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Condition based maintenance (CBM) is an important maintenance strategy in
practice. In this paper, we propose a CBM method to effectively incorporate
system health observations into maintenance decision making to minimise the
total maintenance cost and cost variability. In this method, the system
degradation process is described by a Cox PH model and the proposed
framework includes simulation of failure process and maintenance policy
optimisation using adaptive nested partition with sequential selection (ANP-SS)
method, which can adaptively select or create the most promising region of
candidates to improve the efficiency. Different from existing CBM strategies, the
proposed method relaxes some restrictions on the system degradation model and
taking the cost variation as one of the optimisation objectives. A real industry
case study is used to demonstrate the effectiveness of our framework.
Keywords: condition-based maintenance; variability-sensitive decision making;
simulation optimisation

1. Introduction
Despite the increasing quality and reliability, systems in production or service industries
are still subject to deterioration and failures during their usage. Therefore, preventive
maintenance remains necessary to reduce unexpected system failures, and thus attracts
numerous research works in the literature (see e.g., Valdez-Flores and Feldman 1989,
Wang 2002 for reviews).
Because of the rapid development of information and computer technology, a huge
amount of data, such as in-process sensing signals (e.g., vibration, acoustic emission),
usage patterns, and system event logs, are often collected electronically during the
operation of many systems. It is generally believed that this data provides rich information
regarding system working conditions. For example, a faulty detector in a computed
tomography machine will eventually lead to a ‘scan abort’ failure. However, before the
failure, a faulty detector can cause a series of other events such as analogue-to-digital
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converter error, communication error, and software error. By observing these preceding
events, we can predict the occurrence of the key failure and accordingly prevent its
occurrence or minimise its damages.
Among various preventive maintenance policies, the one that suggests system
inspection and maintenance actions based on the on-line observations of system conditions
is called condition based maintenance (CBM). In many cases, CBM provides better
performance than time based maintenance and the broad availability of data provides
great opportunities for establishing optimal CBM policies. Thus, CBM has drawn
significant attention in recent years. Jardine et al. (2006) provided an excellent review on
the condition based maintenance. It was noted that a critical task in CBM is to identify a
failure prognostic model to describe the system degradation process and as well impacts
from maintenance policies.
In CBM, according to whether the health states of systems are directly observable, they
can be classified as completely observable systems and partially observable systems
(Jardine et al. 2006). In both categories, there is a large amount of literature introducing
a variety of prognostic models. For completely observable systems, random coefficient
models (e.g., Wang 2000), Markov chain models (e.g., Bloch-Mercier 2002, Chen et al.
2003), or Gamma processes (e.g., Grall et al. 2002b, Dieulle et al. 2003, Liao et al. 2006)
are proposed to characterise the evolution of the system’s health state from direct
observations collected continuously or periodically. However, due to the increasing
complexities of current sophisticated systems, it is extremely difficult if not impossible to
directly observe the systems’ health state. Most often, it is only possible to infer the health
state from the observations or measurements of certain related characteristics, such as
temperatures, pressures, etc. Generally, these characteristics can be classified as event data
and condition monitoring data (Jardine et al. 2006), which refer to what happened in the
system and the measurements related to the system health condition respectively. Many
models for partially observable systems, such as hidden Markov models (e.g., Baruah and
Chinnam 2005, Dong and He 2007), proportional hazard model (e.g., Makis and Jardine
1992, Kumar and Westberg 1997) were developed to accommodate the maintenance needs
for complex systems. In this paper, we adopt the proportional hazard (PH) model, which is
widely used (e.g., Jardine et al. 1997, Percy and Kobbacy 2000 and references therein) to
characterise the health state of the system because of its flexibility in incorporating both
event data and condition-monitoring data and its efficiency for statistical modelling.
There are some limitations in the existing works using a PH model for condition-based
maintenance. First, many assumptions and restrictions are required to ensure the
analytical tractability. For example, Makis and Jardine (1992) required the covariates
follow a stochastically increasing Markov process and the coefficients of the PH model are
non-negative to ensure the optimality of the policy. Therefore, in the situation where the
assumption could not be fulfilled, simply using their results could end up with suboptimal
maintenance policies. In this paper we try to relax some assumptions regarding the PH
model, and make it extensible to a broader context. Second, in the literature the optimal
maintenance policies are often derived with regard to the long run average maintenance
cost, which is one of the most widely used optimisation objectives. However, as pointed
out in Chen and Jin (2003), the cost variability is very important as well, and can lead to
severe management crisis if not considered properly. For example, in risk-avert
management, it is preferable to have steady and predictable cost in each month rather
than large variant cost across different months. Although the variability-sensitive decision
process in general has been studied by many researchers, few of them can be found for
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maintenance policies. Tapiero and Venezia (1979) treated the variance of the cost as a risk
factor to study a maintenance problem. Rangan and Grace (1988) used variance
optimisation criterion to obtain the optimal replacement cycle for systems. However, both
works only considered periodic replacement policy. Instead, Chen and Jin (2003)
considered the cost-variability-sensitive criterion on different policies, such as age
replacement and periodic replacement under minimal repair. They provided the conditions
under which the variability-sensitive policies have a finite optimal solution. However, how
to incorporate variability-sensitive policy into CBM is still an open question. It was
realised that the optimal policy is more difficult to obtain compared with the
variability-neutral policy due to the complexity introduced by the variance of cost in the
objective function.
In this paper, we want to identify the optimal preventive maintenance policies that can
minimise the average maintenance cost and cost variability of a given system where a PH
model is used to describe its health evolution process. Because of the complexity
introduced by relaxing assumptions on the PH model and adding cost variability in the
objective function, it may be very difficult, if not impossible, to derive the objective
function analytically. Consequently, classical numerical algorithms cannot be used to find
the optimal solution. Therefore, we propose to use a simulation based methodology to
optimise the maintenance policies. Compared with traditional optimisation on maintenance policies, simulation based methodology does not rely on restrictive (sometimes
unrealistic) assumptions about system health evolution, and therefore can be applied in
broader areas. In this paper, we propose to use a simulation model to replicate the
evolution of the system health, based on which different maintenance policies are
evaluated and compared. An improved optimisation algorithm is also presented to
increase the convergence speed of the search process.
The rest of the paper is organised as follows. In Section 2, detailed formulation of the
problem is given. In Section 3, the simulation model of system degradation and condition
based maintenance is developed, and the optimisation framework ANP-SS is presented in
detail. In Section 4, a case study based on real world data is presented to illustrate the
effectiveness of our methods. Based on the case study, some general practical implications
will be discussed. Finally, we conclude the paper in Section 5 and discuss potential future
research directions.

