chain was
developed by Laperriére and Lafond (1998) — this method and the small displacement
torsors (SDT) based methods (Bourdet e al. 1996, Desrochers 1999, Teissandier et al.
1999) are eventually integrated together with the development of a unified method for
3D tolerance analysis (Desrochers er al. 2003, Laperriere et al. 2003); and (3) 4 x 4
homogeneous transformation matrices have been used to represent the tolerance zones
using parameters for non-invariant displacements in Salomons er al. (1996) and
Desrochers and Riviere (1997). However, the aforementioned research often does not
consider the spatial relationship between controlled features (i.e., features that are subject
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to tolerance requirements imposed by GD&T) and the reference datum, and thus does not
allow a direct integration of GD&T tolerances into the SoV models.

In this paper, a homogeneous transformation matrix approach is used to represent
the boundaries of the dimensional and geometric tolerance zones, taking the reference
datum scheme directly into account. Further, the obtained boundaries are utilised to
integrate the allowable deviations of the controlled features in the SoV models. A generic
procedure is developed and applied to specific GD&T requirements. The relationship
between controlled features and reference datums can be directly incorporated in the SoV
models when the GD&T tolerances are applied to the controlled features. The detailed
mathematical formulation is defined in Section 2. Section 3 presents the complete model
derivation for positional, orientation and form tolerances. A case study to illustrate the
derivation and validate the results is shown in Section 4. Finally, conclusions and some
discussion of the applications are given in Section 5.

2. Review of SoV modelling and problem formulation
2.1 Brief review of the variation propagation (SoV) model

In the SoV models, variation propagation in multistage machining processes is modelled
following a chain-like state space framework as illustrated in Figure 2 (Zhou et al. 2003).
For an N-stage process, the model is in the form of a linear relationship:

Xp = ApXp—1 + Brex + wy, 3)

where k£ is the stage index. The key quality characteristics of the product (e.g., dimensional
and geometric deviations of key features) at each stage are represented by the vector xy.
The machining datum errors are incorporated in X, and the local process errors at stage k
(e.g., fixturing errors) are denoted by e,. Under small error assumption, x, is modelled as
a linear function of x;_; and e;, where the coefficient matrices A, and B, are obtained
based on the product/process design information, e.g., datum feature selection, the
nominal locations of datum features and new features, fixture layout, etc. Therefore, both
propagated and local variations are captured in the model. Un-modelled errors in the
process are represented by a noise input to the system, noted as wy. In this paper, we will
focus on datum error and fixture error because setup error (datum error in particular) is
the key cause of variation propagation in a multistage machining process. Therefore,
w, includes all other errors such as machine geometric error. As we can see, the
complicated variation propagation is handled automatically in the variation propagation
model through the state transitions because key quality characteristics of one stage are
used as the input for its following stage. Therefore, to construct the model for a multistage
machining process, we only need to focus on its local relations between x; and x,_; and e,
at each stage. The model for the overall process can then be obtained by stacking all stages
together. Therefore, in this paper, we will focus on translating the GD&T specifications

Xj-2 Xp-1 Xy

—»| Stagek-1 —» Stage k  |—»

el vl el

Figure 2. Diagram of a complicated multistage machining process.
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into HTM representation at a single stage. Readers might also have noticed that in
Equation (3), x, is linearly related with x,_; and e,. This is due to the fact that in most
cases, the geometric and dimensional errors in the system are quite small compared with
the nominal dimension of the product and thus a linearised relationship can well
approximate the true relationship (Zhou et al. 2003). For very large errors such as
a broken locator, it is always easy to detect and identify without using the SoV model.
Thus, most SoV models adopted the linear structure.

In the SoV model, the state vector x; is defined as a stack of differential motion vectors
(Paul 1981, Craig 1989) that represent the position and orientation deviations of the key
features as explained in Figure 1(b). Figures 3(a) and 3(b) also illustrate with a simple
single stage machining process the usage of the differential motion vector in the state space
model. The machining operation represented by the cutting tool corresponds to the milling
of the top surface of a cubic workpiece. The workpiece is mounted on a fixture with a 3-2-1
locating scheme. In this example, the primary datum’s dimensional quality (corresponding
to the bottom surface of the workpiece) is not ideal (Figure 3(a)). Its inaccuracy is captured
by the deviation of the local coordinate system (LCS,) from its nominal position ("LCSA)
and is denoted by the differential motion vector q, on the figure. Because of the
dimensional inaccuracy of the primary machining datum, and after the machining
operation is carried out, the error will propagate to the feature created at the machining
stage (top surface of the workpiece): that feature will not be in its nominal position
(Figure 3(b)). Using the linear model shown in Equation (3), the deviation of this feature
will be determined in terms of a differential motion vector qg representing the deviation
from nominal of the coordinate system attached to the top surface (transformation from
OLCSp to LCSp).

