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Production cycle time is an important performance measure in manufacturing systems, and thus it is of interest to characterize
distributional properties, such as quantiles, for informative decision making. This article proposes a non-linear quantile regression
model for the relationship between stationary cycle time quantiles and corresponding throughput rates of a manufacturing system.
The statistical properties of the estimated cycle time quantiles are investigated and the impact of dependent data from simulation
output on parameter estimations is analyzed. Extensive numerical studies are presented to demonstrate the effectiveness of the
proposed methods.
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1. Introduction
Production cycle time is usually represented by a random
variable that characterizes the time required for a job or
order to traverse through a system in a designed routine
(see, for example, Hopp and Spearman (1996)). It is known
to be an important performance measure of the responsiveness of a manufacturing system. Furthermore, cycle time
is also strongly related to many other important aspects in
a manufacturing system. For example, in a make-to-order
production environment, delivery lead times, as well as order promising abilities, are to a large extent influenced by
the production cycle time (Gordon, 1993). As another example, the famous Little’s law indicates that average workin-process increases as average cycle time increases under
the same throughput rate. Therefore, how to estimate the
cycle time in different system configurations is of great significance to inventory control, due date quoting, and other
decision-making in manufacturing systems.
In the literature, estimates of the mean and the variance of cycle time have been extensively studied from many
perspectives, including queuing system analysis and simulation output analysis. Bolch et al. (1998) summarized the
analyses and results under a variety of queuing system set∗
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tings, such as M/M/1 and GI/M/1 queues. Whitt (1989)
analyzed both mean and asymptotic variance of several relevant performance measures in queuing systems and used
them to determine simulation runs needed for precise estimation. On the other hand, general statistical simulation
output analysis methods can also be applied to estimate
the mean and variance of cycle time in the system. For details of these analyses, please refer to Asmussen and Glynn
(2007) and the references therein.
However, in many situations, in isolation the mean and
the variance of cycle time cannot provide us with an insightful picture of its distribution. It was noted that the distribution of the cycle time can be highly skewed and have heavy
tails (McNeil et al., 2005). Therefore, inference based only
on the mean and the variance is difficult, especially when
the form of the underlying distribution is unknown. For
example, a normal distribution with a mean of one and a
variance of one is completely different from an exponential distribution with a rate of one, despite them having
the same mean and variance. Instead, estimates of different
quantiles of the distribution can provide us with a more
comprehensive view of the underlying distribution. Several
papers in the literature discuss the estimation of the quantiles of cycle time in manufacturing systems. For example,
Jain and Chlamtac (1985) developed an algorithm to estimate the specified quantile without individual observation
storages. McNeil et al. (2005) employed the Cornish–Fisher
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expansion to estimate cycle time quantiles and also used
max/min transformation to improve the accuracy when
the distribution significantly deviates from normal distributions. Chen and Kelton (2006) proposed a method that
does not rely on prior information about the quantile to be
estimated at the cost of large sample sizes.
Despite the importance of these studies, there is one common drawback: they only provide a snapshot of the system
performance. In other words, the estimated cycle time quantiles are only valid under the specific configuration of the
throughput rate, product mix, buffer size, etc., at which the
cycle time observations were collected. However, manufacturing environments are dynamic, which makes the utilization of these estimates difficult. This drawback undermines
the role of simulation analysis for decision-making support, where different scenarios need to be considered and
compared, as applied in online due date quoting, scheduling, etc. Because of this disadvantage, it is necessary to
quantify the relationship between cycle time distributions
with other system parameters to make the inference more
reliable under changing configurations.
Most of the relevant papers in the literature only consider the mean cycle time as the response variable in a
regression on another parameter, such as throughput rates
and product mixes (see, for example, Fowler et al. (2001),
Park et al. (2002), and Yang et al. (2007)). There is a limited
literature on the relationship between cycle time quantiles
and throughput rates. Yang et al. (2008) assumed that the
cycle time followed a generalized gamma distribution and
fitted the regression functions of the first three moments of
cycle time to the system throughput rates. The parameters
of the generalized gamma distribution were determined by
making the first three moments equal to the estimated correspondences. Despite the importance of that work, it has
certain limitations. First, if the cycle time does not follow
a generalized gamma distribution, then the quantile estimate will not be reliably estimated using this methodology.
Second, the procedure involves estimation of three cycle
time moment–throughput curves and further estimation of
gamma distribution parameters based on the previous estimates. Therefore, the variance of the estimated quantile
could be significant, and thus more simulation runs are
required to obtain the desired accuracy.
In this article, we propose to use quantile regression to
directly quantify the relationship between cycle time quantiles and other manufacturing parameters. Particularly, our
method offers some advantageous features: (i) it does not
rely on distributional assumptions of the cycle time; (ii) it
can estimate multiple quantiles simultaneously without additional simulations; and (iii) it can incorporate max/min
transformation to reduce the sample size needed for the estimation of extreme quantiles. We will present our method
in detail and elaborate these advantages in the following
sections.
The remainder of this article is organized as follows.
Section 2 gives the formal problem statement while Sec-
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tion 3 presents the methods of estimation and inference
of cycle time quantile–throughput curves through quantile
regression. Relevant discussions regarding several important issues in practical applications are also provided.
Section 4 presents numerical studies to demonstrate the accuracies and efficiencies of the proposed methods. Section 5
concludes the article with discussions on future directions.

2. Problem formulation
To limit the scope of this article, we only consider the regression between cycle time quantiles and system throughput
rates. Without loss of generality, we normalize the throughput by the system capacity to be in the range from zero to
one and use xi to denote the i th throughput under consideration. When the system is stationary, the throughput
rate is equal to the release rate of new jobs into the system.
Therefore, it can be controlled and used as an independent
variable in the regression. On the other hand, individual
cycle times can also be easily observed by recording the
release time and completion time of each job. We use Yj (xi )
to denote the j th cycle time observation from the simulation where the throughput is set to xi . It is well known
that the cycle time observations from the same simulation
are usually dependent, and their distributions may not be
the same, especially in the transient period of the system.
Therefore, our focus here is on the cycle time quantiles in
the long-run behavior during steady state operation of the
system. We make the following assumptions on the system
under study.
Assumption 1: The process {Yj (xi )} is stationary for every xi ,
and Yj (xi ) converges in distribution to a random variable
Y(xi ) as j → ∞.
Assumption 2: The process {Yj (xi )} is φ-mixing for every xi .
−∞
n
In other words, let M−∞
and Mn+m
be σ -fields generated by
n
and
{Yj (xi ); j ≤ n} and {Yj (xi ); j ≥ n + m}, if E1 ∈ M−∞
−∞
E2 ∈ Mn+m , then:
|P(E2 |E1 ) − P(E2 )| ≤ φ(m),

∀n.