2. Optimal variability sensitive condition-based maintenance
In this paper, we consider a system whose health state can be indirectly observed through
collected event data or condition monitoring data. The goal is to develop a maintenance
policy that can minimise the objective function including both average cost and cost
variability of the CBM. The mathematical formulation is stated below:
min EðC Þ2 þ   VarðC Þ,

P2, I2Rþ

where C ¼ Cp  NPR þ Cf  NER þ CI  NIP ,

ð1Þ

where P is the maintenance policy that will be optimised,  is the set of all feasible policies,
and I is the inspection interval, taking positive values, that will be jointly optimised
together with P;  is the factor that adjusts the weight of cost variability in the objective
function; C is the random variable denoting the total cost incurred during a pre-specified
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time frame, say T. The expectation and variance of C are denoted by E(C) and
Var(C), respectively. The cost for preventive maintenance is Cp; the cost for emergency
replacement (when the system fails between two successive inspections) is Cf ; the cost for
inspection is CI. Usually we have Cf 4Cp4CI. Furthermore, NPR, NER, and NIP are the
random variables denoting the numbers of preventive maintenance, emergency replacement, and inspection completed within the total time T, respectively. In this paper, we
consider the set of hazard rate control limit policies, i.e.:





1, hðtjZðtÞÞ 4 g
ð2Þ
 ¼ Dðt, gÞDðt, gÞ ¼
, t ¼ kI ðk ¼ 1, 2, 3, . . .Þ; g 2 Rþ ,
0, otherwise
where D(t, g) is the decision made at each inspection time t, which equals 1 when
immediate preventive maintenance action is taken, and equals 0 when no action is
enforced; g is the hazard threshold; and h(t|Z(t)) is the system hazard rate at time t with
observed covariates Z(t). According to proportional hazard (PH) model (Cox 1972), we
have:
" p
#
X
 T