However, in many cases, the dimensional inaccuracy of machining datum A is not
directly given as the deviation of the LCS, in terms of a differential motion vector.
Instead, the most widely used form follows the ANSI GD&T standards. Therefore, there
is a need to find an interface between the GD&T characteristics and the SoV model’s
differential motion vectors.

2.2 Problem formulation

The proposed methodology is to transform the GD&T characteristics to corresponding
differential motion vectors. First, the scope of the problem needs to be identified. GD&T
characteristics can be classified depending on the scale of the corresponding variability.

LCS,

(a) (b)

Figure 3. Concept and usage of the state vector.
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Henzold (1995) distinguished micro and macro-sources of variations. The micro sources
correspond to the surface texture and include surface roughness or waviness. There are
four levels of control for macro-variation of a feature defined in GD&T standards: (1) size
control; (2) form control; (3) orientation control; and (4) positional control. These levels
can be applied to a feature either alone or simultaneously. The first level defines size limits
for the controlled feature; the second level controls the overall shape of a feature, described
by a boundary inside which the feature must lie. Specifically, there is cylindricity,
circularity, flatness or straightness depending on the nominal geometry of the controlled
feature. The third level controls the angular relationship of a feature with respect to a
different surface, referred to as GD&T reference datum in this paper. There are specific
orientation tolerances defined in ANSI Y14.5 as angularity, parallelism, and orthogon-
ality. The fourth level controls both the location and orientation of a feature with respect
to a surface. In addition to these three levels, other tolerances such as runout, profile, or
symmetry can be defined. However, these additional characteristics can be derived by
composing the basic aforementioned control levels. To limit the scope of this paper,
we focus on the analytical modelling and transforming of the macro-variation GD&T
characteristics of positional, orientation and form. The rationality of not including micro-
sources of variation such as surface texture is that the scale of these errors is between 10
and 100 times smaller than the macro variation sources and their effect on the propagation
of dimensional variation can therefore be neglected.

3. GD&T tolerance zone modelling and integration

GD&T characteristics can be defined as either stand-alone or with respect to one or more
reference datums. Each characteristic defines a zone in which the controlled feature must
lie. The deviation of the controlled feature from nominal in terms of the differential
motion vector will be determined and used to represent a realisation of the surface within
a zone controlled by a tolerance. In this article, we will determine the worst case
realisations, corresponding to the largest possible feature deviation achieved without
falling outside of its tolerance zone. The corresponding differential motion vector can then
be directly used as input to the variation propagation model to represent the feature
dimensional inaccuracy in the machining process.

In this paper, we define three types of coordinate systems: (1) the global coordinate
system (GCS) is the reference frame; (2) the part coordinate system (PCS) is the reference
coordinate system attached to the workpiece; and (3) the local coordinate system (LCS,,
where i represents the index of the feature) is attached to the features of the workpiece.
Without loss of generality, the GCS will be defined as the same as the PCS; and LCS; will
always be defined such that its z-direction will be the normal direction of the ith feature at
the origin of the LCS; for a planar feature or the axis of revolution of the ith feature for
a conical or cylindrical feature. Also, a notation with a left superscript 0 is used to describe
the nominal condition.

3.1 Model derivation for positional GD&T characteristic

The primary purpose of positional tolerances is to locate the centre of a feature, such as the
centre of a pin or hole. This tolerance is extensively used in engineering drawings; it is
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Figure 4. Example of positional tolerance: position of a hole.

defined with respect to one or more datums. The datum(s) will determine the orientation
and location of the tolerance zone characterised by the tolerance value e in which the
controlled point or axis can move. Figure 4 shows an example of positional tolerance using
two datums.