(1)

where P(·) is the corresponding probability measure,
and φ(m) is strictly non-increasing for m ≥ 1, and
limm→∞ φ(m) = 0 (Heidelberger and Lewis, 1984).
These two assumptions are commonly applied in queueing system analysis. Assumption 1 is also made in Yang
et al. (2008). However, we do not assume the existence of
higher moments of the cycle time distributions, which is
necessary in Yang et al. (2008). It is worth mentioning that
although it is difficult for Assumption 1 to be formally
proved in general situations, it is fairly intuitive and not
restrictive to many applications. Assumption 2 imposes the
dependence structure on the output observations. The intuition behind Equation (1) is that the dependence between
two samples decreases as the samples become farther apart
from each other along the time axis. In another words, samples observed recently can provide more information on
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the future observations compared with samples observed
earlier. Therefore, if we take samples sufficiently far apart
from each other in the steady state as our observations,
they can be considered to be independent and identically
distributed (i.i.d.) according to the assumptions. It is worth
pointing out that regenerative processes such as the waiting
time of the M/G/1 system are φ-mixing (Heidelberger and
Lewis, 1984).
In the literature, the relationship between cycle times and
throughputs is often characterized by a non-linear regression function:
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Yj (x) = f (x) + ε j (x),

(2)

This model has heteroscedastic errors dependent on x. As
the throughput rate x increases, both the mean and the
variance of the cycle time will increase. Yang et al. (2007)
proposed to use a general function inspired from queuing
approximation theory and heavy-traffic analysis to model
the mean and the variance of the cycle time without batch
processing policies. This function takes the form of
m
βl xl
σ2
, (3)
E[Yj (x)] = l=0 p and var[Yj (x)] =
(1 − x)
(1 − x)2q
where m, p, q, β l , l = 1, 2, . . . , m are coefficients to be
estimated, and σ 2 is the variance of the error term. Similar or simplified functions have been adopted by among
others Cheng and Kleijnen (1999) and Park et al. (2002).
The power function of (1 − x) in the denominator captures
the fast increasing trend of cycle time as the throughput
rate increase, and the polynomial function in the numerator makes the model flexible and able to fit a wide range of
distributions. In this article, we conjecture that the quantiles of the cycle time distribution can also be described
using the same form. Specifically, we propose to use the
Location-Scale Shift (LSS) model to describe the relationship between the cycle time and throughputs:
m
βl xl
1
εj,
(4)
Yj (x) = l=0 p +
(1 − x)
(1 − x)q
where ε j are identically distributed with marginal distribution function Fε (t). Here, for mathematical simplicity, we
make the following further assumption.
Assumption 3: Fε (t) is a continuous distribution function
with density fε (t), and 0 < fε (t) < ∞ in the quantile range
of interest.
This assumption ensures that the distribution function
is invertible, and the quantile function can be simply
expressed as the inverse function of the distribution functions. Notably, it is not restrictive, since in most manufacturing environments, cycle time is continuously distributed,
which makes Assumption 3 valid. Comparing with other
models (e.g., the Expectation Cycle Time model used in
Yang et al. (2007)), in the LSS model: (i) the error process ε j can be dependent: we only require it to be φ-mixing

through Assumption 2; (ii) the marginal distribution of ε j
can be quite arbitrary and is not necessarily normal. These
differences make our model extendable to a wider class of
production systems.
By definition, the τ th quantile of the distribution Fε (t),
denoted by Qε (τ ), can be expressed as Qε (τ ) = F −1 (τ )
= inf {t; Fε (t) ≥ τ }. By Equation (4) and the equivariance
property of non-decreasing monotone transformations of
quantiles (Koenker, 2005), we have that the τ th quantile for
the cycle time under throughput x is
m
βl xl
1
Qε (τ ).
(5)
QY(x) (τ ) = l=0 p +
(1 − x)
(1 − x)q
Please note that the model in Equation (5) is overparameterized with p, q, m, β l , l = 0, 1, . . . , m, and Qε (τ )
as unknown coefficients. In other words, the solution is not
unique. As illustrated in the following equation, for an arbitrary value Qε (τ ) and corresponding p, q, m, β l , l = 0,
1, . . . , m, we can always find another set of p , m , β l , l =
0, 1, . . . , m to represent the same function of QY(x) with
Qε (τ ) = 0:
m
βl xl
1
Qε (τ )
QY(x) (τ ) = l=0 p +
(1 − x)
(1 − x)q

⎧ m
l
q− p
+ Qε (τ )
⎪
l=0 βl x · (1 − x)
⎪
⎪
⎪
q
⎪
(1 − x)
⎪
⎪
⎪
m
⎪
l
⎪
⎪
l=0 βl x
⎪
⎪
=
+ 0, p ≤ q,
⎨
(1 − x) p
= m
l
p−q
⎪
× Qε (τ )
⎪
l=0 βl x + (1 − x)
⎪
⎪
⎪
p
⎪
(1 − x)
⎪
⎪
⎪
m
⎪
⎪
β xl
⎪
⎪
⎩ = l=0 l + 0, p > q.
(1 − x) p
For example, when p ≤ q, we have p = q, m = m + q −
p, and
β0 = β0 + Qε (τ ),

βl =

l


l−k
l−k
βk × Cq−
,
p × (−1)

k=0

l = 1, 2, . . . , m ,
where Cnk is the number of k-combinations from a set of
n elements. Thus, to obtain a unique solution, we need to
select a value for Qε (τ ) first. Without loss of generality
and for the sake of simplicity, we select Qε (τ ) as zero in
this paper. In fact, similar treatments have been routinely
used in regular linear regressions, where the expectation of
the noise term is often assumed to be zero to avoid overparameterization. With this treatment, our quantile model
becomes
m
βl xl
(6)
QY(x) (τ ) = l=0 p ,
(1 − x)
and our objective is: given observations (xi , Yj (xi )), i =
1, 2, . . . , n (n is the number of distinct throughput rates
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under consideration), j = 1, 2, . . . , N(xi ), determine the
regression quantile coefficients in location and scale part
respectively; i.e., p, q, m, β l , l = 0, 1, . . . , m. Note that the
parameter m represents the maximum polynomial order
and needs to be specified before any model fitting method
is used. In practice, we can specify a large m and then use
the model selection technique to select the proper order m.

problem that can be solved using standard approaches, such
as the interior-point method:
min τ

n N(x

i )

u i j + (1 − τ )

i =1 j =1

n N(x

i )

vi j ,

i =1 j =1

subject to QY(xi ) (τ ) + u i j − vi j = Yj (xi ),

3. Quantile regression for cycle time modeling

i = 1, 2, . . . , n; j = 1, 2, . . . , N(xi ),

3.1. Estimation of model parameters

u i j ≥ 0,

In this section, we discuss the estimation of the model parameters. We consider the estimation of p, β l , l = 0, 1, . . . ,
m given m first in Equation (6) and then the estimation of m
and q in Equation (4). Parallel to the least-squares estimation of conditional mean regressions, quantile regression
also tries to minimize the distance between observed values
and projected values. However, the distance measure in this
case becomes the weighted absolute distance, instead of the
Euclidean distance in least square estimation. Formally,
given m, the parameters in Equation (6) can be estimated
by
min
p,βl

n N(x

i )
i =1 j =1

× τ−I

m
Yj (xi ) −

βl xil
(1 − xi ) p
l=0

≥ Yj (xi )

i = 1, 2, . . . , n; j = 1, 2, . . . , N(xi )
(8)