k Zk ðtÞ ,
ð3Þ
hðtjZðtÞÞ ¼ h0 ðtÞ  exp  ZðtÞ ¼ h0 ðtÞ  exp
k¼1

where h0(t) is the baseline hazard rate function; Z(t) are the observations of system
conditions; and the vector  is the coefficient vector. In this paper, we assume that the PH
model is explicitly known, either from engineering knowledge or estimations from
historical data.
Even though the observations Z(t) may contain some time-varying variables, it is often
expensive and impractical to implement continuous monitoring (Jardine et al. 2006).
Instead, we assume the system is inspected periodically at fixed interval I, where condition
data Z(t) will be collected and system health h(t|Z(t)) will be updated. Clearly, the
frequency of inspection has some impact on the maintenance policies. For example, if the
inspection frequency is below a certain level, then the probability that the system will fail
between two inspections will increase, and thus the total emergency replacement cost will
increase. On the other hand, if the inspection frequency is too high, although it can update
the system condition promptly, the cost incurred by frequent inspection will increase.
Obviously, there is a trade-off between the inspection cost and the emergency replacement
cost; and it is desired to find a good inspection interval that can balance these two costs to
achieve the optimal results. In fact, the problem of identifying the optimal inspection
interval under some simple system degradation model has been investigated by some
researchers (e.g., Hosseini et al. 2000, Grall et al. 2002a, b). Motivated by these
observations, we will jointly optimise the inspection interval I and the maintenance
policies P.
It is worth noting that, our methodology does not require the closed-form expression
of the objective function. Thus, the proposed methodology can be extended easily to other
more complicated maintenance policies. However, in this paper we limit our scope to the
control limit policy for illustration purposes. The summary of the major assumptions and
settings in our problem formulation are:
(1) The system degradation process can be described by a proportional hazard (PH)
model, with covariates observable at inspection.
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(2) Inspection is scheduled at fixed time intervals.
(3) Both preventive maintenance and emergency replacement can fully recover the
system to as good as new condition.
(4) Preventive maintenance is conducted immediately after the decision of maintenance is made, and emergency replacements are conducted immediately after the
system fails.
To solve this CBM problem, we develop a simulation model to evaluate the
maintenance policies and use simulation based optimisation methods to direct the search
towards optimality. In the next part, we will present our methodologies in detail.
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3. Simulation based optimisation for identifying the optimal policy
3.1 Simulation of the system degradation process based on PH model
With the given PH model, the system degradation process and the maintenance actions can
be simulated. The critical part is to simulate values of time-varying covariates in the PH
model and the corresponding failure times that accurately follow the PH model. This
means that the simulated sequence of the covariates should follow the same distribution as
that in the real systems; and the failure times generated based on the sequence should
follow the same distribution as indicated through the specified PH model.

3.1.1 Simulation of covariates
Covariates observed from the system can be classified into two major categories: event
data and condition monitoring data. To simulate the sequence of predictor events, a
typical method is to estimate the corresponding distribution of the time to the occurrences
of each event, and sample from these distributions. Both parametric models (Leemis 1999)
and nonparametric methods (e.g., Hormann and Leydold 2000) can be used to estimate
the original input distribution for future sampling. On the other hand, simulation of
condition monitoring data is more complicated. Based on the nature of the monitored
covariates, different models could be used. Since these covariates are observed and
updated at discrete time intervals, the Markov process is a common tool to model their
evolution. Based on the transition probability distribution G(Zk þ 1|Zk), we can obtain the
sample observations of next inspection zk þ 1 based on current values of covariates zk, i.e.,
zkþ1  Gðjzk Þ.
3.1.2 Simulation of failure time
Compared with covariates generation, the generation of failure times is more involved.
It has been noted that the cumulative hazard function:
Zt
HðtÞ ¼
h0 ðuÞ  exp½ZðuÞdu,
ð4Þ
0

follows a unit exponential distribution (Leemis et al. 1990). Therefore, to generate the
failure time, we can first generate a unit exponential distributed random variable u, then by
solving the equation H(t) ^ u, we can obtain the corresponding failure time t. However,
the baseline hazard function and covariates function can be very complex, making the
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integral equation in (4) difficult to solve analytically. Therefore, numerical methods must
be relied on for complicated models.
Fortunately, in many engineering applications, the baseline hazard function can be well
approximated using the hazard function of a Weibull distribution with shape parameter 
and scale parameter , then we have the baseline function as h0 ðtÞ ¼ t1 . In this case,
it is possible to generate the failure time more efficiently. Noticing the covariates are
updated at fixed interval, and are considered as constant during two successive inspections,
therefore according to (3), the exponent part of the hazard function only changes at
inspections, and keeps constant otherwise. In other words, it has the form:
0  t 5 t1
t1  t 5 t2
..
.

:

ð5Þ

tn  t 5 tnþ1
..
.