The nominal location of datums A, B and of the cylinder (feature C) is known in the
part coordinate system (PCS): the deviation of the cylinder’s centre will be in the plane
spanned by the two normal directions to A and B. Without loss of generality, we define the
LCSc attached to the cylinder so that (ns x ng) corresponds to the z-direction of the LCSc,
where n, and ng are the normal directions of datums A and B, respectively. Defining two
parameters «; and «,, we can determine:

& &
1 00 o =% =5
0 1 0 € £
Ho=| 0y o | with § 73=@=5 . )
22
000 1 el < [ — o

where Hy corresponds to the homogeneous transformation matrix associated with the
differential motion vector q =[a; @» 0 0 0 0]” as explained in Figures 1 and 3. H, represents
the homogeneous transformation matrix of the transformation of the centre or axis
from its nominal position to its true position and therefore captures the positional error
of the controlled feature. The inequalities in Equation (4) assure that the true feature
lies within the tolerance zone. In particular, the third equation in Equation (4) accounts
for the circular shape of the positional tolerance zone. Although two of the three
inequalities are sufficient to constrain the parameters, the third equation is listed for clarity
purpose. By varying the variables «; while maximising the variable a,, it is easy to
determine a worst case realisation of q, corresponding to a worst case deviation of the
controlled feature.

3.2 Model derivation for orientation of GD&T characteristics

We first use parallelism as an example to illustrate the basic idea. Figure 5(a) shows a 3-D
workpiece with a parallelism requirement defined on a feature (feature C) with respect
to a GD&T reference datum (datum A). In Figure 5(b), the dotted lines represent the
nominal conditions; the dashed and dotted lines represent the tolerance zone determined
with respect to the GD&T reference datum A; and the solid lines represent the true
features. Also, in Figure 5, coordinate systems have been attached on each feature.
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Figure 5. Engineering drawing and true workpiece for a parallelism requirement.

The controlled feature is deviated within the tolerance zone; therefore, each point on
the feature will be deviated accordingly. Every point’s deviation will be constrained by the
tolerance value of the GD&T characteristic. In other words, if we define a point °P; on
the nominal feature, it will be deviated by a distance «;. The value of the parameter «; is
constrained by the GD&T tolerance value. Further, the tolerance zone is defined with
respect to GD&T reference datum(s). Therefore the direction of the deviation of the points
OP; will depend on the position of the GD&T reference datum.

Since each point on the surface may be deviated and their deviation is parameterised in
terms of the GD&T characteristic, the deviation of the entire feature can be determined
by a differential motion vector satisfying mathematically that each deviated point should
lic on the true feature. The deviation of the feature, expressed in terms of a differential
motion vector, can therefore be parameterised by the deviation «; of the points that
constitute the surface. The extreme values of the components of the differential motion
vector can be determined through optimisation subject to the constraint that the deviation
of each point on the surface should satisfy the GD&T requirement. The extreme values of
the differential motion vector correspond physically to a worst case realisation of the
feature’s geometry and can be directly incorporated into a SoV model.

Based on the above idea, Figure 6 summarises the general procedure for the integration
of geometric tolerances in the variation propagation models.

Each step of the proposed methodology is discussed in detail below:

S1. Identify the boundary points on the controlled feature: In this step, N points will be
defined on the feature. Assuming rigid parts, the deviation of three points (later
referred to as deviation points) can be used in 3-D to parameterise the deviation of the
entire feature. Therefore, N has to be greater or equal to 3. For N > 3, any three of
the N points will be used as deviation points. The N — 3 remaining points will be used
as constraints to ensure that the feature lies within the tolerance zone. These points
will be referred to as control points in the remainder of the paper. A good selection of
N points will represent the entire surface of the controlled feature. For example, a set
of N points on the surface chosen such that the polygon created by the N points is
the convex hull of the vertices of the feature is a good set of points to represent the
controlled feature;

S2. Determine the possible positions of the boundary points with respect to the GD&T
reference datum(s) in terms of parameters («;) representing their deviations;

S3. Determine the possible positions of the boundary points with respect to the nominal
feature in terms of the deviation of the LCS attached to the controlled feature
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S1. Determine
Boundary points [OP;]

S2. Deviation of the points
w.r.t GD&T reference datum(s)
[Pi] =f ((xp Oy, 0(3)

S3. Deviation of the points
w.r.t nominal controlled feature

Pl=g(x,y,2,¢e,¢€,¢€

S4. System of equations
£ ©4,005,003) =8 (X, ¥, 2, €, €, €3)

b 103004 [opour [enUAIAIJIP AqQ
Ppajuasaidal ST UOTBIASD 2INJEd, S[OPOJN AOS

S5. Constrained optimization
q=1[x,y,2, ¢ ¢, el

Feature deviation zone represented by GD&T standards,
e.g., parallelism, angularity

Figure 6. General methodology for incorporating GD&T tolerances in SoV models.