The optimization is conducted with respect to u i j , vi j , and
model parameters in QY(x) (τ ). It can be shown that the
optimal solution of p, β l , l = 0, 1, . . . , m in Equation (8)
is also the optimal solution in Equation (7). For details,
please refer to Koenker (2005) and the references therein.
To determine the maximum polynomial order m,we can
assume a sufficiently large upper bound of m is known, say
M, to ensure the goodness of fit of the quantile models.
We propose to use stepwise backward elimination with an
Akaike Information Criterion (AIC) as the fitness criterion,
defined by
AIC(m) = ln(RSm ) + m + 2,

m

l
l=0 βl xi
(1 − xi ) p

vi j ≥ 0,

,

(7)

where I(u) = 0, otherwise 1 when the statement u is true.
From Equation (7), we can find that the objective function is the sum of the weighed absolute distances in the
sense that whenever the observation Yj (xi ) is smaller than
QY(xi ) (τ ), the weight on their absolute difference is 1 − τ ; on
the other hand, if Yj (xi ) is larger than or equal to QY(xi ) (τ ),
the weight on their absolute difference is τ . In the case
without explanatory variables, solving Equation (7) corresponds to using the order statistic to estimate the quantile
for identically distributed data. (For readers who are not
familiar with quantile regression, a short introduction is
included in Appendix A for reference).
Despite the philosophical similarity, there are differences
compared to least-squares estimation. In least-squares
estimation, the objective function usually has circular contours, and it is differentiable with respect to model parameters if the regression function is differentiable. However, the
objective function in Equation (7) only has polyhedral contours, and it is non-differentiable with respect to model parameters due to the discontinuity of the indicator function
I(u). Although we cannot obtain an elegant closed-form
optimal solution to Equation (7) as in least-squares estimation, a computational efficient estimation method has
been proposed to solve the optimization problems similar
to Equation (7) (Koenker and Bassett, 1978). We can reformulate Equation (7) to another non-linear programming

(9)

where RSm is the minimal function value in Equation (7). In
Equation (9), the first part ln(RSm ) indicates how adequate
the model can fit the data, while m + 2 is the number of
unknown parameters estimated. By minimizing the AIC
value for different m, we can achieve a balance between
goodness of fit and complexity of the model (Akaike, 1974).
Different orders of the polynomial functions usually have
different approximation accuracies. Also, in many cases,
a higher-order polynomial is not necessarily better than a
lower-order polynomial with a finite sample size. Therefore,
we want to identify the optimal polynomial order that can
provide us with a good approximation. To select the best
model, we will sequentially compare the AIC value for
models with polynomial order k (initially set to M) and k −
1. If the higher-order model has a larger AIC value, then
we continue comparing the performance of the model with
order k − 1 and k − 2, etc. This procedure continues until
further elimination of higher-order terms cannot improve
the AIC value.
Using the above-mentioned procedure, we can fully specify the quantile model in Equation (6). However, in many
cases, we are also interested in estimating the parameter
q in Equation (4). For example, in prediction we are not
only interested in the predicted value but also its variance
or confidence interval, which relies on the heteroscedastic
form of the errors. We can utilize the relationship between
the variance of cycle times and the variance of errors to get
efficient estimation of q. Specifically, from Equation (4) we
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Theorem
1. Under Assumptions 1 to 3, and denoting N =
n
N(x
i ), if:
i =1

have that:
var[Y(xi )] =

1
σ
× var(ε) ≡
,
2q
(1 − x)
(1 − x)2q
2

lim

where σ is the variance of ε. A linear regression is conducted on the logarithm of the sample variance based on
the variance relationship as
2

ln S2 (xi ) = ln σ 2 − 2q ln(1 − xi ) + ζi ,

(10)

where S2 (xi ) is the sample variance of Yj (xi ):
N(xi )

1
[Yj (xi ) − Ȳ(xi )]2
S (xi ) =
N(xi ) − 1
2

where

j =1

N(xi )
1 
Yj (xi ).
Ȳ(xi ) =
N(xi )

(11)
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j =1

In Equation (10), xi is known, and S2 (xi ) can be estimated through Equation (11) for each i ; therefore, the unknown parameters σ 2 and q can be easily estimated using
linear regression methods. In contrast to some existing approches in which the heteroscedastic error function needs
to be estimated before the mean cycle time function can be
estimated, our estimation on quantile models does not rely
on information about the heteroscedastic error function.
Actually, we can even estimate the error function after the
quantile model is estimated. The advantage is obvious: if
the error model is mis-specified or not estimated correctly,
the side effect will not propagate to corrupt the entire estimation of cycle time quantile models.
This overall procedure can be repeated to estimate regression models at different quantile points. However, in
general the monotone property of the estimated quantile
cannot be guaranteed. In the application where only single
or a few quantiles are of interests, this problem is tolerable.
If the comparisons among the quantiles under the same setting are also of interest, an alternative procedure to ensure
the monotonicity is presented in Appendix A.
3.2. Confidence intervals on the parameter estimates
It is of great importance to investigate the properties of
the parameter estimates, such as consistency and asymptotic variance. They can be utilized to construct confidence
intervals on the true parameters we want to estimate and
assess the accuracies of the estimation. Since methods used
to estimate m and q are well developed, and their properties
are well studied, we concentrate our efforts on the estimation properties of other parameters. Assuming the model
structure is correct, and denoting θ = [β0 , β1 , . . . , βm , p]T
to be the vector of model parameters to be estimated with
dimension m + 2, θ0 and θ̂ to be the true values and corresponding estimates of the parameters obtained from solving Equation (7), respectively, then we have the following
theorem.