Consequently, we can obtain the cumulative hazard function correspondingly as:
Z
HðtÞ ¼

t

hðxjZðxÞÞdx
0

8
c0 t ,
>
>
>
>
>
< ½c0 t1 þ c1 ðt  t1 Þ,
¼ .
>
..
>
>
>
>
: c t þ c ðt  t Þ þ    þ c ðt  t Þ þ c ðt  t Þ,
0 1
1 2
n1 n
n
1
n1
n

0  t 5 t1
t1  t 5 t2
: ð6Þ
..
.
tn  t 5 tnþ1

For illustration, a typical cumulative hazard function curve is shown as the dashed line
in Figure 1. The baseline cumulative hazard function is also depicted as the solid line for
comparison.
0
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–2

log(hazard)
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Figure 1. Total and baseline cumulative hazard function.
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It can be noted that H(t) in this case is a stepwise invertible function. By solving the
equation H(t) ^ u, we can obtain:
8  1=
>
u
>
>
,
>
>

c
>
>
> 0
1=
>
>
u  c0 t1 
>
>
<
þ t1
,
c1
t¼
>
> ...
>
>
>
>

1=
>
>
u  ½c0 t1 þ c1 ðt2  t1 Þ þ    þ cn1 ðtn  tn1 Þ 
>
>
þ
t
,
>
n
>
:
c
n

0  u5c0 t1
c0 t1  u5½c0 t1 þ c1 ðt2  t1 Þ
..
.
½c0 t1 þ c1 ðt2  t1 Þ þ   þ cn1 ðtn  tn1 Þ
 u5
½c0 t1 þ c1 ðt2  t1 Þ þ   þ cn ðtnþ1  tn Þ

,

ð7Þ
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where u is a random variable following unit exponential distribution.
3.1.1 Simulation of maintenance actions
To identify the optimal CBM policy, we also need to incorporate the impact of the
maintenance action in the simulation. In this paper, the maintenance policy is based on a
hazard control limit: when the hazard rate exceeds the threshold at inspection, or the
system fails anytime during the operation, the component will be replaced immediately,
which corresponds to the termination of current simulation run and regeneration of the
new covariates and failure time for the next run. During the same time, the corresponding
cost and time elapsed are recorded for future evaluation.
With the simulation of covariates, failure times, and maintenance actions, we can
establish a complete simulation flow for the CBM process, as shown in Figure 2. Under
this simulation logic, we can estimate and compare the objective function under different
maintenance policies and use an optimisation technique to select the optimal one.

3.2 Optimising the maintenance policy based on simulation
Different from deterministic optimisation, simulation based optimisation is often a
stochastic problem because the objective function is estimated based on random outputs
from multiple simulation runs. It is often required that the estimation of the objective

Set maintenance
policy for
simulation

Observe covariates
at inspection and
calculate hazard h

Generate covariates
and failures based on
Cox model

Replace the
component

Y

N
Emergent
repair

Y

N
Failure occurred?

Figure 2. Simulation flow chart for maintenance policies.

Maintenance?
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function should be unbiased to ensure convergence. Suppose under a given CBM policy,
we run the simulation n times, and obtain the total costs C1, C2, . . . , Cn. Then the objective
function can be estimated by:
1
f^ ¼
n

n
X
i¼1

C2i þ

n
  1X
ðCi  C Þ2 ,
n  1 i¼1

1
where C ¼
n

n
X

Ci :

ð8Þ

i¼1

We can show that it is unbiased by noting:
"
#
n
n
1X
  1X
2
2
^

EðCi Þ þ E
ðCi  C Þ
Eð f Þ ¼
n i¼1
n  1 i¼1
¼ EðC2 Þ þ ð  1ÞVarðCÞ

ð9Þ
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¼ ½EðCÞ2 þ   VarðCÞ:
To avoid gradient estimation, which is often very time-consuming for simulation-based
procedures, we adopt and improve the gradient free optimisation method nested partition
(NP) (Shi and Chen 2000) in this paper. The idea of NP is as follows. In each iteration, a
region is selected as the most promising region. Then this region is partitioned into M
subregions; all the other regions are aggregated into one region. Each of these M þ 1
disjoint regions are sampled and evaluated through some performance function. The
region with the highest score will be selected as the most promising region in the next
iteration. A brief description of the procedure is given in the Appendix.
It is also worth noting that the NP method is most effective with finite or countable
sample space. In our application, we first discretise the continuous sample space to a
discrete and countable sample space at a given precision before applying the optimisation
methods. We also propose some improvements on the original NP framework. The
method we use here is called adaptive nested partition with sequential selection, or
ANP-SS for short. Simply speaking, we improve the estimation of the promising index,
and choose the most promising region more efficiently in each iteration. In the following,
we will focus on describing the changes we made on the original NP framework.