(the location deviation is denoted as [x y z]”, and the orientation deviation is denoted
as [e; e 63]T);

S4. Determine the equations linking the deviation of the boundary points to the
deviation of the feature by equalising the positions of the points determined in steps
S2 and S3 of the procedure; after selecting three deviation points, solve the system
to obtain the deviation of the LCS as a function of the individual deviation «; of the
deviation points;

S5. Given the objective of determining the maximum or minimum of one or more
components of the differential motion vector representing the deviation of the
feature, proceed with the optimisation procedure, subject to the constraint that all
boundary points (three deviation points and N — 3 control points) must lie within
the tolerance zone. In other words, the constraints of the optimisation problem are
determined by ensuring that the deviations ¢; of all N boundary points satisfy the
GD&T characteristic. The resulting differential motion vector, corresponding to a
worst case realisation of the controlled feature, can be integrated with the variation
propagation models.

Clearly, steps S2 and S3 of the procedure are critical steps in the translation
of various GD&T characteristics. Two lemmas are introduced as follows to address these
two steps.

Lemma 1: As shown in Figure 7, the nominal and true positions of a planar feature K are
represented by coordinate systems °LCSy and LCSk, respectively. Without loss of generality,
we assume that the z-axis of LCSx is the normal direction of the true feature K. The matrices
“Hy, Hk, H(qk) are the homogeneous transformation matrices between PCS and *LCSk,
PCS and LCSk, *LCSk and LCSk, respectively. Given two points P, and OP,-,true that have
the same coordinates in °LCSx and LCSk, respectively. If the point OP,-,true is deviated along
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Pi
Hi

PCS

Figure 8. Coordinate systems and homogeneous transformation matrices in Lemma 2.

the normal direction of true feature K by a distance «; to a new point P;, then the coordinates
of P; in PCS, denoted as P;, are given by:

[P7 1]"="Hx-H(q) - Hi-Hg' - [P/ 1], (3)
where °P; is the coordinate of °P; in the PCS coordinate system, and where:

I \ [0 0 o]
0‘ 1

H; =

The proof of this lemma is given in Appendix 1.

Essentially, this lemma provides a method to identify the tolerance zone in PCS when
the tolerance zone is identified by deviating points on a feature along the normal direction
of a non-ideal datum feature (i.e., feature K in the lemma).

Lemma 2:  As shown in Figure 8, the nominal and true positions of a planar feature K are
represented by coordinate systems °LCSk and LCSk, respectively. The matrices “Hy, Hyg,
H(qk) are the homogeneous transformation matrices between PCS and °LCSg, PCS and
LCSk, °LCSk and LCSk, respectively and qg is the differential motion vector associated
with the homogeneous transformation matrix H(qk). Given two points °P; and P; that have the
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same coordinates in °LCSk and in LCSk, respectively, then their coordinates in PCS, denoted
as °P; and P;, satisfy,

[P/ 1]"="Hx - H() "H;' [P} 1]" (©)

The proof is straightforward. Because P, has the same coordinates in °LCSk as P; in
LCSk. "Hx'-[°P! 1]7 gives the coordinates of P; in LCSk. Further left multiplication by
"Hy - H(qx) translates the coordinates in LCSk into the coordinates in PCS. This lemma
essentially provides a method to determine the coordinates of points on a deviated feature
(e.g., feature K in the lemma) whose deviation is represented by a differential motion
vector qg.

3.2.1 Transformation of parallelism characteristic

In the following, the transformation of parallelism requirement is presented using the
abovementioned steps.

S1-S2. Given a workpiece on which one feature has a parallelism requirement with respect
to one datum as shown in Figure 5(a), N boundary points are defined on the
nominal controlled feature: °Py, °P,, ..., °Py. Their nominal position is known in
the PCS as °P;, where i is the index of the point. Each of the points can move in the
tolerance zone defined with respect to GD&T reference datum A; in other words,
for the parallelism requirement, the tolerance zone can be obtained by deviating
the points in the normal direction of GD&T reference datum A within an
allowable range. Denoting P; as the deviated position of boundary point i, then the
goal of this step is to express P; as a function of the nominal position °P; of the
boundary point i and its deviation in the normal direction of datum A, denoted as
«;. With this function, the tolerance zone can be identified by constraining the
range of «;; for example, for parallelism, we have: —¢/2 < «a; <¢g/2, where ¢ is the
value of the parallelism requirement. The function can be easily obtained using
Lemma 1. Treating datum feature A as feature K and q,, the differential motion
vector that represents the deviation of the datum feature, as qg in Lemma 1, then
Equation (5) provides the coordinates of the deviated boundary points in PCS.

S3. The coordinates of the deviated boundary points can also be obtained using the
result of Lemma 2 by deviating feature C. Treating feature C as feature K and qc, the
differential motion vector that represents the deviation of feature C, as qg in Lemma
2, then Equation (6) provides the coordinates of the deviated points in PCS.