N→∞

1 T
1 T
W W = K, and lim
W ZW = 
N→∞ N
N

(12)

where K is non-singular, W = [DT1 , DT2 , . . . , DTn ]T , and Di is
the gradient vector at throughput xi :
Di =

∂ QY(xi ) (τ )
xim
1
xi
=
,
,
.
.
.
,
,
∂ θ0
(1 − xi ) p (1 − xi ) p
(1 − xi ) p
m
l
1
l=0 βl xi
ln
p
(1 − xi )
1 − xi θ=θ0

 and Z are diagonal matrices with the i th diagonal entry
 N(x )  N(xi ) s,t
2
N(xi ) × fY(xi ) [QY(xi ) (τ )] and s=1i
t=1 [Fε (0, 0) − τ ],
s,t
respectively. Fε (0, 0) is defined as the joint probability
P(εs ≤ 0, εt ≤ 0) of the error process from the same simulation
output and τ is the quantile of interest. Then we have
√
N(θ̂ − θ0 ) converges in distribution to a mean 0 and covariance K−1 K−1 normal distribution.
This theorem can be proved by linearizing the model (6)
around its true parameter:
QY(xi ) (τ |θ̂) − QY(xi ) (τ |θ0 ) = DiT (θ̂ − θ0 ) + ςi ,

(13)

where ςi is the linearization error, and utilizing the results
provided by Oberhofer and Haupt (2005). We omit the details of the proof here and provide some insights of this
theorem. In Theorem 1,  quantifies the impact of heteroscedastic errors on the estimation, where fY(x) [QY(x) (τ )]
is the density of the cycle time at the τ th quantile. In the
LSS model, we have that:
fY(x) [QY(x) (τ )] = (1 − x)q fε [Qε (τ )] = (1 − x)q fε (0), (14)
by the property of random variable transformation defined
through Equation (4). On the other hand, Z characterizes
the influence of dependent error on the estimation. It can be
observed that Fεs,t (0,0) – τ 2 = P(εs ≤ 0, εt ≤ 0) − P(εs ≤
0)•P(εt ≤ 0), which measures the dependence between two
samples. Also, for notation simplicity, we define Fεs,s (0,0)
to be τ by convention.
In Theorem 1, except for the error density fε (0) and the
joint error probability Fεs,t (0,0), all the other quantities in
 and K are either known or can be estimated using the
procedure in Section 3.1. Therefore, to construct the confidence interval, we only need to estimate fε (0) and Fεs,t (0,0)
from data to compute the covariance matrix of the parameter estimations. In terms of estimation of error density
fε (0), some work has been performed, e.g., Hendricks and
Koenker (1991) and Powell (1991) for i.i.d data, and Ahmad
(1979), Hart et al. (1990), and Hall et al. (1995) for dependent data. In this article, we adopt the kernel estimation
method to estimate fε (0) and concentrate our efforts on
the estimation of Fεs,t (0,0). The following theorem provides
us with a way to efficiently estimate the matrix Z.
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Theorem 2. Under Assumptions 1 to 3, the ith diagonal element of matrix Z can be computed as


N(xi ) N(xi )

Fεs,t (0, 0) − τ 2

s=1 t=1

= (τ −τ 2 ) ×

⎧
⎨
⎩




N(xi )−1

N(xi ) + 2

k=1

⎫
⎬

[N(xi )−k] × γ (k) , (15)
⎭
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where γ (k) is the autocorrelation function of the process
I(ε j ≤ 0).
The proof of Theorem 2 is included in Appendix B. From
Theorem 2, we can find that the estimation of Z boils down
to the estimation of the autocorrelation function γ (k). One
of the most satisfactory estimates of the kth lag autocorrelation of a process {δ j } is (Box et al., 1994):
 N(xi )−k
(δ j − δ̄) × (δ j +k − δ̄)
j =1
where
γ̂ (k) =
 N(xi )
2
(δ
−
δ̄)
j
j =1
δ̄ =

N(xi )
1 
δj.
N(xi )

(16)

j =1

We can substitute these auto-covariance estimates to get
the estimates of the matrix Z, which represents the effect of
dependence on the covariance of parameter estimates.
With all the necessary elements available in K and ,
we can readily compute the variance of the parameter estimates and furthermore evaluate the variance of the predicted quantiles. Through the asymptotic normal property
of the model parameters, we can furthermore make inference on the corresponding quantile estimates by using the
delta method. Specifically, we have that the estimated quantile values converge in distribution to a normal distribution
as:
√
D
N[ Q̂Y(xi ) (τ )− QY(xi ) (τ )] → Normal(0, DiT K−1 K−1 Di ).
(17)
Therefore, we can construct the confidence interval on
the quantile estimates based on the estimation of the covariance matrix. The confidence interval with confidence
level 1 − α is thus:
DiT K−1 K−1 Di
≤ QY(xi ) (τ ) ≤ Q̂Y(xi ) (τ )
√
N
DT K−1 K−1 Di
,
(18)
+ z1−α/2 i √
N

Q̂Y(xi ) (τ ) − zα/2

where zα/2 and z1−α/2 are the α/2 and 1 − α/2 quantile
points of the standard normal distribution. These confidence intervals are asymptotically valid and can provide
us with a more comprehensive view on the accuracy of
parameter estimations compared to single point estimates.

3.3. Practical issues and discussions
3.3.1. Cycle time quantiles of batch processing
Batch processing is a common practice in current manufacturing environments with product varieties, since it can
save setup time and increase machine utilization. However,
in batch processing, the cycle time does not monotonically increase as the throughput rate increases. Under very
low throughputs, objects will spend more time waiting for
other objects with which to form a batch; while under very
high throughput levels, objects will spend more time waiting in the queue. Therefore, the relationship between cycle
time quantiles and throughput rates is typically a U-shaped
curve. Park et al. (2002) proposed a model for mean cycle
time curves with batch processing of the form of
Y(x) =

β1 x
β3
+
+ β4 .
x
β2 − x

(19)

Thus, we can also generalize our model (4) to include
batch processing production as
m
βl xl
1
+ q
εj,
(20)
Yj (x) = p l=0
p
x 1 (1 − x) 2
x 1 (1 − x)q2
Obviously, model (20) can characterize the cycle time in
cases with or without batch processing. When p1 = q1 =
0, Equation (20) degenerates to the model (4). However, if
prior information about the process is available, it is better not to use the general model as in Equation (20), which
could include unnecessary parameters, and hence introduce
excessive variance in parameter estimation. If no information is available about the cycle time behavior in the given
throughput range, it may be a good strategy to use Equation (20) for preliminary studies of cycle time quantiles.
3.3.2. Extreme quantiles estimation
From Theorem 1, we can find that the asymptotic covariance of the estimations is proportional to the inverse of the
square error density at the quantile of interest. Mathematically, we have that:
var(θ̂) ∝

1
fε2 [Qε (τ )]

.