3.2.1 Partitioning and sampling
Denote the dimension of the sample space as n. Then at each partitioning step, one
dimension is chosen to be partitioned. In this paper, we choose the dimension which has
maximum cardinality as partition dimension. In other words, the dimension with the
largest range is chosen to reduce the likelihood of incorrectly selecting the most promising
region during the sequential selection stage. Suppose the sth dimension has been chosen to
partition, and its upper bound and lower bound of the region is us and ls, respectively.
Then, it is sufficient to find a set of cut-points which can divide the range between ls and us
into approximately equal intervals. Denote these cut-points as {r1 ¼ ls, r2,
r3, . . . , rM þ 1 ¼ us}, and the region to be partitioned can be expressed as
ðkÞ ¼ fxjlj  xj  uj , 1  j  ng, where x ¼ (x1, x2, . . . , xn) is the point in n-dimensional
space. Then the subregions obtained by partitioning dimension s can be expressed as:
i ðkÞ ¼ xjlj  xj  uj , j 6¼ s, ri  xs  riþ1 ,

8i ¼ 1, 2, . . . , M:

ð10Þ
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In this way, each promising region can be partitioned into M subregions. The next step
would be drawing random samples from these regions.
In the general case, the feasible region in the sample space may have a complex shape.
In the case where the feasible region is convex and defined by a set of linear constraints, a
procedure called MIX-D can be used to draw samples approximately uniformly from the
region (Pichitlamken and Nelson 2003). In this paper, we use stratified sampling, which
takes samples at each dimension separately, and then combines them together to obtain
the final samples from solution space. To be specific, we denote ðkÞ ¼
fxjli  xi  ui , 1  i  ng as the space to be sampled. For dimension i, we will draw
m(k) random samples uniformly from range li  xi  ui, denoted as xij, j ¼ 1, 2, . . . , m(k).
After obtaining the samples in each dimension, we can combine them together to obtain
the samples in the original space by:
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E ¼ xjðx1j , x2j , . . . , xnj Þ,

j ¼ 1, 2, . . . , mðkÞ :

Since samples in each dimension are independent with that in other dimensions, the
uniform sampling in each dimension guarantees the uniform distribution of x in the
original space.

3.2.2 Sequential selection and adaptive partitioning
After partitioning and drawing m(k) samples from each subregion, we will obtain
(M þ 1)  m(k) samples. However, since our sample space is discrete, we will only keep
distinct samples, and index these samples from 1 to q as {x1, x2, . . . , xq}. The problem we
are trying to solve here is to find the sample with the minimum objective function value.
However, since the objective function can only be estimated through simulations, the
problem is not as trivial as it sounds. The sequential selection procedure for ranking and
selection problems (Swisher and Jacobson 1999) can guarantee to select the sample whose
expected objective value is larger than others by an amount  4 0 with probability at least
1  ", where  is called the indifference-zone parameter, which specifies by which amount
we think one solution is better than another.
In identifying the xk with minimum objective function value, we can utilise the
sequential selection method to improve the probability of correct selection efficiently.
Since we can only obtain estimates of the objective function, it is necessary to have several
independent runs. To efficiently allocate the simulation budgets, we can decide the number
of replications adaptively based on the function estimates and their variability. The
following procedure indicates how the replication number should be determined:
Step 1:

For each xi, i ¼ 1, 2, . . . , q, take n0 observations by simulation to obtain the
objective function estimate Yi ,  ¼ 1, 2, . . . , n0 .

Step 2: Compute the variance estimator of Var ðYi  Yj Þ by:
S2ij ¼

n0

2
1 X
Yi  Yj  Y i ðn0 Þ þ Y j ðn0 Þ ,
n0  1 ¼1

ð11Þ

where Y i ð Þ is the sample mean using the first samples from the simulation
results Yi. With the initial estimates of variance, we can determine the procedure
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parameters D and aij as:

D¼
2

and

ðn0  1ÞS2ij
aij ¼
4ð  DÞ

"
#
 2
q  1 n0 1
1 ,
2"

ð12Þ

and the number of observations Ni needed to be taken to assure the correct
selection probability Ni ¼ maxj6¼i fjaij =Djg. Also set Q ¼ {1, 2, . . . , q} as the index
set for candidate selections, and ¼ n0 as the initial number of observations for
the following iterative screening.
Step 3: Screening. Set Qold ¼ Q, and update Q as:
(
(
)
)
X
X
old
Yi  max
Yj þ aij  D :
Q ¼ i : i 2 Q and
¼1