S4. Steps S2 and S3 give the coordinates of the same set of points in PCS. Thus, by

equalising the set of equations for each point, the relationship between the feature
deviation represented by differential motion vector and the allowable deviation
specified by the GD&T requirement can be established.
Because multiple boundary points are selected, multiple equations can be obtained.
For a planar feature, three points are needed to determine the feature’s spatial
location. The equations derived for the N —3 remaining points can be used as
constraints to ensure that all boundary points lie within the tolerance zone defined
by the GD&T specification.

Ss. Finding the extremes of one or more of the components in the differential motion
vector q physically corresponds to calculating the parameters associated with
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a worst realisation of the controlled feature within the tolerance zone. Depending
on the quality characteristic of interest, the objective function for the constrained
optimisation is determined. For the parallelism characteristic, the dimensional
quality characteristics of interest are the maxima and minima of each of the
individual orientation parameters. The objective function can therefore be defined
as max(e;), min(e;), max(e;) or min(e;). The deviated feature must lie within the
tolerance zone. Hence, the individual boundary points, selected to represent the
surface, are constrained by the value of the GD&T characteristic. Assume N > 3
boundary points are selected and the first three points are used to establish the
relationship between qc and oy, a», and a3, the optimisation problem for e¢; can be
finally formalised as:

max e; = gy, a0, a3)
subject to :
o < E
2 b Vie(,...,N) @)
o = —E

o = filar, 0, 03), Yie,...,N),

where g and f; are linear functions, ¢ is the value of the GD&T characteristic. The
function g is obtained based on the first three points and the functions f; are obtained
with the remaining points and the relationship between qc and «y, on, and a3.

3.2.2 Transformation of angularity and perpendicularity

The same procedure can be applied to the transformation of angularity and
perpendicularity requirements.

S1-S2. Given a workpiece on which one feature (feature C) has an angularity
requirement with respect to two reference datums (datums A and B) as shown
in Figure 9.

N boundary points are defined on the nominal controlled feature, “Py,°Ps, ..., Py.
Their nominal position is known in the PCS as °P;. Each of the points can move in the
tolerance zone defined with respect to GD&T reference datums A and B; in other words,
each of the points will move in the direction defined by a normal vector to reference datum
A rotated by an angle 6 around a normal vector to reference datum B. First, the direction

Figure 9. Angularity of a feature.
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of the deviation of the points is determined by rotating °LCS . Then, the deviated points
known in the PCS as P; can be calculated using Lemma 1.

Defining °LCSs, LCSs, LCSp and LCSg, determined from the PCS by the
homogeneous transformation matrices "H,, H,, "Hg and Hg, respectively, such that the
z-directions of °LCS, and °LCSy are the normal directions of the nominal datums A and
B, respectively, the vector u corresponding to the z-direction of LCSy expressed in LCS
can be determined as:

[u 0]"=H;"-Hg[0 0 1 0]" ®)

Knowing u, LCS, can then be rotated by an angle 6 specified by the geometry of the
workpiece. The rotated LCS,, called LCSg in the following, with its associated
homogeneous transformation matrix Hg from the PCS has its z-axis perpendicular to
the tolerance zone. We have:

where R corresponds to the homogeneous transformation matrix that rotates a coordinate
system of an angle § around an axis defined by a vector u=[u, u, u.]” (Craig 1989):

1+ (1 —cosO)(uz—1) (1 —cosO)uyu, —u.-sin@ (1 —cosOuyu +u, -sinf 0
(I —cosOuuy +u.-sinf 14-(1 —cosQ)(uf, - 1) (1 —cosO)uyu. —uy-sinf 0

R=
(1 —cosO)uxu- —uy -sinf (1 —cosOuyu. + uy-sind 1+ (1 —cosd)(u? —1) 0
0 0 0 1
(10)

Given the deviations in the z-direction of LCSg of the boundary points defined as
ay, oo, ..., ay, the coordinates of the deviated boundary points in PCS can be determined
using Lemma 1 (Equation (5)), treating LCSg as LCSk:

[P7 1]" =Hg-Hi-Hg'-°Hy -H(gy) - *H;' - [°P] 1]

11
:HG.Hi.Rfl_OHXI.[OPiT 1], ( )

where H; is given in Lemma 1. To ensure that the controlled feature lies within the
tolerance zone, the deviations, noted as o«j,an,...,ay, for points Py, P,, ..., Py,
respectively, must satisfy —g/2 <o;<¢/2,i=1,...,N.