(21)

Therefore, when τ is close to zero or one, where the density fε [Qε (τ )] is small, as in many distributions, the variance
of the parameter estimates could be very large. Although
we can use the same set of cycle time observations to estimate quantile curves at different quantiles of interests in
our methodology, the parameter estimations are expected
to have a large variance in extreme quantiles, such as the
95th or 99th quantiles.
Heidelberger and Lewis (1984) and McNeill et al. (2005)
considered using the max transformation to estimate extreme quantiles for dependent observations obtained from
the same simulation. Instead of estimating quantile τ of
sequence {Yj }, we can estimate quantile τ ν of sequence
{Tk}, which is generated by Tk = {maxY(k−1)•ν+1 , Y(k−1)·ν+2 ,

Downloaded By: [Chen, Nan] At: 00:44 7 January 2011

182

Chen and Zhou

. . . , Ykν }. If observation Yj is i.i.d, then we have QY (τ )
= QT (τ ν ). If the observations in the sequence are not independent but are φ-mixing, the equality will also approximately hold by ensuring that observations are far
from each other in the max transformation, such as Tk =
max{Y(k−1)·νu+u , Y(k−1)·νu+2u , . . . , Ykνu }, where u is chosen so that Yl and Yl+u are approximately independent for
l ≥ 1.
The benefits of the max transformation lie in two aspects.
First, if ν is chosen to make τ ν close to the median (by
setting ν to the closest integer of ln(0.5)/ln(τ ), then the
density of the transformed sequence is usually much larger;
i.e., fT [QT (τ ν )] > fY [QY (τ )]. This can reduce the variance
of parameter estimates according to Equation (21). Second,
the transformation can effectively reduce the dependence
among observations, which can also reduce the estimation
variance. We will elaborate this point in Section 3.3.3.
In the context of quantile regressions, we can also employ max transformation to reduce estimation variance.
First, we can transform all the observations Yj (xi ) under
different throughput to new sequences Tk(xi ) according to
the specified quantile τ ν , usually 0.5. Then quantile regressions can be applied on Tk(xi ) as usual, and QT(x) (τ ν ) would
be the estimate of the τ th quantile of Y(x), the original cycle
times. In the next section, we present a simulation experiment to illustrate the benefits of max transformation in
extreme quantile estimation.
3.3.3. Impact of data dependence on estimation
One advantage of our method is the ability to handle dependent observations under mild assumptions. However,
as in many statistical inference problems, dependent data
can usually decrease the estimation efficiency compared
with that of independent data with the same sample size.
In this section, we would like to investigate how the sample
dependence can influence the parameter estimation. From
Theorem 2, we know that the i th diagonal element of Z is
actually:


 N(xi )−1
2
[N(xi ) − k] × γ (k) .
Zi = (τ − τ )× N(xi ) + 2
k=1

(22)
Therefore, as the auto-covariance function increases, Zi
increases as well. Furthermore, it can be shown that if Z1 ≥
Z2 , i.e., Zi1 ≥ Zi2 , i = 1, 2, . . . , n, then the difference between two covariance matrices:
(WT W)−1 [WT (Z1 − Z2 )W](WT W)−1 ,

(23)

is a positive semi-definite if WT W is invertible. Therefore,
the quantile estimates variance under the same throughput
will be no smaller in the first case: var[Q1 (τ )] ≥ var[Q2 (τ )].
Hence, it is sufficient to investigate the behavior of γ (k) to
study the variance of quantile estimations from dependent
sequences. Obviously, in independent cases, we have γ (k) =
0 for all k > 0. However, if we take the observations of cycle times sequentially from the simulation, they are always

correlated. Recall that in GI/G/1 system, the cycle time
between two consecutive objects can be expressed as
Yj = max{0, Yj −1 − Aj } + Pj ,

(24)

where Aj and Pj are the interarrival time and processing time of the j th object and are independent of Yj −1 .
It can be shown that Yj and Yj −1 are positively correlated. Furthermore, Pakes (1971) reported that the serial
correlation coefficients of the cycle time {Yj } decrease
monotonically to zero. Therefore, according to Equation
(22), the estimation variance obtained from down-sampled
observations with the same sample size is smaller than
that without down-sampling. Additionally, it is possible
to approximately quantify the effects of correlation on
Z. Under stationary condition, denoting the probability
P(Yj −1 ≤ Aj ) by π, we have that:
ρ=
=

cov(Yj , Yj −1 )
var(Yj )
E(Y) × E(P) + (1 − π) × [E(Y2 ) − E(Y) × E(A)] − (EY)2
var(Y)

= 1−π +

E(Y) × [E(P) − (1 − π) × E(A) − π × E(Y)]
,
var(Y)
(25)

where we drop the subscripts j since in a stationary condition, their marginal mean and variance are the same. If we
use a first-order autoregressive process AR(1) to approximate the cycle time observations, we have that:
Yj = ρYj −1 + ζ j .

(26)

Then the autocorrelation function can also be approximated by γ (k) = ρ k, which decays exponentially as k increases (Box et al., 1994). Under this approximation, we
have that:
⎫
⎧
N(xi )−1
⎬
⎨

[N(xi ) − k] × ρ k
Zi = (τ − τ 2 ) × N(xi ) + 2
⎭
⎩
k=1



1 − ρ N(xi )
N(xi ) × ρ
−
= (τ − τ 2 ) × N(xi ) + 2
1−ρ
(1 − ρ)2
≈ (τ − τ 2 ) × N(xi )

2
1+ρ
−
.
1−ρ
(1 − ρ)2

(27)

The last approximation in Equation (27) is due to the
fact that ρ N(x) decays to zero for large N(xi ). We can use
the results in Equation (27) to quantify the impact of the
dependent data. For high traffic intensity queues, it also
provides a quantitative guideline on the choice of downsampling rate. For example, we can solve the inequality:
(τ − τ 2 ) × N(xi )

1 + ρπ
2
−
≤ C,
π
1−ρ
(1 − ρ π )2

(28)

with respect to the down-sampling rate π for a given upper
bound C on elements in matrix Z.
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From the presented analysis, we can find that data dependence indeed plays an important role in parameter estimation. Therefore, in planning simulation experiments, we
also need to take this into consideration: shall we allocate
the budget on longer simulation and get less dependent
observations or on shorter simulation with multiple repetitions. To limit the scope of this article, we do not discuss
this point further here.
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4. Numerical study
In this section, extensive numerical studies are conducted
to demonstrate the effectiveness of the proposed method.
In simple systems, theoretical results can be derived for
the cycle time quantiles. We compare our estimation with
the true value to illustrate the accuracy of our regression
model. Also, we use more complicated examples to show
that our method can be extended to general systems with
satisfactory performances.

4.1. M/M/1 system with first-come first-serve queues
4.1.1. Estimation of quantile curves
First, we consider the M/M/1 queuing system with a FirstCome First-Serve (FCFS) dispatching rule for waiting lines.
It is well known from queuing analysis that in steady-state
operation the cycle time follows an exponential distribution. Assume that the processing time is exponential distributed with rate λ, and the inter-arrival time is exponentially distributed with rate µ, then under steady-state
conditions the system number is distributed as

µ   µ n
,
(29)
P(L = n) = 1 −
λ
λ
where L is the number of objects in the system. By conditioning on the number of existing objects in the system, we
can obtain the cycle time distribution as
⎛
⎞
∞
i


P(CT > t) =
P(L = i )P ⎝
X j > t⎠
i =0

=

j =0

∞ 

i =0

=

µ   µ i  (λt) j −λt
e
λ
λ
j!
i

1−

j =0


µ   µ i
= e−(λ−µ)t .
e−λt 1 −
j!
λ
λ

∞
∞ 

(λt) j
j =0 i = j

(30)
From Equation (30), we can find that the cycle time is
exponentially distributed with rate (λ − µ). Therefore, the
τ th quantile of the cycle time can be expressed as
QY (τ ) =

ln(1 − τ )
ln(1 − τ )
=
.
−(λ − µ)
−λ(1 − x)