Downloaded By: [Chen, Nan] At: 15:54 28 April 2010

Step 4:

j2Qold , j6¼i

ð13Þ

¼1

Stopping rule. If any of the following three criteria is satisfied, then the sequential
selection is terminated, and the most promising region is returned:
. If n04max{Ni}, then select the solution with smallest Y i ðn0 Þ, and corresponding subregion as the most promising region ðk þ 1Þ.
. Adaptive partitioning. If xi 2 ðkÞ ¼ fxjlw  xw  uw , 1  w  ng, 8i 2 Q, and:


max xis  xjs  
i, j2Q

max

w¼1,2,...,M

rwþ1  rw ,

where rw are the subregion boundary defined in (10), then the most promising
region is constructed as ðk þ 1Þ ¼ fxjlw  xw  uw , w 6¼ s and ls0  xs  u0s g,
where s is the dimension chosen as the partitioning dimension, and:
1 X
1
max rwþ1  rw
xjs 
ls0 ¼
jQj j2Q
2 w¼1,2,...,M
ð14Þ
1 X
1
max rwþ1  rw ,
and u0s ¼
xjs þ
jQj j2Q
2 w¼1,2,...,M
where |Q| is the number of remaining elements in the set Q, and xjs is the value
of xj in sth dimension.
. Run an additional simulation for each xi , 8i 2 Q, and set ¼ þ 1. If
¼ maxfNi g þ 1, then select the solution with smallest Y i ð Þ, and the
corresponding subregion as most promising region ðk þ 1Þ; otherwise, go to
Step 3 for further screening
The first three steps in the above procedure are the same as that provided in
Pichitlamken (2002). However, the adaptive partition in the stopping rule is added in Step
4 in order to improve the original method. In the original method, the sequential selection
is stopped when all the remaining samples are in the same subregion. However, in the
method we proposed, the sequential selection is stopped when the remaining samples are
close enough to each other to form a new subregion as the most promising region. The
reason for adaptive partitioning is that when we select cut-points to define the subregions,
the selection is arbitrary, without any consideration on the objective function structure.
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Figure 3. Illustration of advantages of adaptive partitioning.

However, it is possible that the subregion selection is inappropriate which can lead to
incorrect selection of the most promising region, as demonstrated in Figure 3.
From Figure 3, we can observe that when the original partitioning line is close to the
minimum solution we try to find, and if we select the most promising region from the
original subregions, then it is very likely we will miss the optimal solution in our most
promising region, which will cause inefficiency. Instead, if we find from the remaining
samples that they are close to each other, as illustrated by the black crosses in the figure,
although not in one subregion, we can repartition the original region to have one
subregion cover this area, and accordingly this subregion will become the most promising
region in the next iteration. Through this strategy, we can reduce the number of iterations
and evaluations of the objective function, and thus increase the efficiency and effectiveness
of the optimisation scheme.

4. Numerical case study
In this section, we present a numerical case study to illustrate the effectiveness of the
proposed method. We use historical event logs from a computed tomography (CT) system
to fit the PH model to describe the failure occurrences. After model fitting, simulation and
optimisation based on the estimated model are conducted to identify the optimal
maintenance strategy. In the following, we will illustrate these procedures step by step.

4.1 PH model estimation from log files
In the CT system log files, a large amount of historical events are recorded during the
period of monitoring. After preprocessing, there are 7199 events of as many as 179
different types. For the critical failure we are interested in, which requires immediate
attention and repair, there are 107 occurrences in this data set. In this paper, we encode the
events as varying binary variables, i.e.:

0, 0  t 5 the occurence time of A
:
ð15Þ
ZA ðtÞ ¼
1, the occurence time of A  t  the end of the TIBF
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After pattern identification and model selection, we can select several important events
as predictor events, and use them as covariates to predict the failure distribution (Li et al.
2007). The model estimated from the data is shown below:
ð16Þ

0.6
0.4
0.2

Survival probability

0.8

1.0

It is noted that the interaction effect of events A and B is negative, which means it will
decrease the hazard rate. In many theoretical analyses, an important assumption is the
non-decreasing hazard rate along the time line (Makis and Jardine 1992). Thus, those
theoretical analysis results cannot be applied to this model. However, the simulation based
method proposed in this paper does not need this assumption, and can handle this
situation effectively.
With the selected statistically significant predictor events in the PH model, we also need
to estimate the distributions of their occurrence time. It is observed that, not all the
predictor events would happen before the critical failures. In other words, some predictor
event occurrence times would be censored by the failures. Therefore, it is necessary to take
this censored data into consideration when estimating the distribution of the occurrence
time of predictor events. Figure 4 illustrates the empirical survival function of the predictor
events (considering censored data) and their corresponding estimated survival function
using exponential distribution.
From Figure 4, we can find that the censoring indeed has a large influence on the
estimation of the distribution. If we ignore the censored data, and only use the completely
observed data to test the goodness of fit of the estimated distribution, the test may reject
the hypothesis that the data comes from the tested distribution. However, by considering
the censoring in the data, the p-value of the goodness of fit tests would be improved, as
shown in Table 1.