The procedure developed for the angularity characteristics can also be applied to
a perpendicularity characteristic by defining an angle 8 =/2 of rotation of the normal
direction of reference datum A around the normal direction of reference datum B.

The following steps of the transformation of angularity or perpendicularity
characteristics are very similar to those of the parallelism characteristic. In step S3, the
coordinates of the deviated boundary points given the deviation of the controlled feature
C, which is expressed by the differential motion vector qc =[x y z e; e e5]” can be obtained
using Lemma 2 (Equation (6)). In step S4, by equalising the first three equations obtained
in step S2 and step S3, q¢ can be expressed as a function of «y, a,, and o3.

In step S5, the worst case deviation of the controlled feature is obtained by optimising
one or more components of the differential motion vector. The dimensional quality of
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Figure 10. Example of form tolerance: straightness of a line.

interest corresponds to the two orientation parameters; the objective function can
therefore be expressed as max(e;), min(e;), max(e;) or min(e,), etc.

Similar to the parallelism case, the deviated feature must lie within the tolerance zone;
therefore, a constrained optimisation problem can be formulated.

3.3 Transformation for form GD&T characteristics

In GD&T standards, the form tolerance is defined to obtain a tolerance zone in which
the controlled feature is free to be deformed. Specific characteristics are defined
given the nominal geometry of the controlled feature: straightness of a 2-D line, flatness
of a 3-D plane, etc. The tolerance zone is obtained by offsetting each point on the
surface from half of the tolerance value on each side of the nominal feature. If we define
points on the surface that are far apart, each point can freely move along the normal
direction to the nominal controlled feature constrained by the tolerance zone. By taking
points apart, any constraint of continuity of the surface is eliminated. Figure 10 shows an
example of form characteristic: the straightness of a line. In this example, the workpiece
is a 2-D square, where one of its sides is used as primary datum when the workpiece
is mounted in a fixture (the fixture is represented with the locating points L; and L,
in Figure 10).

With this example, it is clear that the deviation of the workpiece due to the form
requirement can be expressed by considering the feature with a perfect geometry and
with the locators having a deviation along the normal direction of the controlled feature at
the point of contact with the locator. It is therefore easy to incorporate form tolerances
in the SoV models by treating form tolerances as an independent fixture error on each
locator (corresponding to the local error e, in Equation (3)). The locators will be deviated
along the normal direction of the surface at the contact point within & half of the form
tolerance value.

4. Experimental validation

The developed technique for transforming the GD&T characteristics applied on
a controlled feature into the corresponding feature deviation represented by differential
motion vector is validated on a machining process. In this section we first introduce
the process; then the variation propagation model is developed, and finally results
are validated.
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Table 1. Nominal position of the LCS.

Feature Notation [x v z ¢ v ¥]

A~"LCS,  °Ha [52.5566 1.4805 0 =/2 0 0]7

B~ LCSy “Hy [0 —2598072 25 0 0 0]
C~°LCSc “He [0 0 0 0 n/2 —n/6]"
D~%LCSp  °Hp  [67.556644 16.480547 20 —x/2 =/2 =/2]7
f; ~LCSp oH, [37.5 3031088 25 0 —n/2 —n/6]"

Table 2. Nominal position of the locators.

Feature Locator Coordinates Normal direction
C L, [3.75 —2.1650 —12.517 [-0.5 —0.866 0]"
C L, [—3.75 2.1650 12517  [—-0.5 —0.866 0]
C L, [-11.25 6495 —25]7  [-0.5 —0.866 0]
E L, [0 2598 25]7 (o o 11"
E Ls [7.5 12,99 25]7 (o o 117
A L [67.5566 36.4805 0] 1 o o

4.1 Introduction to the machining process

The following machining process is adapted from a real machining process with
modifications due to confidentiality considerations. It is a one stage process and one
feature will be machined on the workpiece through milling.

The machining operation consists of milling feature f;. Datums C, E, and A are the
primary, secondary and tertiary machining datums of this operation, respectively. Clearly,
this fixture layout is not a traditional 3-2-1 layout since the datums are not orthogonal
to each other. Therefore, we will use the methodology developed in Loose et al. (2007) to
create the SoV model. First, coordinate systems are defined on each feature. Table 1
gathers the nominal locations ([x y z]) and orientations ([¢ v ¥]) of the local coordinate
systems with respect to the PCS, following the Euler angular notation for the orientations
(Paul 1981).

The nominal location of the locators, expressed in PCS (in this case, we take
GCS the same as PCS for the sake of simplicity), are given in Table 2. Table 2 also lists
the normal direction of the datum at the points of contact with the locator, expressed
in PCS.