(31)

In our simulations, we fixed λ = 1 and changed the arrival rate (which equals the throughput rate in steady state
operation), to get the cycle time observations for model estimation. After a warmup period in each simulation, the
output observations were down-sampled by a factor of
10 to reduce the correlation among samples. For illustration purposes, the throughput rates were selected arbitrarily
without experimental design consideration. We ran the simulation with ten throughput rates ranging between 0.5 and
0.95, incremented in steps of 0.05. Ten thousand cycle time
observations (after down-sampling) under each throughput
rate were collected for quantile regression. The simulation
and modeling procedure was executed 100 times, and the
relative error and absolute error plots are given in Fig. 1.
We would like to point out that the computational efforts
are mainly spent on the data collection (i.e., simulate the
queueing process). With available data, the estimation itself
is very fast (computation time is negligible).
From Fig. 1, we can see that the relative errors for all
three quantile estimations are almost the same at a given
throughput rate. Also, as the throughput increases, the errors increase significantly. Although it seems that the quantile prediction has too much variance, we would like to
point out that the sample size here at each throughput is
only 10 000. As a matter of fact, McNeill et al. (2005) used
1000 000 samples at one throughput to estimate the first
four moments of the cycle time distributions for quantile
estimation. If we choose the same sample size, then by Theorem 1, the estimation variance will only be one tenth of
those in Fig. 1, which are quite small.
Based on the computed variance of the quantile estimates
obtained in the process of model estimation, we constructed
confidence intervals on the true cycle time quantiles under different throughputs as described in Equation (18).
If the estimations are accurate, then the confidence interval should cover the true quantile value with probability
1 − α. Figure 2 illustrates the coverage frequencies of the
constructed confidence interval at confidence level 1 − α
= 0.9 for the quantile τ = 0.5. From Fig. 2, we can observe that the constructed confidence interval has a coverage probability that is slightly higher than the designed
value of 0.9. Since the confidence interval is based on the
asymptotic covariance estimation for model parameters,
for a finite sample size, there are expected to be some discrepancies. Additionally, the estimation of the density and
sample dependences may not be accurate enough for the
current sample size, which can also cause such differences.
However, as long as the difference is tolerable, we can still
use this confidence interval to assess the accuracies of the
estimation.
4.1.2. Comparison with other methods
An alternative simple approach to estimate the quantile
curve is to fit a non-linear function of the sample quantile
SQτ (xi ) as a function of the throughput rate in the same
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Fig. 1. Quantile estimates for the M/M/1 system.
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form as in Equation (6):

m

SQ(x) =

βl xl
.
(1 − x) p
l=0

(32)

The sample quantile SQτ (xi ) is defined as the corresponding order statistics Yτ ·Ni  (xi ) of the cycle time observations with throughput xi . We compared the performance
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Throughput

of our method with this alternative in terms of prediction
error and model selection error.
The left panel in Fig. 3 clearly demonstrates that the prediction error of our proposed method (written as QR) is
much smaller than that of the alternative sample quantile
fitting method (written as SQ). Additionally, note that the
correct order in the numerator of the model for M/M/1
is zero, and QR can consistently select the correct order,
whereas SQ has a high probability to select higher orders. This over-fitting phenomenon can partially explain
the relatively large prediction error. Furthermore, during
our simulation study, it was found that SQ often encounters
numerical problems to estimate the parameters, because it
only utilizes the summary statistics of all the data in model
fitting. Therefore, if we only have ten designed throughput rates in a simulation, we can only get ten samples in
estimating possible five or six parameters.
Another method to estimate quantile curves was proposed by Yang et al. (2008; shortened to YAN). It essentially estimates the first three moments of the cycle time
from the data and computes the quantile curves numerically, with the assumption that cycle times follow a generalized gamma distribution. However, as pointed out in
Yang et al. (2008, p. 632), “precisely estimating higher moment curves can be very difficult,” and “requires substantially more simulation data to obtain well-estimated moment curves.” In our simulation study, if we use the same
dataset as that in the QR and SQ methods, YAN often
finds it difficult to compute the second or third moment
curves, and thus it cannot provide meaningful estimates of

80
60
40
20

0

0

0.4

0.5

0.6

0.7

0.8

Throughput Rate

Fig. 3. Comparison of Mean Square Prediction Error (MSPE) and the order of the selected model.
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Table 2. Comparison between estimation variance under different
dependences

Variance

20

QY(x) (0.5)
RMSE (Q1 )
RMSE (Q2 )

15

0.5

0.6

0.7

0.8

0.9

0.95

1.39
0.19
0.05

1.73
0.18
0.05

2.31
0.16
0.03

3.47
0.15
0.05

6.93
1.16
0.33

13.86
6.09
1.15

log(MSPE)
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5
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Fig. 4. Comparison of MSPE for quantile, mean, and variance of
the cycle time.

the quantile curves. Actually, the sample size necessary for
QR to achieve a comparable accuracy is similar (slightly
smaller) to that for mean curves, but usually it is significant
smaller than that for second and third moments’ curves,
as demonstrated in Fig. 4. In the figure, the models for
quantile, mean, and variance are estimated using the same
dataset, and their MSPEs (log scale) are compared. Clearly,
the variance estimation has much larger prediction errors
than the quantile estimation or mean estimation. It is expected that the third moment would have even larger errors.
Therefore, the overall procedure in YAN based on the first
three moments would require a very large sample size to
ensure estimation accuracy.
4.1.3. Max transformation for extreme quantiles
In this experiment, we wanted to estimate the 99th quantile curve within the [0.75, 0.95] range of throughputs of
an M/M/1 system. In the first scenario, direct estimation
was used on ten design points with 50 000 samples each.
In the second scenario, the cycle time observations were
collected under the same throughput settings as that in the
first scenario, and max transformation was applied to these

observations, with ν chosen to be 68 and the corresponding
quantile to be 0.505 of the transformed sequence. Table 1
summarizes the results on the Root Mean Square Errors
(RMSEs) of the quantile estimates of cycle times under
different throughputs. QY(x) (0.99) is the theoretical 99th
quantile for a cycle time with throughput x; RMSE(QD )
is the root mean square error of quantile estimates under
the first scenario; RMSE(QMax ) is the root mean square error of quantile estimates under the second scenario. All the
mean square errors were computed from 100 macro runs of
the simulations, and we take the square root of them in the
table to make the unit consistent with QY(x) (0.99). From the
comparisons, we can find that with max transformation, the
mean square error has been reduced consistently over all
the throughput ranges. Notably, with max transformation,
we only need 1/68 of the storage space and also the required computational time for quantile regression is much
smaller due to the reduced sample size. Therefore, with
max transformation, the extreme quantiles can be more efficiently estimated, and its estimation variance can be more
effectively reduced.
4.1.4. Impact of data dependence on estimation accuracies
In Section 3.3.3, we analyzed the impact of dependent data
on the parameter estimations theoretically. In this section,
we would like to demonstrate our analysis through numerical simulation. Table 2 compares the estimation variance
obtained with or without down-sampling for the median
quantile in a M/M/1 system with FCFS queues. In both
cases, the same ten throughput rates were chosen, and
10 000 samples were collected in each simulation. In the
first case, the original cycle time observations were used; in
the second case, down-sampling was applied to the original
observations, and only Y10· j , j = 1, 2, . . . , 10 000 were
taken for parameter estimation.
In Table 2, QY(x) (0.5) is the theoretical median cycle time
under throughput x, RMSE(Q1 ) and RMSE(Q2 ) are the
RMSEs of the estimated quantiles in the first and second
cases, respectively, calculated from 100 repetitions (macro