0.0
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hðtÞ ¼ 0:049  t0:558  exp ð0:86ZA þ 1:22ZB þ 0:64ZC  1:55ZA  ZB Þ:

0

2

6

4

8

10

Time

Figure 4. Comparison of the empirical distribution and the estimated exponential distribution.
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From Table 1, we can observe that the goodness of fit 2 tests do not reject the
hypothesis that the data is from these estimated distributions. Therefore, we will use these
estimated distributions to generate the occurrence time of predictor events during
simulation.
With the distribution of the covariates and the PH model as shown in (16), we can use
the methodology described in Section 3.1 to generate the failure time based on (7).
Additionally, with the estimated baseline hazard function parameter  ¼ 1:558, and
 ¼ 0:0315, we can plug them in (7) to obtain the failure time according to the distribution
implied by the PH model.
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4.2 Optimal variability sensitive policies
After identifying the PH model, we can use simulation optimisation to find the optimal
policies. Suppose we use  ¼ 20 in the objective function as the weight of cost variance,
and corresponding costs for preventive maintenance and emergency replacement are
Cp ¼ 200 and Cf ¼ 800. To illustrate the effectiveness of our simulation optimisation
framework, we first set the inspection interval to 1 (month), and use our method to find the
optimal hazard threshold. The simulation length is 100 (months), and no inspection cost is
considered during this validation process. For comparison, we also use 10,000 replications
to estimate the objective function under different hazard thresholds, and the result is
shown in Figure 5.
From Figure 5, we can find that the variability sensitive policy is more conservative
and results in smaller hazard threshold. It can also be observed that with little sacrifice in
mean cost, the variability of the maintenance cost can be greatly reduced. The optimal
hazard threshold for variability sensitive policy is identified as 0.11 from the graph.
Alternatively, if we use the optimisation technique introduced in Section 3.2, we can
quickly find the optimal value as 0.11, which is consistent with Figure 5. Our framework is
more efficient when the decision variables are multi-dimensional, in which case the
computation load is exponentially increased for grid evaluations. As an example, the
proposed optimisation can find the solution for the two-dimensional problem in around 15
hours, while the grid evaluation will take more than 7 days on the same computer with the
same problem settings. To illustrate the advantages of condition based maintenance over
time based maintenance, we also compare our optimal policy with the optimal periodical
maintenance policy. Numerical results show that the optimal periodical maintenance
policy has about 10% higher value in objective function than optimal CBM policy. Since
in general, the degradation process of the CT system does not follow the Markov process,
many maintenance policies based on the Markovian property are not applicable here.
For the multi-dimensional problem of finding the optimal inspection interval and
hazard threshold combination to minimise the objective function, we can still achieve
satisfactory results by applying the optimisation algorithm we proposed. We change the
Table 1. Estimated parameters of exponential distribution.
Covariate
ZA
ZB
ZC

^

p-value

2.0783
4.3755
7.275

0.9073
0.2251
0.4615

14

N. Chen et al.
Optimal variability
Optimal variability

sensitive policy

neutral policy

Mean cost
Variability
Total cost

20

19.5

log value

19

18.5
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18

17.5
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0

0.05

0.1
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0.2

0.25

0.3

0.35

0.4

0.45

0.5
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Figure 5. Estimates of objective function values for different thresholds.

inspection cost to CI ¼ 20 to avoid triviality (otherwise, if CI ¼ 0, the optimal inspection
interval is always 1). The solution found by our optimisation algorithm is: inspection
interval equals 5 (months) and hazard threshold equals 0.96. The estimated minimum
value of the objective function is 19.86 (logarithm value).

4.3 Impact of inspection cost
From the previous results, we can find that the inspection cost plays an important role in
determining the optimal inspection interval. When the cost tends to be small, the
inspection would like to be more frequent to lower the risk of emergent failure. On the
other hand, when the inspection cost is high, the cost saving from frequent inspection
could not compensate the high inspection costs, and therefore the optimal solution is more
likely to have a longer inspection interval. To illustrate this idea, we change the inspection
cost from 0 to 100, and run our simulation optimisation algorithm to find the optimal
solution under each condition. The inspection interval is in the range of [1, 10] with integer
values, and the hazard threshold is in the range of [0, 1] with real values. The result is
summarised in Table 2.
From Table 2, we can find that as the inspection cost increases, the optimal inspection
interval consistently increases until reaching the upper bound. When the inspection cost is
zero, the optimal inspection interval is the smallest possible value. Also, as the inspection
cost increases, the optimal objective function value also increases because: first at each
inspection, the operation cost increases; second the longer inspection interval increases the
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Table 2. Optimal maintenance policies with different inspection costs.
Inspection
cost
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0
10
20
30
40
50
60
70
80
90
100