Two GD&T tolerances are defined: the first is a perpendicularity characteristic
and is defined on machining datum A with respect to GD&T reference datums B
and D; the second is an angularity characteristic defined on machining datum C with
respect to GD&T reference datums A and B. Also, four boundary points are
defined on each feature, as shown in Figure 11. Their coordinates in PCS are given
in Table 3.
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Figure 11. Workpiece for the case study.
Table 3. Nominal position of the locators.
Feature Point Coordinates Feature Point Coordinates
A op, [67.55 148 —25]" C op, [-37.5 21.65 251"
A p, [67.55 51.48 —25]7 C pg [-37.5 2165 —25]"
A p, [67.55 1.48 25]7 C p, [37.5 —21.65 251"
A op, [67.55 51.48 2517 C pg [37.5 —21.65 —25]"

4.2 Determination of the deviation of feature f;

Following the procedure in Loose et al. (2007), a variation propagation model in the form
of Equation (3) is obtained for the machining process with Xo=[qc qc qc 9k qr qa] and
x; =[qy ], and the coefficient matrices Ay and By in Equation (3) are obtained and their
expressions are given in Appendix 2. In this model, e; is an (18 x 1) vector and represents
the fixture induced error. The quality characteristic of interest is the orientation deviation
of feature f; therefore, the parameters of interest in qf, =[x y z ) e> es]” will only be the
two rotational parameters [e;, e>] because [x, y, z] represents the location deviation which is
of no interest here and e3, which represents the rotation around z-axis, makes no difference
to the feature plane no matter what value it takes. To obtain the worst case deviations,
the following procedure is applied: first, the methodology proposed in this paper is used to
obtain the possible deviations of datum A, on which a perpendicularity characteristic is
defined, expressed as a differential motion vector qu:

—0.02 002  0[e
qa=|-002 0 002||aw|, os=-0+a+as, (12)
—02 03 09 ||

where «y, oy, a3, and oy are parameters constraining the deviation of points op,, °p,, °Ps,
and °P,, respectively, and satisfying —0.05 <¢;<0.05, i=1,...,4.
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Table 4. 3DCS and model predicted results (1 x 107> rad).

Component DCS min. Model min. % error DCS max. Model max. % error
e —4.99996 —4.99989 0.001% 4.99996 4.99989 0.001%
e —4.30938 —4.31009 0.02% 4.30939 4.31009 0.02%

Then, the possible deviations of datum C, constrained by an angularity characteristic,
are obtained in terms of a differential motion vector qc:

—0.01 0 001  —0.02 0.02 0 1’ Tas177
qc=| —002 002 0 —0.0115 0 00115 ||| e e
—0.9056 1.1556 0.25 0 —0.5 —0.5 a3 a;
ay = —a) +ar + a3
oag = —0.4208 - o; — 0.5832 - a0y — a5 + g + o7, (13)

where as, ag, a7, and ag are parameters constraining the deviation of points °Ps, “Pg, °P5,
and °Pg, respectively, and satisfying — 0.1 <¢;<0.1, i=5,...,8.

Finally, the SoV model is used to determine the deviation of feature f; as a function
of the deviations of the machining datums C and A. Assuming that datum E is perfect
(e.g., qg =0) and that there is no fixture induced error (e.g., e, =0 in Equation (3)), the
deviation of feature f; (qf,) is determined as a function of parameters o;, i=1,...,8.
The extremes of the orientation parameters [y, e;] in qy,, corresponding physically to worst
case realisations of the feature, are then determined.

4.3 Results

The machining operation presented in Figure 11 has been modelled using 3DCS,
a commercial tolerance simulation software widely used in practice that allows
dimensional variation analysis. 3DCS allows the definition of GD&T characteristics on
CAD features and simulates the deviation of these features using Monte Carlo simulation
assuming a normal distribution of the feature deviation within the tolerance zone. For
each simulation executed by the software, a realisation of the feature constrained by the
GD&T characteristic is determined. The output measured using 3DCS corresponds to the
deviation from nominal of the controlled feature with respect to the PCS. The extremums
of the deviation found after 50,000 simulations are then compared with the values
determined following the procedure proposed in this paper. Table 4 gathers the
comparison results between the two models.