Table 1. Standard deviation of estimates with/without max transformation

QY(x) (0.99)
RMSE (QD )
RMSE (QMax )

0.75

0.77

0.79

0.81

0.83

0.85

0.87

0.89

18.42
3.59
2.88

20.02
3.78
3.04

21.93
4.02
3.25

24.24
4.33
3.53

27.09
4.73
3.91

30.70
5.30
4.46

35.42
6.11
5.27

41.87
7.37
6.55
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Fig. 5. G/G/1 quantile regression curve with empirical quantile estimates.

runs). From the numbers provided, we can see that the
RMSE obtained using down-sampling is only about 20–
30% of that from the original observations.
From both analytical and experimental results, it can be
observed that the correlations among successive cycle times
are much stronger in higher throughput ranges. Therefore,
it is possible to devise adaptive down-sampling based on
Equation (28) in Section 3.3.3, whose sampling rate is determined by the correlations. In this way, the simulation
length needed can be reduced without much sacrifice on
the estimation accuracies.

4.2. G/G/1 system with FCFS queues
Generally, the G/G/1 queuing model provides more flexibility in approximating real systems compared to M/M/1
queues. However, often the stationary distribution of the
cycle time cannot be analytically derived. Therefore, instead of computing the relative error and absolute error between our fitted model and analytical results, we
can instead illustrate the prediction accuracy of the regression quantile model. In this experiment, the interarrival time was assumed to have a lognormal distribution with the log-variance one and log-mean adjusted according to the throughput requirement. The server processing time was assumed to follow an Erlang (2) distribution with the rate one-half. Therefore, the mean processing time was one in order to be consistent with previous
assumptions. As in previous experiments, ten throughput
rates equally spaced between 0.5 and 0.95 were selected
for the simulation. Ten thousand cycle time observations
under each throughput rate were collected for model fitting. A new set of throughputs was chosen ranging from
0.5 to 0.95, incremented in steps of 0.01. Under each

throughput, new simulations were conducted and 50 000
observations were collected. The empirical sample quantile was estimated by using the Tτ th order statisticYTτ  ,
where T is the sample size (50 000 in this case). At each
throughput point, this procedure was repeated five times
and the estimated sample quantiles are plotted along with
the fitted quantile curves in Fig. 5.
From Fig. 5, we can see that the quantile regression
curve can satisfactorily predict the quantiles under different
throughput rates. Only in the high throughput range do the
predictions have a large variance and are thus not reliable.
However, this issue can be solved by using additional replications in the simulations to collect more data for model
fitting and thus control the accuracy level of predictions.
4.3. Serial production lines
In this section, we consider a serial production system consisting of four workstations. The processing times at each
workstation and the inter-arrival times are random variables following general distributions. Buffers exist between
two adjacent workstations. The production line is illustrated in Fig. 6.

Receiving

B1

B3

W1

W3

B2

B4

W2

W4
Shipping

Fig. 6. Illustration of the serial production line.
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Table 3. Summary of distribution parameters used in the simulation
Mean

Var

CV

Skew

Min

Max

Exponential
Triangluar
Normal
Uniform
Exponential

0.7
1
1
1
1/x

0.49
0.0417
0.04
0.0833
1/x2

1
0.204
0.2
0.289
1

2
0
0
0
2

0
0.5
NA
0.5
0

NA
1.5
NA
1.5
NA

In this figure, “W” represents a workstation, and “B”
represents a buffer. It is assumed that the transfer time between workstations and buffers is negligible. The processing
time distributions and arrival time distribution assumed in
the simulation are summarized in Table 3.
In Table 3, “CV” denotes the coefficient of variance,
which is defined by the quotient between the standard deviation and the mean of the distribution; “Skew” is the third
central moment divided by the cubed standard deviation;
“Min” and “Max” are the minimum and maximum values from the distribution and are denoted by “NA” if it is
infinity.
In this case study, we considered two scenarios. In the
first scenario, the buffer size was assumed to be infinity, and therefore each workstation behaved independently
during stationary operations. In the second scenario, we
considered finite buffer sizes, and thus the waiting times
before each workstation were affected by downstream
workstations.

4.3.1. Cycle time with infinite buffer size
In the simulations, we considered the throughputs where
the mean times between arrivals were 1.5, 1.4, 1.3, 1.2,
1.15, 1.1, and 1.05. The simulation was run for 100 000 time
units and the first 20% of observations were discarded as
the warm-up period. Different to the simulations in Section
4.1 and 4.2, a different number of observations for different
throughputs were used in this case.
Using the method described in Section 3, we modeled
the relationship between the quantiles of the cycle time and
throughputs. Here, we chose the quantiles of interests to be
τ = 0.5 and τ = 0.85. To demonstrate the effectiveness of
the modeling, sample quantiles were also computed directly
using the observed sequences under different throughputs
(possibly different from the design points). The estimated
models as well as sample quantiles are compared in Fig.
7. From Fig. 7, we can see that the proposed model can
closely approximate the true cycle time quantiles, although
it tends to overestimate it for high throughput rates. The
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Fig. 7. Estimated quantiles curves of cycle time with infinite buffers.
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Fig. 8. Estimated quantiles curves of cycle time with ten buffers.

variance of the estimation can be reduced by taking more
simulation runs or increasing the run length in each simulation. As previously mentioned, in infinite buffer cases,
the workstations act as being independent, and thus the
results should be pretty similar to the results in G/G/1, as
presented in Section 4.2.

regression methods can be successfully applied to a wide
class of production systems with satisfactory accuracy and
efficiency. We can thus utilize these estimated models to
support a variety of decision-making activities in manufacturing environments.