Minimal
function

Optimal
inspection

Optimal hazard
threshold

19.37
19.49
19.60
19.61
19.63
19.64
19.65
19.66
19.67
19.68
19.69

1
1
5
7
10
10
10
10
10
10
10

0.19
0.19
0.86
0.94
0.91
0.98
0.87
0.93
0.96
0.91
0.86

risk of unexpected failure and thus increases the overall maintenance cost. In contrast, the
optimal hazard threshold also increases as a general trend, but with small fluctuations. The
main reason is that during the optimisation, if the difference between objective function
values is within the indifference zone, the search will be terminated, and the solution which
may not necessarily be the precisely optimal one, will be returned. Therefore, if the hazard
thresholds have their objective function values very close to each other within a certain
range, the solutions found by the optimisation algorithm are likely to fluctuate within this
range.

4.4 Impact of variance of cost
A major difference between the variability-sensitive policy and the policies considered in
the existing literature is that the variance of the maintenance cost is taken into
consideration. Therefore, how the variance of the cost would change the optimal threshold
is interesting to study.
Intuitively, as  in the objective function increases, the optimal policy should become
more conservative to make the total cost more predictable. In other words, it may reduce
the inspection interval or hazard threshold to make the preventive maintenance more
frequent. Although this may increase the average cost slightly, it can reduce the variance of
the cost considerably, and thus reduce the overall objective function value, as illustrated in
Section 4.2. To further demonstrate this point, we change the  values from 0 to 25 with a
step of 5, and use our optimisation algorithm to find the optimal solution in each case. In
this simulation, we set the inspection cost to 20. The results are depicted in Table 3.
From Table 3, we can find that, as  increases, the optimal inspection interval
decreases consistently and under the same inspection interval, the optimal hazard
threshold decreases. These trends demonstrate the optimal policy is moving toward the
conservative direction. Also, it can be observed that as  increases, the optimal objective
function value also increases. Through the simulation, we can see that by including the
variability of cost into consideration, the maintenance policy tends to be more
conservative, and thus the risk can be controlled.
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Table 3. Optimal maintenance policies with different weight of cost variances.
Cost variance
weight
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0
5
10
15
20
25

Minimal function
value

Optimal inspection
interval

Optimal hazard
threshold

19.59
19.67
19.74
19.81
19.86
19.92

7.5
7.5
7.5
6
5
5

0.85
0.71
0.64
0.94
0.96
0.48

5. Concluding remarks and future work
In this paper, we presented a method to find the optimal variability sensitive
condition-based maintenance policy based on system health monitoring data. Different
from existing works, we used simulation to characterise the system degradation process
and maintenance actions and apply simulation based optimisation to find the optimal
CBM policy. This method does not require strict assumptions and is very flexible to handle
different settings. A case study from a real system illustrates the effectiveness of our
method.
There are still some open issues. In this paper, we only considered the simple hazard
rate control limit policy. Although this policy is widely used in practice, other more
sophisticated policies may lead to larger cost savings and smaller management risks.
Another potential improvement lies in failure time modelling. Currently, we use a PH
model to characterise the relationship between condition variables and the failure time
distribution. When the proportional hazard assumption is not valid, however, the model
accuracy would be affected. Other more general models could be developed to handle
more complicated situations, and thus could lead to better predictions and lower costs. In
the future, we will focus on these two directions, and will report the results in the near
future.
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The framework of the NP method proposed by Shi and Chen (2000) is summarised. Denote  as the
feasible region, and ðkÞ as the most promising region in the kth iteration.
Stage 1:

Initialisation.
Set k ¼ 0, choose the whole sample space as the most promising region ð0Þ ¼ .

Stage 2:

Partitioning.
Partition ðkÞ into M subregions: 1 ðkÞ, 2 ðkÞ, . . . , M ðkÞ, and aggregate all the other
regions into one region Mþ1 ðkÞ.

Stage 3:

Sampling.
Randomly draw m(k) samples in each region.

Stage 4:

Evaluation and selection.
Evaluate and estimate the objective function at these samples through simulation. Based
on the estimates, choose the most promising region for the next step ðk þ 1Þ.

Stage 5:

If ðk þ 1Þ is not fully contained in ðkÞ, then backtracking is needed, and ðk þ 1Þ is set to
ðk  1Þ, which is the super region of ðkÞ. Otherwise, Stage 2 to Stage 4 will be repeated
until ðk þ 1Þ is a singleton, which cannot be further partitioned.