The comparison results in Table 4 indicate that the difference between the 3DCS
prediction and the model prediction is very small. The 3DCS results are from numerical
simulations based on the non-linear relationships, whereas the proposed methodology
is based on linear equations, assuming that the deviations of the feature are small
(e.g., the value of the GD&T characteristic is small compared to the size of the controlled
feature). The results show that the linearisation error is quite small (below 0.1%) in
these cases.
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5. Conclusion

The mathematical formulation of GD&T requirements is a complicated topic. In this
paper, an analytical derivation was developed to describe the deviations of the features in
terms of a differential motion vector controlled by GD&T characteristics. The derivation
has been shown for positional, orientation and form tolerances. It has been applied to
specific GD&T characteristics but remains very general nonetheless. A similar logic can
be applied to other GD&T characteristics including the material condition modifiers. This
formulation allows for the determination of the worst case deviations of the feature given
a GD&T specification in different directions or orientations using homogeneous
transformations. This translation of GD&T characteristics formalised mathematically
using matrices creates an interface between variation propagation (SoV) models and
GD&T standards.

Using the state space model with this interface, variation simulation can be easily
conducted with given initial conditions. The model developed in this paper allows
practitioners to specify and analyse the workpiece tolerances in terms of GD&T. It is
valuable to evaluate a process since it gives an analytical representation of a design
specification defined in the early design stage as well as product dimensional quality
measured in-line. Other GD&T characteristics such as the profile of a surface and the
inclusion of material condition modifiers will be studied in the future.

When the error is represented by its statistical distribution rather than a fixed value,
e.g., the location of a loose fixture locator can be modelled by a normal distribution
around its nominal position, the distribution of the feature deviation from its nominal
position can be investigated based on the same model in Equation (3). Therefore, the
current work can be linked with the statistical tolerancing research area.
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Appendix 1

Proof to Lemma 1:  Define [ P; truelLcs, and ° Piloy cs, as the coordinates of P, wrue in LCSk and °P; in
OLCSK, respectlvely Because 0P, wwue has the same coordinates in LCSk as 0P zn OLCSk, we have,
[ PitruelLcs, = [ ,]ULCS Howevei it is known that [° Pilrcs, = OHy ! -['pr 1" and thus we have
[°P; truelLcs, = H_ o PT 117, Further, a left multiplication ofH will deviate P, wrue @long the
normal direction offeatwe K in LCSk. Flnally, the left multiplication by “Hy - H(qk) translates the
coordinates in LCSk into the coordinates in PCS.

Appendix 2
A, =F;
0 0 4448 120.391 41705 0 0 0 —-7.272 —118.09 68.180 0
0 0 —2.568 —69.508 —-24.078 0 0 0 4.199 68.179 —-39.364 0
0 0 0.792 21435 7425 0 0 0 -—2.295 —37.263 21.514 0
0 0 —-0.060 —1.615 —-0.55 0 0 0 0.083 1.346 —0.777 0
0 0 -0.019 -0511 -0.177 0 0 0 0.005 0.089 —0.051 0
0 0 0.122 3.300 1.143 0 0 0 -0.199 —3.237 1.869 0
0 0 2824 88.901 —162.539 0 —-2.106 0  3.648 —45.60 —127.682 —26.33
0 0 —1.630 —51.327 93.842 0 0927 0 —-1.606 20.078 56.217  11.592
0 0 0.503 15.828  —28.939 0 0 0 0 0 0 0
0 0 —0.023 —0.731 1.337 0 0 0 0 0 0 0
0 0 0.013 0.422 —-0.772 0 0 0 0 0 0 0
0 0 0.077 2.437 —4.455 0 —-0.577 0 0.1 —1.25 =35 —0.722
2.106 0 —3.648 —45.60  91.201 —26.328 -1 0 0 0 O 36.481
—1.505 0  2.606 32.578 —65.155 18.809 0.577 0 0 0 0 -—21.062
0 0 0 0 0 0 00 0 00 0
0 0 0 0 0 0 00 0 00 0
0 0 0 0 0 0 00 0 00 0
0.0577 0 -0.1 —1.25 25  —-0.722 00 0 00 0
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F;

= e = =]

0 —4448 0 0 7272 0 0
0 2568 0 0 —419 0 0

0 —0792 0 0 2295 0 0

0 0060 0 0 —0.08 0 0

0 0019 0 0 —0.005 0 0

0 —0122 0 0 0.9 0 0
2106  3.648 0 —2.106 —3.648
0927 —1.606 0 1.505  2.606
0 00 0 0

0 00 0 0

0 00 0 0
0.058 0.1 0 —0057 —0.1
—1 0 0 0 —25

0 -1 0 25 0

0 0 —1 —303109 37.5
1o 0 o 10
0 0 0 0 -1

Lo 0 o0 0 0

—2.824
1.630
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0.023
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