4.3.2. Cycle time with finite buffer size
In the second scenario, we considered finite buffer sizes between workstations, which is a more realistic representation
of real industrial environments. The buffer size before W1
was assumed to be infinite, which means that no input orders could be rejected, although some of them may wait for
a long time. The buffer size between successive workstations
was set to ten. The buffer size in the shipping area was again
taken to be infinite. We used the same set of throughput
rates as in the simulations in Section 4.3.1. It was expected
that the cycle time would be longer than that in the infinite
buffer cases, since the downstream buffers can block the
upstream workstations from processing, thereby increasing the total waiting time in the queue. This phenomenon
is especially obvious in the system with high throughputs.
Figure 8 summarizes the 50th and 85th quantile curve
estimates under different throughputs. From Fig. 8 it can be
observed that the predicted curves fit the sample quantiles
quite well despite the large variance in the high throughput
range. Compared to the cycle time quantile curves in Fig. 7,
we find that the cycle time quantiles increases dramatically
under high throughputs with finite buffers. On the other
hand, under relatively small throughputs, the cycle time
quantiles are almost the same in the two scenarios. These
observations are consistent with our intuitions described in
the previous paragraph.
From the experiments in the case studies, we can find
that the proposed cycle time quantile model and quantile

5. Conclusions and future work
In this article, we propose a quantile regression model to
characterize the relationship between cycle time quantiles
and system throughput rates. The properties of estimations
and inferences are also studied theoretically and experimentally. Numerical case studies have been presented to
illustrate the effectiveness and accuracy of the proposed
method, which also demonstrate that our methods are
broadly applicable to many production environments. We
also provided short discussions on some practical issues
that may occur in applying our methods.
There are still some open issues in the proposed technique. For example, how to assess and control the estimation precisions efficiently is worth more investigations. In
Yang et al. (2008), adaptive design and simulation was introduced to allocate the simulation budget and was shown
to be effective. In the future, we will also study the optimal
experimental designs in the context of quantile regression.
In other words, with limited budget, we want to have a systematic procedure to choose the optimal design points and
corresponding run length or run numbers to get a good
estimation with high accuracy.
Moreover, although we have successfully quantified the
relationship between cycle time quantiles and throughput
rates, many other important factors in the production environment can also significantly influence the cycle time.
Therefore, it is worth extending the current approach to
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include other influential factors, such as product mix and
order routing paths into the model to more precisely characterize the distribution of cycle times. We will also explore
along this direction in the future.
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Appendix
A. A Brief Introduction to Quantile Regression
Quantile regression, originally proposed by Koenker and
Bassett (1978), has been widely used to measure differences
among a family of distributions at multiple points. Similar
to least-squares regression, quantile regression also tries to
identify the relationship between dependent variables y and
covariates x. Consider the following regression model:
y = f (x) + ε.

(A1)

It is well known that the optimal function minimizing the
loss function E[y − f (x)]2 is the conditional mean function
E[y|x]. Correspondingly, it can be proved that the optimal function minimizing the loss function E{[y − f (x)] ×
[τ − I( f (x) ≥ y)]} is the conditional τ th quantile function
Qτ (y|x). Therefore, for a finite sample size N we can minimize the empirical loss function:
N


[yi − f (xi )] × [τ − I( f (xi ) ≥ yi )].

(A2)

i =1

to obtain a good estimate of the conditional quantile function of interest. This procedure can be repeated for different
τ to get regression curves at different quantile points.
In general, multiple estimations at different quantile
points cannot guarantee the monotone property of the estimated quantiles. This phenomenon has been studied in
the literature (the so-called quantile crossing in Koenker
(2005)). Koenker (2005) pointed out that although the
monotone property in the full range of x (the regression covariates) may be implausible, the quantile curves
within a certain design region are usually monotone. Additionally, violations of the monotone property in the
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design region can serve as a good indicator of model
inadequacy.
In our particular example, an alternative method can be
used to guarantee the monotone property. Note that in our
model:
m
βl xl
1
Qε (τ ),
(A3)
QY(x) (τ ) = l=0 p +
(1 − x)
(1 − x)q
when 0 < x < 1, q > 0, and Qε (τ ) is a monotone function
of τ , then QY(x) (τ ) is ensured to be monotone with respect
to τ . Therefore, the estimation for multiple quantiles can
work in the following two steps.
Step 1. Select a single quantile τ 0 and use quantile regression to estimate the parameters p, q, m, β l , l = 0, 1,
. . . , m. Then the residuals can be computed using:
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εi j = Yj (xi ) −

E[I(εs ≤ 0) × I(εt ≤ 0)] = cov(δs , δt ) + E(δs )
× E(δt ) = cov(δs , δt ) + τ 2 .

(A8)

With Fεs,s (0,0) defined as τ by convention, the i th diagonal element of matrix Z can be represented by


N(xi ) N(xi )

[Fs,t (0, 0) − τ 2 ]

s=1 t=1

m

l
l=0 βl xi
(1 − xi ) p

Since the sequence {δ j } is stationary by the stationarity
of ε j , the auto-covariance function cov(δ s , δ t ) is only a
function of s − t, and the autocorrelation function γ (k) is
defined by cov(δ s , δ s+k)/var(δ s ). Thus, the expectation in
Equation (A5) can be represented by

× (1 − xi )q .

(A4)

Step 2. When estimating other quantile points τ1 < τ2 <
· · · < τk, we can compute the sample quantile of
the residuals using the order statistics, which ensures the monotone property of the residual’s quantiles Qε (τ 1 ) < Qε (τ 2 ) < · · · < Qε (τ k ). Then using
Equation (A3) we can get the monotone estimates
of QY(x) (τ 1 ) < QY(x) (τ 2 ) < · · · < QY(x) (τ k).
Although this procedure can produce monotone estimates
of multiple quantiles, there is some efficiency loss in this
procedure because of the systematic error possibly introduced in Step 1. Detailed discussion and comparisons between the proposed method in Section 3 and the method
here are beyond the scope of this article. Interested readers
can choose from these two methods based on their application requirements.

B. Proof of Theorem 2. By the definition of Fεs,t (0,0) and
the stationarity assumption on ε j , we have that.
Fεs,t (0, 0) = P(εs ≤ 0, εt ≤ 0) = E[I(εs ≤ 0, εt ≤ 0)]
= E[I(εs ≤ 0) × I(εt ≤ 0)].

(A5)

Therefore, we can construct a new binary sequence
{δ j , j = 1, 2, . . . , N(xi )} from the original error process
{ε j , j = 1, 2, . . . , N(xi )} by

1 if ε j ≤ 0
(A6)
δj =
0 if ε j > 0
By definition, the mean and the variance of δ j can be
computed as
 
E(δ j ) = P(ε j ≤ 0) = τ, var(δ j ) = E δ 2j −[E(δ j )]2 = τ −τ 2 .
(A7)

 

N(xi ) N(xi )

= N(xi ) × (τ − τ 2 ) +

γ (s − t) × var(δ)

s=1 t=1,s=t



N(xi )−1

= N(xi )×(τ −τ )+2
2

= (τ − τ 2 ) ×

⎧
⎨
⎩

[N(xi )−k] × γ (k)×(τ −τ 2 )

k=1



N(xi )−1

N(xi ) + 2

k=1

[N(xi ) − k] × γ (k)]

⎫
⎬
⎭

(A9)
which completes the proof.
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